CHAPTER SIX

RISK - AVERSION AND CAPITAL
ALLOCATION TO RISKY ASSETS

THE PROCESS OF constructing an investor
portfolio can be viewed as a sequence of
two steps: (1) selecting the composition of
one'’s portfolio of risky assets such as stocks
and long-term bonds, and (2) deciding how
much to invest in that risky portfolio versus
in a safe asset such as short-term Treasury
bills. Obviously, an investor cannot decide
how to allocate investment funds between
the risk-free asset and that risky portfolio
without knowing its expected return and
degree of risk, so a fundamental part of the
asset allocation problem is to characterize
the risk—return trade-off for this portfolio.
While the task of constructing an opti-
mal risky portfolio is technically complex, it
can be delegated to a professional because
it largely entails well-defined optimization
techniques. In contrast, the decision of how
much to invest in that portfolio depends on
an investor's personal preferences about
risk versus expected return, and therefore
it cannot easily be delegated. As we will
see in the chapter on behavioral finance,
many investors stumble over this cardinal
step. We therefore begin our journey into

portfolio theory by establishing a framework
to explore this fundamental decision, namely,
capital allocation between the risk-free and
the risky portfolio.

We begin by introducing two themes in
portfolio theory that are centered on risk.
The first is the tenet that investors will avoid
risk unless they can anticipate a reward for
engaging in risky investments. The second
theme allows us to quantify investors’ per-
sonal trade-offs between portfolio risk and
expected return. To do this we introduce a
personal utility function, which allows each
investor to assign welfare or “utility” scores
to alternative portfolios based on expected
return and risk and choose the portfolio
with the highest score. We elaborate on the
historical and empirical basis for the utility
model in the appendix to this chapter.

Armed with the utility model, we can
resolve the investment decision that is most
consequential to investors, that is, how
much of their wealth to put at risk for the
greater expected return that can thus be
achieved. We assume that the construction
of the risky portfolio from the universe of



available risky assets has already taken place and | of the overall portfolio. Using the expected return
defer the discussion of how to construct that risky | and risk parameters in the utility model yields the
portfolio to the next chapter. At this point the | optimal allocation of capital between the risky

investor can assess the expected return and risk | portfolio and risk-free asset.

6.1  RISK AND RISK AVERSION

In Chapter 5 we introduced the concepts of the holding-period return (HPR) anddhs e
return wer the risk-free ratéWe also discussed estimation of thiek premium (the
expected excess return) and the standardid#@on of the rate of return, which we use as
the measure of portfolio riskVe demonstrated these concepts with a scenario analysis of
a speciic risky portfolio (Spreadsheet 5.1o emphasize that bearing risk typically must
be accompanied by award in the form of a risk premium, wist distinguish between
speculation and gambling.

Risk, Speculation, and Gambling

One deihition of speculation is “the assumption of considerable@stment risk to obtain
commensurate gainAlthough this dehition is fine linguistically it is useless without
first specifying what is meant by “considerable risk” and “commensuraté gain.

By “considerable risk” we mean that the risk isfignt to afect the decisiomAn indi-
vidual might reject an westment that has a posdirisk premium because the potential
gain is insuficient to male up for the risk imolved. By “commensurate gain” we mean a
positive risk premium, that is, arxgected praf greater than the risk-free alternati

To gamble is “to bet or mger on an uncertain outcorhk.you compare this défition
to that of speculation, you will see that the centrdkdéince is the lack of “commensu-
rate gairf. Economically speaking, a gamble is the assumption of risk for no purpbse b
enjoyment of the risk itself, whereas speculation is undertakspite of the risk ivolved
because one perees a &vorable risk—return trade#fTo turn a gamble into a speculati
prospect requires an adequate risk premium to compensatesgisieavestors for the
risks they bear Hence,risk aversion and speculation are not inconsistent. Notice that a
risky investment with a risk premium of zero, sometimes call&iragame, amounts to a
gamble A risk-averse ivestor will reject it.

In some cases a gamble may appear to the participants as speculation. Suppose tw
investors disagree sharply about the fututehange rate of the U.S. dollar against the
British pound.They may choose to bet on the outcome. Suppose thdtvill pay Mary
$100 if the alue of £1 rceeds $1.90 one year frommownhereas Mary will pay &ul if
the pound is wrth less than $1.90here are only tw relesant outcomes: (1) the pound
will exceed $1.90, or (2) it willdll belov $1.90. If both Bul and Mary agree on the prob-
abilities of the tw possible outcomes, and if neither party anticipates a loss, it must be that
they assigrp = .5 to each outcome. In that case tkpeeted praf to both is zero and each
has entered one side of a gambling prospect.

What is more likly, howvever, is that the bet results from fiifences in the probabilities
that Raul and Mary assign to the outcome. Mary assigps>it5, whereasPaul's assess-
ment isp <.5. They perceve, subjectiely, two different prospects. Economists call this
case of difering beliefs “heterogeneougpectations.In such cases urestors on each side
of a financial position see themselvas speculating rather than gambling.
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158 PART Il Portfolio Theory and Practice

Both Paul and Mary should be asking/hy is the other willing to ivest in the side of
a risky prospect that | belie ofers a ngative expected praf? The ideal vay to resole
heterogeneous beliefs is foal and Mary to “mage their informatiori,that is, for each
party to \erify that he or she possesses allvaid information and processes the informa-
tion properly Of course, the acquisition of information and tkeersve communication
that is required to eliminate all heterogeneity xpectations is costlyand thus up to
a point heterogeneousmectations cannot be tak as irrational. If, heever, Paul and
Mary enter such contracts frequentllgey would recognize the information problem in
one of two ways: Either the will realize that thg are creating gambles when each wins
half of the bets, or the consistent loser will admit that he or she has been betting on the
basis of inferior forecasts.

Assume that dollar-denominated T-bills in the United States and pound-denominated bills in
(o(e) (o538 the United Kingdom offer equal yields to maturity. Both are short-term assets, and both are

CHECK free of default risk. Neither offers investors a risk premium. However, a U.S. investor who holds
1 U.K. bills is subject to exchange rate risk, because the pounds earned on the U.K. bills eventu-
ally will be exchanged for dollars at the future exchange rate. Is the U.S. investor engaging in

speculation or gambling?

Risk Aversion and Utility Values

The history of rates of return omnous asset classes presented in Chapter 5, as well as
numerous elaborate empirical studiesyéeao doubt that rigkassets command a risk pre-
mium in the marktplace This implies that most restors are riskwerse.

