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I. 4. I'Hospitalovo pravidlo

Véta 11 (I'Hospitalovo pravidlo). Bud xy € R*. Necht je splnéna jedna z podminek
o limy .y, f(x) = limyx, g(x) =0,

o lim,_,, [g(x)| = +oo0.

% a plati

' (x)
i g

Existuje-li (vlastni nebo nevlastni) limy_,, T pak existuje také limy_,
) _ . 0

X—Xg g(x) o xin;lo g’(x) )

V roce 1921 bylo dokazano, ze autorem tohoto pravidla je Johann I. Bernoulli (1667-1748),
jehoz byl Guillaume Francois Antoine de 'Hospital (1661-1704) zakem. Na zdkladé pozndmek
z Bernoulliovgch prednédsek vydal I'Hospital v roce 1696 prvnt tisténou ucebnici diferencidlntho
poctu Analyza nekonecné malych velicin.

V(pocet limit s neurcitymi vgrazy pomoci 'Hospitalova pravidla:

1 1
1 1 alx) f(x) O
° oo —o0 = lim (f(x) —g(x)) = lim | —— —— | = lim M:}—;
X—XQ X—X0 ] ] X—XQ O
f(x)  g(x) f(x)g(x)
° — 00 + 0o = analogicky jako predchozi uprava;
f
o 0-00= lim f(x)g(x) = lim ﬁ:> 9;
X—X0 X—=X0 ] 0
g(x)
. 0°, 00%, 1%° = lim £(x)9) = lim e fx) — glime s, (glx)n 1)
X—X0 X—X0

0
= predchozl pfipad = 0
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(217) Vypoctéte limitu

Reseni:

UHp. | 2x
N x—2 2x — 1 o

4
3
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(218) Pro a > 0 vypoctéte limitu

x—0 X
Reseni:

a*—1 10] tHp. |, a*lna
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(219) Vypoctéte limitu

Reseni:

1 —cosx UH
.p-

im—— | §]

x—0 X Ssinx

sinx
im-—-— |
x—0 SIN'X 4+ X COS X

1 —cosx
lim ——.
x—0 XSsinx

| 'Hp. .. COS X 1

olo

x—0 COS X + COSX — X SinX 2
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(220) Vypoctéte limitu
lim cos(mx) + 1
x—1 (X — ])2 )

Regeni:
im cos(mx) + 1 12] tHp —7tsin(7x) 1] tHp —m? cos(mx) 7
x—1 (X—])z 0 Xl 2(X—1) 0 Xl 2 - 2°

Petr Zemanek & Petr Hasil http://user .mendelu.cz/hasil


http://user.mendelu.cz/hasil

240

|. DIFERENCIALNI POCET FUNKCI JEDNE PROMENNE

’

(221) Nasledujict priklad ukazuje, ze ne vzdy je vhodné pouzit l'Hospitalovo pravidlo

. X
llm ————N
X—00 Xz _|_ ]

Reseni:
2
, X UHp. . 1 . x? 41 UHp X
lim —— | x | = lim —5— = lim | x | = lim ,
x—00 4/x2 + 1 o0 X—00 3 x§+1 X—00 X & x—00 \/x2 + 1]

&imz jsme se dostali zpét k zadani. ReSeni ptikladu bez pouziti I'Hospitalova pravidla
vede k v(sledku

= lim ———— = lim ——

x—)oo \/Xzi x—)oo L X—00 -I
+ xz
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(222) Vypoctéte limitu
lim tg2xIn(tgx).

x—5
Reseni:
. . In(tgx)
lim tg2xIn(tgx) |oo-0| = lim ]_g |¢] =
™= T—
A 4 tg 2x
UHp. . tg? 2x cos? 2x . sin® 2x
= lim —————— = lim —————— =
x—%  2tgxcostx  x-7 2sinxcostx
. sin’ 2x . _
= lim —— = — lim sin2x = —1.
x—%  sin2x XD T
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(223) Vypoctéte limitu
. In(1T +sinx)
lim ——.
x—0  sindx

Reseni:

lim

In(T + sinx) | ;cosx_ 1
x—0  sindx

I l'ip- Lim T+sinx o

0
0 x—0 4 cosdx 4°
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(224) Vypoctéte limitu

lim (1 —sinx) tgx.

