10. seminar

Problem 1: There are 15 workers in a manufactory. For any of them the number of
work-shifts (variable X) and number of final products (variable Y) were recorded.

X:202118172018192120141619211515
Y: 9293838091 8582989060 73 8696 64 81

a) Under the assumption that the regression line represents the dependence Y on X
design the matrix of regressors, calculate the least square estimators of regression parameters
and provide the sample regression function.

b) Find the estimator of variance OPand the coefficient of determination and interpret it.

010
To make it easier for b = L?LS 02 the following statistics are calculated: Sg = e’e =238,5169

and szy= 121,4 (52y is the realization of the sample variance for Y ).
¢) Find 95% confidence interval for regression parameters

d) At the significance level 0,05 carry out the overall F-test.
e) At the significance level 0,05 carry out the separate t-tests.
f) For 18 work-shifts estimate the number of final products.
g) Give a scatter plot with sample regression function .

Solution:
ad a) Matrix X (15x2) is formed of column of units and second column of values of X.

1
LSE of regession parameters are obtained using formula bZ(XX)» wahere

B s

e 4293902311 1254 (5010
b= (231400127 2324714302F
Hence the sample regression line is expressed as y=5,0 1 %024

ad b)

_ S 2381691
s —p-1 1511 184

The estimator of variance (ﬁ follows:

my = 83,6; s°y =121,4
St=(n-1). sy =14.121,4 = 1699,6
Sk = St— Sk = 1699,6 — 238,5169 = 1461,0831.

The coefficient of determination follows: ID:QS% :1_41;2_0%340859

Thus 85,97% of the variation of Y can be explained by the regression line.

ad c) To form the confidence interval we have to find the standard errors estimates S@, :

The needed diagonal elements of the matrix (X’ X)"! follows:
Voo = 4,2939 and Vi1 = 0,0127. Thus

Spy =5, Voo =/ T B4 7342939887 % and
S =8V =/1$473001270482



Then the limits for the 95% confidence intervals for regression parameters 3o and f3; are
derived from the formula: q itm/zkn—p—l)sq ,j=0,1.

e For B the limits are calculated as follows:

d=ty—tyo74l F, =DV 121 60848 /58144 62
h=hy+Hookl F, =30 LOH21 608K 759241 8-
thus -14,1654 < B < 24,1456 with the probability 95%.

e For ; the limits are calculated as follows:

d=b) o7kl i, =A302421 6OBAS2FI2SS
h=h o7kl i, A3V 6VUMAS 2934

thus 3,2596 < B, < 5,3452 with the probability 95%.

ad d) Carrying out the overall F-test we are testing
Ho: B, =0 versus H,: B, # 0 at the significance level a = 0,05.

The realization of the test statistic F — /L»Q/p T can be found in the last column of the
S/ (-p-1)

following ANOVA table :
zdroj variab. | soucet ¢tvercit | stupné volnosti | podil statistika F
model Sg =1461,0831 | p=1 Sr/p=1461,0831 79,6341
rezidualni Sg =238,5169 | n-p-1=13 Se/(n-p-1)=18,3475 | -
celkovy St=1699,6 n-1=14 - -

thus £/=/D3< and the critical region has the form

W B {un-p-1)od=Fodl1 35J=46672)

Since €W we reject the null at 0.05; thus the parameter B3, (the slope) is relevant in our
model.

ad e) Carrying out the separate t-tests we are testing

L. Hy: Bo.=0 versus H;: By # O at the significance level a = 0,05.

301015,

The realization of the test statistic follows: fy =— tb

and the critical region has the form:

W0t nln—p-1) k?th(n—P—I)@:\‘o‘?—tQWil J Uo7kl Jog=
02160421 604)

Since lb &M we do not reject the null at 0.05; thus the parameter 3 is not relevant in our

model.
I1. Hy: B; =0 versus H;: B; # 0 at the significance level a = 0,05.