Investors who areisk aver sereject irvestment portfolios that araif games or wrse.
Risk-averse iwestors are willing to consider only risk-free or specuapirospects with
positive risk premiums. Loosely speaking, a risleise iwvestor “penalizes” thexpected
rate of return of a rigkportfolio by a certain percentage (or penalizes #peeted praft
by a dollar amount) to account for the riskatved. The greater the risk, the tar the
penalty One might wnder why we assume riskeasion as fundamentale believe that
most irvestors would accept this vieg from simple introspection,ub we discuss the ques-
tion more fully in theAppendix of this chapter

To illustrate the issues we confront when choosing among portfolios \aitying
degrees of risk, consider a spéciéxample. Suppose the risk-free rate is 5% and that an
investor considers three alterwatirisky portfolios with risk premiums,xpected returns,
and standard d@tions as gien inTable6.1 The risk premiums and deees of risk (stan-
dard deiation, SD) of the portfolios in the table are chosen to represent the properties of
low-risk bonds K), high-risk bonds!), and lage stocks ). Accordingly theseportfo-
lios offer progressiely higher risk premiums to compensate for greater riskv khdght
investors choose among them?

TABLE 6.1

Portfolio Risk Premium Expected Return Risk (SD)
A":.Ifali’_le r:;'_(yk L (low risk) 2% 7% 5%
AR M (medium risk) 4 9 10
free rate = 5%) - -

H (high risk) 8 13 20
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Intuitively, one would rank each portfolio as more attraetivhen its gpected return
is higher and laver when its risk is higheBut when risk increases along with return, the
most attractie portfolio is not obious. Hav can irvestors quantify the rate at which yhe
are willing to trade dfreturn against risk?

We will assume that eachvastor can assign a watk, orutility, score to competing
investment portfolios based on thepected return and risk of those portfolios. Higher
utility values are assigned to portfolios with more attvadtisk-return prafes. Portfolios
receve higher utility scores for highexgected returns andwer scores for higherola-
tility. Mary particular “scoring” systems aregiémate. One reasonable function that has
been emplged by both ihancial theorists and the B&Hnstitute assigns a portfolio with
expected returfe(r) and \ariance of returns? the following utility score:

U = E(r) — %Ac? (6.1)

whereU is the utility value andA is an inde of the irvestors risk aersion.The factor of
Y is just a scaling ceention.To useEquation6.1, rates of return must begressed as
decimals rather than percentages.

Equation6.1 is consistent with the notion that utility is enhanced by hixeeted
returns and diminished by high risk. Notice that risk-free portfoliosveaeditility score
equal to their (knan) rate of return, because theeceve no penalty for riskThe etent
to which the ariance of risi portfolios lavers utility depends oA, the irnvestors dgyree
of risk aversion. More risk-zerse iwvestors (who hae the lager \alues ofA) penalize
risky investments more gerely Investors choosing among competingastment portfo-
lios will select the one prading the highest utility keel. The nearby box discusses some
techniques thairfancial advisers use to gauge the rigiraion of their clients.

EXAMPLE 6.1 Evaluating Investments by Using Utility Scores

Consider three irestors with diferent dgrees of risk eersion: A, = 2,A, = 3.5, and
A; = 5, all of whom arealuating the three portfolios ifable6.1. Because the risk-free
rate is assumed to be 5%, Equatfoh implies that all three vestors wuld assign a util-
ity score of .05 to the risk-free alternati Table6.2 presents the utility scores thaiwid
be assigned by eachvistor to each portfoliolhe portfolio with the highest utility score
for each inestor appears in bold. Notice that the high-risk portféfiowould be chosen
only by the iwestor with the lwest dgree of risk gersion,A; = 2, while the lav-risk
portfolio, L, would be passedver evzen by the most riskvaerse of our three vrestorsAll
three portfolios beat the risk-free altermatfor the iwvestors with lgels of risk &ersion
given in the table.
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Investor Risk  Utility Score of Portfolio L  Utility Score of Portfolio M  Utility Score of Portfolio H
Aversion (A) [E(r) = .07; o = .05] [E(r) = .09; ¢ = .10] [E(r) = .13; ¢ = .20]
2.0 .07 — %2 X 2 x.05%2=.0675 .09 — %2 X 2 X .12 =.0800 A3 -2 x 2 x.22=.09
3.5 .07 — %2 X 3.5 X .05% = .0656 .09 — %2 x 3.5 x.12=.0725 .13 — % X 3.5 X .22= .06
5.0 .07 — %2 X 5X.052=.0638 .09 —"2x5x%x.12=.0650 .13 -1 x5 x.22=.03
TABLE 6.2

Utility scores of alternative portfolios for investors with varying degrees of risk aversion
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We can interpret the utility score ofsky portfolios as acertainty equivalent rate of
return. The certainty equalent rate is the rate that risk-freevéstments wuld need to
offer to provide the same utility score as the gighortfolio. In other werds, it is the rate
that, if earned with certaintyvould provide a utility score equalent to that of the port-
folio in question.The certainty equalent rate of return is a naturahywto compare the
utility values of competing portfolios.

Now we can say that a portfolio is desirable only if its certainty vadgmt return
exceeds that of the risk-free alternatiA sufficiently risk-averse iwvestor may assign gn
risky portfolio, even one with a posite risk premium, a certainty egalent rate of return
that is belav the risk-free rate, which will cause the@éstor to reject the rigiportfolio. At
the same time, a less riskease iwestor may assign the same portfolio a certaintyvagui
lent rate thateceeds the risk-free rate and thus will prefer the portfolio to the risk-free
alternatve. If the risk premium is zero or getive to bein with, ary dovnward adjustment
to utility only males the portfolio look wrse. Its certainty equalent rate will be belo
that of the risk-free alternag for all risk-aerse iwvestors.

CONCEPT
CHECK

A portfolio has an expected rate of return of 20% and standard deviation of 30%. T-bills offer a
safe rate of return of 7%. Would an investor with risk-aversion parameter A = 4 prefer to invest
2 in T-bills or the risky portfolio? What if A = 2?

In contrast to risk~agerse iwestors,risk-neutral investors (withA = 0) judge risly
prospects solely by theixpected rates of returithe level of risk is irrel@ant to the risk-
neutral ivestor meaning that there is no penalty for riskr Ehis irvestor a portfolics
certainty equialent rate is simply itsxpected rate of return.
A risk lover (for whom A< 0) is willing to engage indir games and gambles; this
investor adjusts thexpected returrupward to take into account the “fun” of confronting
the prospecs risk. Risk loers will alvays tale a fir game because their ugkd adjust-
ment of utility for risk gves the &ir game a certainty eoilent that gceeds the alterna-
tive of the risk-free wmestment.
We can depict the ingidu-
al's trade-of between risk and
return by plotting the charac-
teristics of potential westment
| portfolios that the indidual
| would viev as equally attrac-
| tive on a graph with @s mea-

I ! I suring the epected alue and
|
|
|
|

Northwest
(preferred direction)

standard déaation of portfolio
P returns. Figure 6.1 plots the
/ characteristics of one portfolio
X denotedP.
" | v Portfolio P, which has
| expected return E(rp) and
' 6 standard ddation op is pre-
Or ferred by risk-serse iwvestors
to ary portfolio in quadrant
FIGURE 6.1 The trade-off between risk and return of a potential IV because it has arxpected
investment portfolio, P return equal to or greater than
ary portfolio in that quadrant
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and a standard diation equal to or smaller thanyaportfolio in that quadrant. Coearsely
ary portfolio in quadrant | is preferable to portfofobecause itsx@ected return is equal
to or greater thaR’s and its standard d&tion is equal to or smaller thdais.