x—=7F

1 —sinx
o 181 -

lim (T —sinx) tgx | 0-00 | = lim
x— 2 x—3% cotgx

UHp. . .
= lim sin’x cosx = 0.

s
X—)z
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(225) Vypoctéte limitu

lim - - = -
x—=0 \ xsinx X

Reseni:
1 1 X —sinx U'H 1 — cosx UH
. . P . p
lim (| ————37) [co—oo| =lim—es | 5| = lim>— 2 5] =
x—0 \Xsinx X x—0 X2sinx x—0 2x sin x + x? cos x
. sinx U'H.p.
= lim o -
x—0 2sinx + 2x cos x + 2x cos x — xZsinx
CcoS X 1

im : : .
x—0 2 cos X + 4 cosx —4xsinx —x2xsinx —x2cosx 6
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(226) Vypoctéte limitu
m (e~ o)
lim [ — — .
x—=0 \ sinx  ex—1
Regenti:
1 1 eX -1 —sinx UH.
l B - i o Hp
x%(sinx e"—]) |oo oo| bl (ex—1)sinx |°|
e* +sinx 1

im -
x—0 e*sinx + (eXx—1) cos x

e*—cosx | 0

im - — =
x—0 e¥sinx + eXcosx + eXcosx — (ex—1)sinx 2
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(227) Vypoctéte limitu

i (5 s ) Joo—oo] = i X |y
x—0T XSlnX

cosx — 1 | | (. —sinx _0

0
0 x—0+ COSX 4+ COSX — X sinx

x—0*t sinX 4+ X cos X
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(228) Vypoctéte limitu

lim X_1—|— 1
x—=0 \ 2x2 x(e*—1) /)"

Reseni:
— x—1) (e —1) + 2x :
s (XZXZ] * x(921—1)> | mootoo] = b ( 27)(2((62"—1))+ 5] =

i e Nt Lo PR

x—0  dx (e2x—1) + 4x2 X x—0 dx e2x —4x + 4x2e2x 10
— lim —2 e 42 ¥ 44x e* 19] an

x—0 4 @2 4-8x e2* —4 4 8x e2x +-8x2 e 1 O

4 e** +8x e> 1

= l = —.
w0 8 e 116x e +32x 62 +16x e +16x2 e 6

Petr Zemanek & Petr Hasil http://user .mendelu.cz/hasil


http://user.mendelu.cz/hasil

|. DIFERENCIALNI POCET FUNKCI JEDNE PROMENNE

248

lim X 1
x—1 Inx/)"’

x—1

(229) Vypoctéte limitu

Reseni:

] X 1 o xlnx—x+T 5 tHp.
llm( __) | oo —oo] _iﬂ (x — 1) lnx 151

x—1
lnx+1—1 lnx 1 X 1
:llm+—4:lim—1|%|[H:pllm —— 5 | = lim =-.
x—1 lnx+"7 x—1 lnx+1—§ o\ S+ x? x—1x 4+ 1 2
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(230) Vypoctéte limitu

i 1 B 1
baall 2lnx  x2—1/°

ResSeni:

, 1 1 X —=T=2lnx o tHp
m( - )lw—WPﬂﬂjg?mRﬂ-l—

2x — 2 232 -2 o,
= lim e =l S 8]
x—1 4xlnx—|—@ X x—14x? Inx 4+ 2x* — 2

= li = —.
xm 8xlnx+4x +4x 2
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(231) Vypoctéte limitu

Resent:
) 1 1 oo (1T +x)—x UH.p
lim(-———— ) |+ =lim———= | %] =
X%(x ln(1+x)>| coFoo| =lim xtn(T+x) 151
=1 1 1—1— :
= lim Ix R im x |%| il
=0 \ In(T+x)+ 575 T+x x=0 (T+x)In(1+x)+x
= lim . ——1
Cxooln(T4+x)+1+1 27
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(232) Vypoctéte limitu

lim x lnx.
x—0+
Reseni
, . olnx oy tHp . J; .
lim xlanO-(—oo)l = lim —— —| = lim 2+ = lim (—x) =0.
x—0+ x—0+ = oo x50+ —— x—0+
X X