b 402t

The realization of the test statistic follows: tl

and the critical region has the form:

W0t nln—p-1) Léth(n—P—l)Oq:\‘o‘?_tw?ﬂ I Ytagrdl Jod=
—21604,21 604)

Since tl M we reject the null at 0.05; thus the parameter B, is relevant in our model.
In case of the regression line the t-test for B; is equivalent with overall F-test.

ad f) for x = 18 the regression estimate follows: yZQU 1OHA30 2488 4.

ad g)
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Problem 2.: Considering a car Skoda 120, the petrol consumption (1 liter/100 km) is
dependent on the speed (km/hour).

rychlost |40 |50 |60 |70 |80 [ 90 | 100 | 110
spotieba | 5,7 15,4152 152[58]6,0]7,5 |8,1

a) Give a scatter plot for the data and suggest the form of regression function.

b) Design the matrix of regressors, calculate the least square estimators of regression
parameters, find the estimator of variance Cfind the coefficient of determination and

interpret it.

¢) Find 95% confidence interval for regression parameters
d) At the significance level 0,05 carry out the overall F-test.
e) At the significance level 0,05 carry out the separate t-tests.
f) For the speed 80 km/hour estimate the petrol consumption.

g) Give a scatter plot with sample regression function .

Solution
ad a)

85

Y=L+ +e

ad b)

00 110 120



1 100100¢
1 1101210
b={XX"Xx —%;5%78
y-= 5052

00124

y =9,751786 — 0,150536x + 0,001244x".
5,720 -0,020
5,334 0,0650
5,198 0,0019
y=Xb = 2’2(7)8 . e=y-y-= 60’1120994 . Sp=e’e=0,263869.
6,279 -0,2779
7,138 0,3618
8,245 -0,145

o Yy _(02638
S n—p—l 8§21 240527
St=(y — my)’(y — my), where m; is a column vector (nx1) of m; (sample mean of Y);

m, = 6,1125. St =8,32875. (Or it can be calculated: St = (n-1). szy )
Sk = St — Sg =8,32875 — 0,263869 = 8,06488.

IB_%_%% 6¢

ad ¢)

ﬁ—o—r& o7t R, =2/ 17385 7009456893 2(
h=h, Hgo7k5k, =475 1 7885706945689 8.
%%97&5}% =41 50538570002682H#)21¢
h=h +745k, =41 505385 70002682108 ]

11 for B»:

d=b, 46745k, =000 12445706000 14300(
h=b, Hyg743k, =100 12445 /06000 1H200 ]

ad d) F-test; 0 = 0,05 Ho: (B1. B2) = (0, 0) versus H;: (B:1, B2) # (0, 0).

Fo SU/P _ 800488 ;o
=S ip-p) " 0633®2)
W [pnp1)od=Tied25)o0d=12964)

4




zdroj variab. | soucet ¢tverct | stupné volnosti | podil statistika F
model Sk =28,06488 | p=2 Sr/p=4,03244 76,41
rezidudlni Sg=0,263869 | n-p-1=5 Sg/(n-p-1)=0,05277 | -

celkovy Sr=28,32875 | n-1=7 -

ad e) t-tests; o = 0,05

I for By: HO_B_O 0 versus H;i: By #0.
—oo—th(n—p—l) Wth(n—P—uO?:\‘OQ—taW{S) Yhos7}od=
—g-2570625706)

11 for 1 :Ho: B =0 versus Hy: 8; #0.

D —Q15053_6561»

Wt p) el p e
--2570625706)
1IIfor B>: Ho: B = 0 VErsus H1 B, #0.

_b, 000124
b= <0001 3028

—OQ—tm/zﬁn_P_l) th/z(n—P—l),O():\_oQ_this) %974\5)09—_
:(—09—2,57

ad f) for x =80 the re(%ressmn estlmate follows:

y—975 17361 50539-00012480=30".

ad g)