This is the mean-standardwviion, or equialently mean-variance (M-V) criterion.
It can be stated as folls: portfolioA dominate®B if

E(ra) = E(rg)
and

O-ASO-B

and at least one inequality is strict (rules out the equality).

In the expected return—standardwui&tion plane irFigure6.1, the preferred direction is
northwest, because in this direction we simultaneously increasejketed returrand
decrease theaviance of the rate of returfhis means that gportfolio that lies northwest
of P is superior to it.

What can be said about portfolios in quadrants Il andTH&ir desirability com-
pared withP, depends on thexact nature of the irestors risk aersion. Suppose an
investor identifes all portfolios that are equally attragtias portfolidP. Starting atP, an
increase in standard dation lowvers utility; it must be compensated for by an increase
in expected returnThus pointQ in Figure6.2 is equally desirable to thisvastor as
P. Investors will be equally attracted
to portfolios with high risk and high En)
expected returns compared with othe
portfolios with laver risk hut lower
expected returnsThese equally pre-
ferred portfolios will lie in the mean—
standard daation plane on a cues
called theindifference curve that con-
nects all portfolio points with the same
utility value Figure 6.2.

To determine some of the points tha
appear on the indiérence curg, xam-
ine the utility \alues of seeral possible
portfolios for an imestor with A = 4,
presented inTable6.3. Note that each
portfolio offers identical utility because
the portfolios with higher >pected
return also hee higher risk (standard
deviation).

<— |ndifference
Curve

Op

EStimating Risk Aversion FIGURE 6.2 The indifference curve

How might we go about estimating the
levels of risk &ersion we might xgect

to obsere in practice? One ay is to

obsenre indviduals’decisions when con- . How will the indifference curve of a less risk-

fronted with risk. lBr example, we can C?I—TECCEIET averse investor compare to the indifference

obsere hav much people are willing to curve drawn in Figure 6.2?

pay to &oid risk, such as when thduy
insurance against lge losses. Consider

3 . Draw both indifference curves passing through
point P
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TIME FOR INVESTING’S FOUR-LETTER WORD

What four-letter word should pop into mind when the
stock market takes a harrowing nose dive?

No, not those. R-I-S-K.

Risk is the potential for realizing low returns or even
losing money, possibly preventing you from meeting
important objectives, like sending your kids to the col-
lege of their choice or having the retirement lifestyle
you crave.

But many financial advisers and other experts say
that when times are good, some investors don't take
the idea of risk as seriously as they should, and over-
expose themselves to stocks. So before the market
goes down and stays down, be sure that you under-
stand your tolerance for risk and that your portfolio is
designed to match it.

Assessing your risk tolerance, however, can be
tricky. You must consider not only how much risk you
can afford to take but also how much risk you can stand
to take.

Determining how much risk you can stand—your
temperamental tolerance for risk—is more difficult. It
isnt easy to quantify.

To that end, many financial advisers, brokerage firms
and mutual-fund companies have created risk quizzes
to help people determine whether they are conserva-
tive, moderate or aggressive investors. Some firms that
offer such quizzes include Merrill Lynch, T. Rowe Price
Associates Inc., Baltimore, Zurich Group Inc.’s Scud-
der Kemper Investments Inc., New York, and Vanguard
Group in Malvern, Pa.

Typically, risk questionnaires include seven to 10
questions about a person’s investing experience, finan-
cial security and tendency to make risky or conserva-
tive choices.

The benefit of the questionnaires is that they are
an objective resource people can use to get at least
a rough idea of their risk tolerance. “It's impossible
for someone to assess their risk tolerance alone,” says

Mr. Bernstein. “l may say | don't like risk, yet will take
more risk than the average person.”

Many experts warn, however, that the question-

naires should be used simply as a first step to assessing
risk tolerance. “They are not precise,” says Ron Meier,
a certified public accountant.

The second step, many experts agree, is to ask

yourself some difficult questions, such as: How much
you can stand to lose over the long term?

"Most people can stand to lose a heck of a lot tempo-

rarily,” says Mr. Schatsky, a financial adviser in New York.
The real acid test, he says, is how much of your port-
folio’s value you can stand to lose over months or years.

As it turns out, most people rank as middle-of-the-

road risk-takers, say several advisers. “Only about 10%
to 15% of my clients are aggressive,” says Mr. Roge.

WHAT'S YOUR RISK TOLERANCE?
Circle the letter that corresponds to your answer

1.

2A.

Just 60 days after you put money into an invest-
ment, its price falls 20%. Assuming none of the
fundamentals have changed, what would you do?

a. Sell to avoid further worry and try something
else

b. Do nothing and wait for the investment to
come back

c. Buy more. It was a good investment before;
now it's a cheap investment, too

Now look at the previous question another
way. Your investment fell 20%, but it's part of a
portfolio being used to meet investment goals
with three different time horizons.

What would you do if the goal were five years
away?
a. Sell

b. Do nothing
c. Buy more

TABLE 6.3 Expected Return, E(r) Standard Deviation, o Utility = E (r) — Y2 Acg?

Utility values of 10 200 10— 5% 4x.04 =.02

possible portfolios _

o o T 15 255 15— 5 X 4 X 065 = .02

aversion, A = 4 .20 .300 20 - .5%x4x.09 =.02
.25 .339 25 —-.5X%X4X%X.115=.02

an investor with risk gersion,A, whose entire wealth is in a piece of real estate. Sup-
pose that in angiven year there is a probability, of a disaster such as a mudslide that
will destroy the real estate and wipe out theestors entire wealth. Such awent would
amount to a rate of return 6f100%. Otherwise, with probability X p, the real estate
remains intact, and we will assume that its rate of return is zero.
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2B.

2C.