Petr Zemanek & Petr Hasil http://user .mendelu.cz/hasil


http://user.mendelu.cz/hasil

252 |. DIFERENCIALNI POCET FUNKCI JEDNE PROMENNE

(233) Vypoctéte limitu

lim (7t — 2 arctg x) nx.
X—00

Reseni:
. . m—2arctgx UH.p.
lim (7t — 2 arctgx) lnx |0-oo | = lim fq | % | =
X—00 X—00 —_—
lnx
2 2
s v o 2xln®x oy ovHp . 2P x4 Bnx
X300 ——— - = x—o00 | + x X—00 2x
ln“x X
2l x +4lnx oy tHp ,  Hoxgd o Alnx+4 [y tHp . o
:ltm—|—| :llm—:ltm—|—| = lim £ =0.
X—00 2x o0 X—00 2 X—00 2x o0 x—00 2
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(234) Vypoctéte limitu

lim xe ™.
X—00
Reseni
) x X g UHpo o
lim x e Ioo-OI = lim — |—| = lim — =0.
X—00 x—00 @X o0 x—o00 @X
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(235) Vypoctéte limitu

) 1
lim xex.
x—0t+
Reseni:
1
. 1 . ex UHp. .
llmxex|0~oo|:llm ]|@| = lim
x—0t x—0t X o0 x—0t
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(236) Vypoctéte limitu

lim xe x.
x—0~
Reseni:
1
. oeTx UH.p.
lim x e x |0'oo| = lim — |@| =
x—0— x—0— X o0
X ex . 1 s
= lim 5 =llm—eX|—eo—|=—OO
x—0— —X x—0~
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(237) Vypoctéte limitu

lim
x—0 x100
Reseni:
2 2 _ 2
lim & x | 0 | o € 1) (=2)x 3 1 . e
im 21 =" lim = — lim .
x—0 X]OO 0 x—0 ]OOX” 50 x—0 X]Oz

Je vidét, Ze situace se zhorsila a tudy cesta nevede. Upravme tedy zadani a pocitejme

znovu.
2 _
e X100
lim— = lim — |
x—0 %100 x—0 eX
. —=100x71°
= lim —

x—0 X 2 (=2)x3

| tHp
oo
98
50)&% = | % | —

| pouzijeme jesté 49 x  I'Hospitalovo pravidlo |

XO

= 50! lim

| L
x—0 eX

-2 00

| =o.
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(238) Vypoctéte limitu

1
lim (cos 3x)*Z.
x—0

. a i a _9
llﬂ?)(COS 3X) 7 ellmXHO(XZ lncos3x) —e 2,
X—
nebot plati
—3sin3x .
- ln cos 3x | 0 | Hp o Zeosd (i 3sin3x I 0 | UHp.
x—0 X2 0 x—0  2X x—0 2x cos 3x ! 0
9 cos 3x 9
= — lim - =——.
x—0 2 cos 3x — 6x sin 3x 2
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(239) Vypoctéte limitu
lim [tg (;—t + x)] cmgzx.

x—0

Resent:

lim [tg (5 +)] OB _ imofeotg(@x g (5]} —

x—0
nebot platt
. Tt _cos(2x) - (F4x) o tHp
tim {eotg(2x)-tn[tg (G +x) | } = lim =52 141 =
—2sin(2x) - In (Z +x) + cos(2x) - —7— + —+

tg(%ﬂ) cos? ( %+x)

= lim
x—0 2 cos 2x
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(240) Vypoctéte limitu

lim x
x—1+

—X
.