What would you do if the goal were 15 years
away?

a. Sell

b. Do nothing

c. Buy more

What would you do if the goal were 30 years
away?
a. Sell

b Do nothing
c. Buy more

. The price of your retirement investment jumps

25% a month after you buy it. Again, the
fundamentals haven't changed. After you finish
gloating, what do you do?

a. Sell it and lock in your gains
b. Stay put and hope for more gain
c. Buy more; it could go higher

. You're investing for retirement, which is 15 years

away. Which would you rather do?

a. Invest in a money-market fund or guaranteed
investment contract, giving up the possibility

of major gains, but virtually assuring the safety

of your principal

b. Invest in a 50-50 mix of bond funds and stock
funds, in hopes of getting some growth, but
also giving yourself some protection in the
form of steady income

c. Invest in aggressive growth mutual funds
whose value will probably fluctuate
significantly during the year, but have the
potential for impressive gains over five or 10
years

. You just won a big prize! But which one? It's up to

you.
a. $2,000 in cash

b. A 50% chance to win $5,000
c. A 20% chance to win $15,000

6. A good investment opportunity just came along.
But you have to borrow money to get in. Would
you take out a loan?

a. Definitely not
b. Perhaps

c. Yes

7. Your company is selling stock to its employees.
In three years, management plans to take the
company public. Until then, you won't be able
to sell your shares and you will get no dividends.
But your investment could multiply as much as 10
times when the company goes public. How much
money would you invest?
a. None
b. Two months’ salary
c. Four months’ salary

SCORING YOUR RISK TOLERANCE

To score the quiz, add up the number of answers you
gave in each category a—c, then multiply as shown to
find your score

(a) answers X 1= points
(b) answers X 2 = points
(c) answers X 3 = points
YOUR SCORE points

If you scored . . . You may be a:

9-14 points Conservative investor
5-21 points Moderate investor
22-27 points Aggressive investor

Source: Reprinted with permission from The Wall Street Journal.
© 1998 by Dow Jones & Company. All Rights Reserved Worldwide.

Th

We can describe the probability distuifion of the rate of return on this so-called simple
prospect with the folling diagram (with returnsxpressed in decimals):

p r(loss) = -1

1-p

r(no loss) =0

e epected rate of return of this prospect is

(i.e., —100%)

EN=pX(-1)+1-pxX0=-p (6.2)

In other words, the gpected loss is a fractignof the \alue of the real estate.
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What about ariance and standardwdation of the ivestors position?The deiations
from expectationy — E(r), for each outcome are

-1-(-p)=p-1

1-p
0-(p=p

The \ariance of the rate of return equals tRpetation of the squared\dation:

o =pXPE-1F+ @ -p) Xp?=p(l—p (6.3)

To calculate the utility score of this simple prospect we use the visisian codfi-
cient,A, the expected returni(r) (from Equation6.2), and the ariance g(r) (from Equa-
tion 6.3 in Equation 6.1and obtain

U = E(r) — %2A0?(r)
= —p— %Ap(1 - p) (6.4)

Now we can relate the riskrarsion parameter to the amount that anviddial would
be willing to pay for insurance against the potential loss. Suppose an insuranceycompan
offers to cwoer ary loss wer the year for a fee afdollars per dollar of insured property
The indvidual who pays $per dollar of real estatealue to the insurance compyawill
face no risk—the insurance companill reimburse ay losses, so the real estate will be
worth its original alue at yeaend.Taking out such a poljcamounts to a sure gative
rate of return of-v, with a utility scorelU = —v.

How much will our irvestor pay for the poli; that is, what is the maximunalue
of v he or she will be willing to payPo find this \alue, we equate the utility score of
the uninsured property (ggn in Equation6.4) to that of the insured property (which
is —V):

U=-p—2%Apd—p) =V (6.5)

We can sole Equation6.5 for the poligy cost at which the irestor would be indiferent
between purchasing insurance or going uninsurkis. is the maximum amount that he or
she will be willing pay for the insurance pglic

v=p[l + %A1 - p)] (6.6)

Remember that thexpected loss on the propertydsTherefore, the term in the square
braclets inEquation6.6 tells us themultiple of the epected lossp, the irvestor is
willing to pay for the polig. Obviously, a risk-neutral imestor with A = 0, will be
willing to pay no more than thexpected lossy = p. With A = 1, the term in square
braclets is almost 1.5 (becaupas small), sov will be close to 1.p. In other words,
the irnvestor is willing to pay almost 50% more than thxpected loss for the polic
For each additional increment to thegdee of risk sersion A = 2, 3, and so on), the
investor is willing to add (almost) another 50% of txpected loss to the insurance
premium.
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Expected Rate of Loss, Expected Rate of Loss, TABLESG-4
p = .0001 p=.01 Investor’s willingness
Investor Risk Maximum Premium, v, as a Maximum Premium, v, as a to pay for catastrophe

insurance

Aversion, A Multiple of Expected Loss, p Multiple of Expected Loss, p

0 1.0000 1.0000
1 1.5000 1.4950
2 1.9999 1.9900
3 2.4999 2.4850
4 2.9998 2.9800
5 3.4998 3.4750

Table 6.4shavs hav mary multiples of the epected loss the westor is willing to pay
for insurance for tw values of the probability of disastgy, as a function of the deee
of risk aversion. Based on indduals’ actual willingness to pay for insurance against
catastrophic loss as in thigample, economists estimate thatdstors seem toxhibit
degrees of risk @ersion in the range of 2 to 4, that isgwid be lilely to be willing to pay
as much as twto three times thexpected loss it not much more.

By the way, this analysis also tells you something about the merits of comupetiti
insurance mamds. Insurance companies that are able to share their risk with coan
insurers will be willing to der coverage for premiums that are only slightly higher than
the xpected loss,\&n though each westor mayvalue the coverage at sesral multiples
of the xpected lossThe lage saings that inestors thus deré from competitie insur
ance markts are analogous to the consumer surpluyvetkfirom competition in other
markets.

More support for the hypothesis thatis somehere in the range of 2 to 4 can be
obtained from estimates of th&pected rate of return and risk on a broad stockxinde
portfolio. We will present this gument shortly after we describevihanvestors might
determine their optimal allocation of wealth to jisdssets.

6.2 CAPITAL ALLOCATION ACROSS RISKY

AND RISK=FREE PORTFOLIOS

History shevs us that long-term bondsJeabeen riskier westments than irestments
in Treasury bills and that stockviestments ha been riskier still. On the other hand,
the riskier ivestments hze offered higher @erage returns. Wrestors, of course, do not
male all-ornothing choices from theseviestment classe$hey can and do construct their
portfolios using securities from all asset classes. Some of the portfolio may be in risk-free
Treasury bills, some in high-risk stocks.

The most straightforard way to control the risk of the portfolio is through the fraction
of the portfolio ivested inTreasury bills and other safe mgnmarket securities @rsus
risky assetsThis capital allocation decision is axegnple of an asset allocation choice—a
choice among broad vestment classes, rather than among the $pesgturities within
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each asset class. Mosv@stment professionals consider asset allocation the most-impor
tant part of portfolio construction. Consider this statement by John Bogle, made when he
was chairman of théanguard Group of restment Companies:

The most fundamental decision o¥/@sting is the allocation of your assetsmHmuch
should you wn in stock? Has much should youwsn in bonds? He much should you
own in cash resees? . . That decision [has been st to account] for an astonish-
ing 94% of the dierences in total returns acthé by institutionally managed pension
funds.. . .There is no reason to belethat the same relationship does not also hold true
for individual investorst

Therefore, we start our discussion of the risk—return trafdevailable to ivestors by
examining the most basic asset allocation choice: the choicenofrfuzh of the portfolio
to place in risk-free moryemarket securities @rsus other rigkasset classes.

We will denote the imestors portfolio of risky assets aB and the risk-free asset Bs
We will assume for the sakof illustration that the rigkcomponent of the irestors over-
all portfolio comprises te mutual funds, one wested in stocks and the othevested
in long-term bonds. & nawv, we tale the composition of the rigkportfolio as gien and
focus only on the allocation between it and risk-free securities. In ¥iemapterwe turn
to asset allocation and security selection acrosg &sgets.

When we shift wealth from the rigkportfolio to the risk-free asset, we do not change
the relatve proportions of thearious risly assets within the rigkportfolio. Ratherwe
reduce the relate weight of the risk portfolio as a whole inaf/or of risk-free assets.

For example, assume that the total metrkalue of an initial portfolio is $300,000, of
which $90,000 is wested in the Readfsset mong marlket fund, a risk-free asset for
practical purposesThe remaining $210,000 isviested in risi securities—$113,400 in
equities E) and $96,600 in long-term bondB)( The equities and long bond holdings
comprise “the” risk portfolio, 54% inE and 46% irB:

) _ 113,400_

E: wg= 210,000 .54
. _ 96,600 _

B: wg= 270000 46

The weight of the risk portfolio, P, in the complete portfalio, including risk-freeand
risky investments, is denoted Ry

~ 210,000 .
= 300.000 .7 (risky assets)
~ 90,000 ey
1-y= 300,000 .3 (risky-free assets)

The weights of each asset class in the complete portfolio are assfollo

. $113,400

B 3300000 '8
. $96,600

B' $300000 322

Risky portfolio= E+ B = .700

The risky portfolio males up 70% of the complete portfolio.

1John C. BogleBogle on Mutual Funds (Burr Ridge, IL: Irwin Professional Publishing, 1994), p. 235.
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EXAMPLE 6.2 The Risky Portfolio

Suppose that theamer of this portfolio wishes to decrease risk by reducing the allocation
to the risly portfolio fromy = .7toy = .56.The risky portfolio would then total only .56

X $300,000= $168,000, requiring the sale of $42,000 of the original $210,000 of risk
holdings, with the proceeds used to purchase more shares inAssadythe monemar

ket fund).Total holdings in the risk-free asset will increase to $3000@0 — .56) =
$132,000, the original holdings plus thewneontritution to the mong market fund:

$90,000+ $42,000= $132,000

The lkey point, havever, is that we lege the proportions of each asset in theyrig@rt-
folio unchanged. Because the weightsEodnd B in the risk/ portfolio are .54 and .46,
respectiely, we sell .54x $42,000= $22,6800f E and .46Xx $42,000= $19,3200f B.
After the sale, the proportions of each asset in thg psktfolio are in &ct unchanged:

e 113,400 22,680_
E = 210,000— 42,000

_ 96,600— 19,320 _
8 210,000 42,000

E: .54

B: 46

Rather than thinking of our rigkholdings a€ andB separatelywe may vigv our hold-
ings as if thg were in a single fund that holds equities and bonds&ufproportions. In
this sense we may treat the gidkind as a single rigkasset, that asset being a particular
bundle of securitiesAs we shift in and out of safe assets, we simply alter our holdings of
that lundle of securities commensurately

Given this simpliication, we can nw turn to the desirability of reducing risk by chang-
ing the risk/risk-free asset mix, that is, reducing risk by decreasing the propgrian
long as we do not alter the weights of each security within the piskfolio, the probabil-
ity distribution of the rate of return on the risgortfolio remains unchanged by the asset
reallocation What will change is the probability distution of the rate of return on the
complete portfolio that consists of the riglasset and the risk-free asset.

CONCEPT
CHECK What will be the dollar value of your position in equities (E), and its proportion in your overall

4 portfolio, if you decide to hold 50% of your investment budget in Ready Asset?

6.5 THE RISK=FREE ASSET

By virtue of its paver to tax and control the monsupply only the geernment can issue
default-free bonds. Ean the dedult-free guarantee by itself is not cient to male the
bonds risk-free in real term$he only risk-free asset in real termsuwld be a perfectly
price-indexed bond. Moreeer, a deéult-free perfectly indeed bond ders a guaran-
teed real rate to anvastor only if the maturity of the bond is identical to theesiors
desired holding period. Ew indeed bonds are subject to interest rate risk, because real
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interest rates change unpre-

5.0 OPEC1 dictably through time When
45 future real rates are uncertain,
so is the future price of inded
4.0
bonds.
_‘E 3.5 1 OPEC II Nevertheless, it is common
& 3.0 Penn Square practice to viey Treasury biI_Is
& o5 as “the”risk-free asset. Their
2 short-term nature maks their
g 2.0 Market Crash . . .
v Subprime values insensite to interest
& 1.5 LTCM  Mortgages rate fluctuations. Indeed, an
1.0 - investor can lock in a short-
term nominal return byuying
051 a bill and holding it to maturity
0.0 —— 7T Moreover, inflation uncertainty
RRARIRRISIIISLIFIIZIRSESE SIS & over the course of adeweeks,
2ZzzT2T222222222222RRIKKR

or even months, is rgigible
compared with the uncertainty
FIGURE 6.3 Spread between 3-month CD and T-bill rates of stock markt returns.

In practice, most westors
use a broader range of mgne
market instruments as a risk-free asaditthe mong market instruments are virtually free
of interest rate risk because of their short maturities anchathg $afe in terms of defilt
or credit risk.

Most mong marlket funds hold, for the most part, three types of securitiegasliry
bills, bank certiicates of deposit (CDs), and commercial paper (CP)feritify slightly
in their defult risk. The yields to maturity on CDs and CP for identical matufiby
example, are alays somehat higher than those ®#bills. The recent history of this yield
spread for 90-day CDs is shin in Figure 6.3

Money market funds hee changed their relag holdings of these securitiegen time
but, by and lage, T-bills make up only about 15% of their portfolios. Wetheless, the risk
of such blue-chip short-termvastments as CDs and CP is minuscule compared with that of
most other assets such as long-term corporate bonds, common stocks, or real estate. Hence
we treat mong marlket funds as the most easily accessible risk-free asset for mestDirs.

6.4 PORTFOLIOS OF ONE RISKY ASSET

AND A RISK—=FREE ASSET

In this section wexamine the risk—return combinationgadable to ivestorsThis is the
“technical” part of asset allocation; it deals only with the opportunitiaesable to ives-
tors given the features of the broad asset r@rkn which thg can irvest. In the ne sec-
tion we address the “personal” part of the problem—the spéetfividual’s choice of the
best risk—return combination from the set of feasible combinations.