Reseni:

1 : 1
lim x7= = el (Fxnx) — e !,
x—1+
nebot plati
1
. 1 . Inx CHp. . <
lim -lnx )] = lim |g| = lim X =-—1.
x—=1+ \ T —x x—=1+ 1 —x x—1+ —1
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(241) Vypoctéte limitu

lim (tgx)'9%~.
x—=5
Regeni:
. lim,,_, 7 [tg(2x)-In(tg x)] 1
lim (tgx)19% = ¢ ™% —e
x—)%( g ) ’
nebot plati

i [tg (26) - n (tgx)] = lim 22 100192

N
o cos 2x 0
2cos(2x) - In(tgx) + sin(2x) - = - I
= lim . : =1
o —2sin2x
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(242) Vypoctéte limitu

[N

1

in xZ ; 1 i
l[m (Sl X> el ellmxg’o(xiz'ln%) = e
x—0 X

1 sinx n sinx N X, (cos x)-x—sinx
. . P . —xz
lim (— -In = lim 2" | 9 | = lim 2*

x—0

)

x2
0 x—0 2x
o1 UHp .  COSX —XSINX— COSX
5 | = lim - 5 =
x—0 4xsinx + 2x% cos x
o1 UHp . — COSX 1
|51 = lim

. XCosx —sinx
= lim T o l2cin~ |
x—0  2x%sinx
) —sinx
= lim —
x—04sinx + 2x cos x

x—04 cosx + 2 cosx — 2x sinx 6
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(243) Vypoctéte limitu

1

arctgx \ *
lim < g ) .
x—0 X

Reseni:

1
arctgx \ * . 1 t
l[m ( g ) — ellmxﬂo(;-ln@) = eo = ])
x—0 X

nebot plati

/1 arctgx _ In2<9* | coZ je limita typu 2 neboft platl | 1y,
lm?) —-In = lln% . arctg x UHp. . Hﬁ =
x—0 \ X X x— X lime o = = limo = =1
%farctgx
— lim arc);gx = x2 — lim 1+XXZ —arctgx e X (] +X2) arctgx | 0 | UH.p.
X0 1 x—=0  xarctgx x—0 (1 +x?)xarctgx ' °
i 1 —2xarctgx — 1 I 0 | . o —2arctgx — 133;2
= um = = um =
x—0 (T +3x?)arctgx +x ' © x—=0 6x arctg x + 1]135 +1

~lim —2(1 4+ x?) arctgx — 2x _0
Cx=0 6x(14+x2) arctgx +1+3x2 +14+%x2
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(244) Vypoctéte limitu

lim (cotgx)*"*.
X—)0+( 9 )

lim (cotgx)*"*

x—0+
nebot platt
cos X
lim (sinx-lncotgx) |0-c0| = lim —sx |
x—07F x—0t —
sin’x
. sinx sin?x o sinx
= lim 3 : = lim 5
x—=0" \sin“x-cosx COSX x—0* COS

— elimXHOJr (sinx-ln cotg x)

=1,

' sinx  _—1
Py, -2
| P lim s

sin? x

x—0+
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(245) Vypoctéte limitu

1

S'Ln X\ T—cosx
lim .
x—0 X

1

S.ln X\ T—cosx . ] .
l[m — ellmx"o( T—cos x n Sl:cx ) e R
x—0 X

W=

nebot plati

1 sinx ln sinx 'H X, (cos x)x—sinx
. . P . 2
lim - ln = lim —*— I % | = lim 22> X =
x—0 \ 1 — cosx X x—0 1 — cos x x—0 sinx
. XCOSX—SINX ;4 UHp . COSX—XSINX— COSX
=lim————[§] = lim— : =
x—0 X sin” x x=0 sin”x + 2x sinx cos x
, —xsinx o1 UHp . —SinX — X CosX
= lim — ' || = : . _
x—0 sin® x 4+ x sin 2x x—0 2sin X €0s X + sin 2x + 2x cos 2x
. —sinx — X cosx |9| UHop.
x—0 sin 2x 4+ sin2x + 2x cos2x ' °
l — COSX — COSX + XSinx 1
= lim - = ——.
x—0 2 cos 2x + 2 cos 2x + 2 cos 2x — 4x sin 2x 3
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(246) Rozhodnéte, zda je funkce

spojita.
Redeni:
Pomoci |'Hospitalova pravidla dostaneme

lim

X—7T Xz — 7'[2

i €0s 2x - sin 3x — 2x sin 2x - sin 3x + 3x cos 2x - cos 3x

X - €0s 2x - sin 3x

o]
o |

X—TC 2x
coz znamena, ze funkce f(x) nent spojita.
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