Suppose the irestor has already decided on the composition of the piskfolio. Naov
the concern is with the proportion of theéstment hdget,y, to be allocated to the rigk
portfolio, P. The remaining proportion, % v, is to be inested in the risk-free assét,

Denote the risk rate of return oP by rp, its expected rate of return b(rp), and its
standard daation byop. The rate of return on the risk-free asset is denotag bsthe
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numerical &ample we assume thg{rp) = 15%,0p = 22%, and that the risk-free rate is
ri = 7%.Thus the risk premium on the risksset i€(rp) — r; = 8%.

With a proportiony, in the risk/ portfolio, and 1— y in the risk-free asset, the rate of
return on thecomplete portfolio, denotedC, is r where

re=yrp+ (1= yr (6.7)

Taking the gpectation of this portfolic rate of return,

E(rc) = yE(re) + (1 — y)ry
=1+ Y[E(re) — 1] =7 +y(15-7) (6.8)

This result is easily interprete@ihe base rate of return foryaportfolio is the risk-free
rate. In addition, the portfolio isxpected to earn a risk premium that depends on the risk
premium of the risk portfolio, E(rp) — r, and the imestors position in that risk asset,

y. Investors are assumed to be risferse and thus unwilling to takon a risk position
without a positre risk premium.

When we combine a rigkasset and a risk-free asset in a portfolio, the standara-de
tion of the resulting complete portfolio is the standardat®n of the risk asset multi-
plied by the weight of the rigkasset in that portfolidBecause the standardvitgtion of
the risky portfolio isop = 22%,

oc = Yop = 22 (6.9)

which males sense because the standawiatien of the portfolio is proportional to both
the standard deation of the risly asset and the proportionvested in it. In sum, the rate
of return of the complete portfolio will ke expected alueE(rc) = r; + Y[E(rp) — 1] =

7 + 8y and standard @@tion o = 22y.

The net step is to plot the portfolio characteristicsvég the choice fog) in the
expected return—standarduigtion plane.This is done irFigure6.4. The risk-free asset,
F, appears on theevtical axis because its standardidgon is zeroThe risk/ assetP, is
plotted with a standard diation, op = 22%, and epected return of 15%. If anvastor
chooses to west solely in the riskasset, they = 1.0, and the complete portfolio BsIf
the chosen position = 0, then 1—- y = 1.0, and the complete portfolio is the risk-free
portfolio F.

What about the more interesting midrange portfolios wlydies between 0 and 1?
These portfolios will graph on the straight line connecting p&irasdP. The slope of that
line is [E(rp) — r{/op (Or rise/run), in this case, 8/22.

The conclusion is straightfoard. Increasing the fraction of thevewall portfolio
invested in the riskasset increasex@ected return according Equation6.8 at a rate of
8%. It also increases portfolio standardidgon according t&quation6.9 at the rate of
22%.The &tra return perxdra risk is thus 8/22 .36.

To derive the &act equation for the straight line betwdeandP, we rearrang&qua-
tion 6.9 to find thaty = o/op, and we substitute foy in Equation6.8 to describe the
expected return—standardvil&tion trade-df

E(rc) = ri + y[E(re) —

()
= i+ glE(re) — 1] = 7+ Soc (6.10)

°This is an application of a basic rule from statistics: If you multiply a randwiable by a constant, the standard
deviation is multiplied by the same constant. In our application, the randoiable is the rate of return on the
risky asset, and the constant is the fraction of that asset in the complete pattéolidll elaborate on the rules
for portfolio return and risk in the folleing chapter

169
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Thus the gpected return of the complete
portfolio as a function of its standardvike

E(r) = 15%

I’/:7%1

tion is a straight line, with intercept and
CAL = Capital slope
Allocation E _
Line S— (rp) = r¢ _ 8
Op 22
Figure 6.4graphs thénvestment opportu-
nity set, which is the set of feasiblexgected
return and standard dation pairs of all
portfolios resulting from dferent \alues of
y. The graph is a straight line originatingrat
c and going through the point labelBd

(6.11)

Cp=22% This straight line is called theapital
allocation line (CAL). It depicts all the risk—
return combinations vailable to iwestors.

FIGURE 6.4 The investment opportunity set with a risky The slope of the CAL, denote equals the

asset and a risk-free asset in the expected return-standard
deviation plane

increase in thexpected return of the com-
plete portfolio per unit of additional stan-

CONCEPT
CHECK

5

dard deiation—in other words, incremental

return per incremental risk.oF this reason, the slope is called ttegvar d-to-volatility
ratio. It also is called the Sharpe ratio (see Chapter 5).

A portfolio equally dvided between the rigkasset and the risk-free asset, that is, where
y = .5, will have an &pected rate of return &(ro) = 7 + .5 X 8 = 11%, implying a risk
premium of 4%, and a standardvidgion of o = .5 X 22 = 11%. It will plot on the line
FP midway betweerF andP. The ravard-to-wlatility ratio isS= 4/11= .36, precisely
the same as that of portfoli®

What about points on the CAL to the right of portfd#®@If investors can borw at the
(risk-free) rate of; = 7%, the/ can construct portfolios that may be plotted on the CAL
to the right ofP.

Can the reward-to-volatility (Sharpe) ratio, S = [E(ro) — rd/oc, of any combination of the
risky asset and the risk-free asset be different from the ratio for the risky asset taken alone,
[E(rp) — rd/op, which in this case is .36?

EXAMPLE 6.3 Leverage

Suppose the irestment bdget is $300,000 and ourvestor borravs an additional
$120,000, imesting the total\ailable funds in the rigkassetThis is aleveraged position
in the risky asset; it isihanced in part by borvging. In that case

_ 420,000_

~ 300,000
and 1-y=1- 1.4= — .4, reflecting a short (bowang) position in the risk-free asset.
Rather than lending at a 7% interest rate, thestor borravs at 7%.The distritution of
the portfolio rate of return stillibits the same reard-to-\olatility ratio:

E(ro) = 7%+ (1.4 X 8%) = 18.2%

1.4
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oc=1.4X 22%= 30.8%

E(re) =1 _182-7_
Gc 30.8

As one might epect, the leeraged portfolio has a higher standardialton than does an

unleveraged position in the riglasset.

S= .36

Of course, nongernment iwestors
cannot borre at the risk-free rateThe Eln)
risk of a borraver's defult causes lenders
to demand higher interest rates on loan
Therefore, the nongernment iwestors
borraving cost will exceed the lending rate

of r; = 7%. Suppose the boming rate is
rfB = 9%. Then in the bornwing range,
the ravard-to-\olatility ratio, the slope of
the CAL, will be E(rp) — rf)/op = 6/22
= .27.The CAL will therefore be “kinkd”
at pointP, as shwn in Figure6.5. To the
left of P the investor is lending at 7%, and
the slope of the CAL is .3@0 the right of
P, wherey > 1, the ivestor is borrving at
9% to fnance &tra investments inthe risk ~ FIGURE 6.5 The opportunity set with differential borrow-
asset, and the slope is .27. ing and lending rates

In practice, borraing to invest in the
risky portfolio is easy and straightfoard
if you have a magin account with a brad All you have to do is tell your brakr that you
want to lwy “on magin” Margin purchases may nokeed 50% of the purchasalue.
Therefore, if your net wrth in the account is $300,000, the kepis allaved to lend you
up to $300,000 to purchase additional std¥ku would then hae $600,000 on the asset
side of your account and $300,000 on the liability side, resultigg=ir.0.

E(r,) = 15%

rf=9%
r,=7%

CONCEPT
CHECK

Suppose that there is an upward shift in the expected rate of return on the risky asset, from
15% to 17%. If all other parameters remain unchanged, what will be the slope of the CAL for

6 y=1andy>1?

6.5 RISK TOLERANCE AND ASSET ALLOCATION

We have shovn how to develop the CAL, the graph of all feasible risk—return combinations
available from diferent asset allocation choic&se investor confronting the CAL momust
choose one optimal portfoli€, from the set of feasible choic@is choice entails a tradefof

3Margin purchases require thevéstor to maintain the securities in a giaraccount with the brak If the \alue

of the securities declines bel@ “maintenance mgin,” a “margin call” is sent out, requiring a deposit to bring the
net worth of the account up to the appropriateslelf the magin call is not met, gulations mandate that some or
all of the securities be sold by the beoland the proceeds used to reestablish the requirgihma&ee Chapter 3,
Section 3.6, for further discussioks we will see in Chapter 22, futures contracts alger ddverage. If the risk
portfolio is an inde fund on which a contract trades, the implicit rate on the loan will be close Tebitheate.
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TABLE 6.5 1) ) 3) @)
Utility levels for y E(rd) Oc U=E(r) - %A o?
e [0 o
an investor with risk 0.1 078 022 0770
aversion A = 4 0.2 .086 .044 .0821
0.3 .094 .066 .0853
0.4 .102 .088 .0865
0.5 .110 .110 .0858
0.6 118 132 .0832
0.7 126 154 .0786
0.8 134 176 .0720
0.9 142 .198 .0636
1.0 .150 .220 .0532
between risk and return. Indlilual investor diferences in risk\aersion imply that, gien an
identical opportunity set (that is, a risk-free rate andasré-to-\olatility ratio), different
investors will choose diérent positions in the rigkasset. In particulathe more risk-gerse
investors will choose to hold less of the visisset and more of the risk-free asset.
An investor who &ces a risk-free rate;, and a risk portfolio with expected return
E(rp) and standard d@tion op will find that, for ag choice ofy, the expected return of the
complete portfolio is gien byEquation 6.8
E(re) = ri + y[E(rp) — 1
FromEquation 6.9the \ariance of theeerall portfolio is
0% = yiok
Investors attempt to maximize utility by choosing the best allocation to tlyeasslety.
The utility function is gien byEquation6.1asU = E(r) — X2Ac?. As the allocation to the
risky asset increases (higher
10 y), expected return increases,
09 | put o) d.oes olatility, 50 util-
— T ity can increase or decrease.
08 '// \\ Toillustrate, Table6.5 shovs
071 N utility levels corresponding
L 06 N to different \alues ofy. Ini-
= 051 tially, utility increases ay
2 o4l increases, Ut eventually it
03 | declines.
02| Figure6.6 is a plot of
' the utility function from
011 Table6.5. The graph shos
0 that utility is highest at
0.2 0.4 . 0'(’, 0.8 ! 12 y = .41.Wheny is less than
Allocation to Risky Asset, y . -
41, irvestors are willing to
assume more risk to increase
FIGURE 6.6 Utility as a function of allocation to the risky asset, y expected return. But at higher

levels of y, risk is higher
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and additional allocations to the nislksset are undesirable—yfoad this point, further
increases in risk dominate the increaseximeeted return and reduce utility

To solve the utility maximization problem more generallye write the problem as
follows:

Max U = E(ro) — Y2Aol = 1 + Y[E(rp) — 1] — ¥2AY?0]

Students of calculus will remember that the maximization problem isdbly setting the
deriative of this &pression to zero. Doing so and solvingygields the optimal position
for risk-averse iwestors in the riskassety*, asfollows:*

E(re) — 1
A~
Op
This solution shars that the optimal position in the risksset is, as oneownld expect,

inversely proportional to the kel of risk aversion and the el of risk (as measured by the
variance) and directly proportional to the risk premiuferaid by the risk asset.

(6.12)

EXAMPLE 6.4 Capital Allocation

Using our numerical@ample f; = 7%, E(rp) = 15%,andop = 22%], and &pressing all
returns as decimals, the optimal solution for are&tor with a coditient of risk aersion
A=4is

_.15— .07 _
y 4 22 4L

In other words, this particular restor will invest 41% of the westment bdget in the
risky asset and 59% in the risk-free asstwe sa in Figure 6.6, this is thealue ofy at
which utility is maximized.

With 41% irvested in the riskportfolio, the &pected return and standardsigion of
the complete portfolio are

E(re) =7+ [[41 X (15— 7)] = 10.28%
oc=.41X22=9.02%

The risk premium of the complete portfolioE$rc) — r; = 3.28%, which is obtained by
taking on a portfolio with a standardwiletion of 9.02%. Notice that 3.28/9.62.36,
which is the revard-to-wlatility (Sharpe) ratio assumed for thisaenple.

A graphical vay of presenting this decision problem is to use fadéhce curg analy-
sis. To illustrate hav to huild an indiference curg, consider an irestor with risk ger-
sion A = 4 who currently holds all her wealth in a risk-free portfolio yielding 5%.
Because theariance of such a portfolio is zeiquation6.1tells us that its utility &lue is
U = .05. Nov we find the &pected return the wiestor wuld require to maintain theame
level of utility when holding a rigk portfolio, say with o = 1%. We useEquation6.1 to
find hav muchE(r) must increase to compensate for the higlaéresofo:

U=E(r) — %X AXda?
05=E(r) — %X 4 X .02

“The denvative with respect ty equalsE(rp) — r; — yAod. Setting this epression equal to zero and solving for
y yieldsEquation 6.12
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TABLE 6.6 Ae 2 A 4
Spreadsheet - U=.05 U=.09 U=.05 U=.09
calculations of
indifference curves 0 .0500 .0900 .050 .090
(Entries in columns .05 .0525 .0925 .055 .095
f;t‘tl are :;‘f:::aer: 10 .0600 11000 070 110
to provide specified 15 0725 1125 .095 135
utility value.) 20 .0900 .1300 130 170
25 1125 1525 175 215
30 .1400 .1800 .230 270
35 1725 2125 .295 .335
40 .2100 .2500 .370 410
45 2525 2925 455 495
50 .3000 .3400 550 590

This implies that the necessampected return increases to

RequiredE(r) = .05+ Y% X A X ¢?
= 05+ Y% X 4 X .02 = .0502 (6.13)

We can repeat this calculation for maather levels of o, each timeifding the alue of
E(r) necessary to maintald = .05. This process will yield all combinations afpgected
return and wlatility with utility level of .05; plotting these combinationygs us the indif-
ference cure.
We can readily generate anvestors indifference curgs using a spreadshe&able6.6
contains risk—return combinations with utilityalues of .05 and .09 for twinvestors,
one with A= 2 and the other with
A=4. For example, column (2)

.60

.40

.20

U=.09
U=.05

A=4 uses Equation6.13 to calculate the
A=4 expected return that must be paired
with the standard d@ation in column
(1) for an iwvestor with A=2 to
derive a utility \alue ofU = .05.Col-
umn (3) repeats the calculations for a
higher utility value,U = .09.Theplot
of these gpected return—standard
deviation combinations appears in
Figure6.7 as the tw cunes labeled
A = 2. Notice that the intercepts of
the indiference cures are at .05 and
.09, xactly the leel of utility corre-
sponding to the ta/cunes.

Given the choice, an inves-

>
I
N

FIGURE 6.7
A=2and A=14

. . . G tor would prefer a portfolio on the
-20 30 40 =0 higher indiference cure, the one
with a higher certainty equalent

Indifference curves for U = .05 and U = .09 with (utility). Portfolios on higher indfér-

ence cures ofer a higher epected

return for ay given level of risk. For
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example, both indference cures
for A= 2 have the same shape,
but for ary level of wolatility, a
portfolio on the curg with utility
of .09 ofers an gpected return
4% greater than the correspond
ing portfolio on the lwer cune,
for whichU = .05.

Columns (4) and (5) of
Table6.6 repeat this analysis for
a more risk-aerse iwestor with
A = 4. The resulting pair of indif-
ference cures inFigure6.7 dem-
onstrates that more riskeerse
investors hee steeper indiérence
curves than less riskvarse ives-
tors. Steeper cues mean that
investors require a greater increas
in expected return to compensate
for an increase in portfolio risk.

Higher indiference cures
correspond to higher Vels of
utility. The irvestor thus attempts
to find the complete portfolio on
the highest possible indi&rence

cune. When we superimpose plots of irfdifence curgs on the imestment opportunity
set represented by the capital allocation line dSignre6.8, we can identify théighest

possible indifference curg that still touches the CAThat indiference curg is tangent to
the CAL, and the tangepgoint corresponds to the standargidgon and gpected return

of the optimal complete portfolio.

To illustrate, Table6.7 provides calculations for four inddrence cures (with util-
ity levels of .07, .078, .08653, and .094) for amestor withA = 4. Columns (2)—(5)

E(r) = .15

E(r)=.1028

r,=.07

175

FIGURE 6.8 Finding the optimal complete portfolio by using indif-

ference curves

o U=.07 U=.078 U=.08653 U=.094 CAL
0 .0700 .0780 .0865 .0940 .0700
.02 .0708 .0788 .0873 .0948 .0773
.04 .0732 .0812 .0897 .0972 .0845
.06 .0772 .0852 .0937 L1012 .0918
.08 .0828 .0908 .0993 .1068 .0991
.0902 .0863 .0943 .1028 .1103 .1028
.10 .0900 .0980 .1065 .1140 .1064
A2 .0988 .1068 1153 1228 1136
14 .1092 1172 1257 1332 .1209
.18 .1348 .1428 1513 .1588 .1355
.22 .1668 1748 .1833 .1908 .1500
.26 .2052 .2132 2217 .2292 .1645
.30 .2500 .2580 .2665 .2740 1791

TABLE 6.7

Expected
returns on four
indifference
curves and the
CAL. Investor's
risk aversion is
A=4.
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useEquation6.13to calculate thex@ected return that must be paired with the standard
deviation in column (1) to pnade the utility \alue corresponding to each cenColumn

(6) usesEquation6.10 to calculateE(rc) on the CAL for the standard dation o in
column (1):

E(rc) = 1+ [E(y) — rilge = 7+ [15 — 7155

Figure6.8 graphs the four indiérence curgs and the CALThe graph reeals that the
indifference curg withU = .08653 is tangent to the CAL; the tanggpoint corresponds
to the complete portfolio that maximizes utilifihe tangeng point occurs atrc = 9.02%
and E(rc) = 10.28%, the risk—return parameters of the optimal complete portfolio with
y* = 0.41.These @lues match our algebraic solution uskguation 6.12

We conclude that the choice fgt, the fraction of eerall investment funds to place in
the risky portfolio versus the saferb lower expected-return risk-free asset, is irgeupart
a matter of riskaersion.

a. If an investor's coefficient of risk aversion is A = 3, how does the optimal asset mix

CONCEPT change? What are the new values of E(rc) and o¢?
CHECK b. Suppose that the borrowing rate, r’ = 9% is greater than the lending rate, r; = 7%.
7 Show graphically how the optimal portfolio choice of some investors will be affected
by the higher borrowing rate. Which investors will not be affected by the borrowing
rate?

6.6 PASSIVE STRATECIES: THE CAPITAL MARKET LINE

The CAL is dened with the risk-free and “the” rigkportfolio, P. Determination of the
assets to include in rigkportfolio P may result from a pas& or an actie stratgy. A pas-
sive strategy describes a portfolio decision thabésany direct or indirect security anal-
ysis3 At first blush, a pasee stratgy would appear to be nai.As will become apparent,
however, forces of supply and demand indarcapital markts may ma& such a stragy a
reasonable choice for mamvestors.

In Chapter 5, we presented a compilation of the history of rates of returnfenemlif
asset classe3he data arewailable at Professor éaneth Frencls’'Web site,mba.tuck.
dartmouth.edu/pages/faculty/ken.french/data_library.html. We can use these data to
examine \arious passe stratgies.

A natural candidate for a pagsly held risk asset wuld be a well-diersifed port-
folio of common stocks. Because a passitratgy requires that we dete no resources
to acquiring information on gnindividual stock or group of stocks, we must folla
“neutral” diversification stratgy. One vay is to select a dérsified portfolio of stocks that
mirrors the alue of the corporate sector of the U.S. econdrig results in a portfolio in
which, for kample, the proportion tested in Microsoft stock will be the ratio of Micro-
soft’s total markt value to the mat value of all listed stocks.

5By “indirect security analysis” we mean the dgléon of that responsibility to an intermediary such as a profes-
sional mong manager



CHAPTER 6 Risk Aversion and Capital Allocation to Risky Assets

Average Annual Returns S&P 500 Portfolio Probability
of Observing
S&P 500 1-Month Risk Standard Sharpe Ratio This Subperiod
Period Portfolio T-bills Premium Deviation (Reward-to-Volatility) Estimate*
1926-2005 12.15 3.75 8.39 20.54 41
1986-2005 13.16 4.56 8.60 16.24 .53 .63
1966-1985 10.12 7.41 272 17.83 .15 .30
1946-1965 14.97 1.97 13.00 17.65 74 .20
1926-1945 10.33 1.07 9.26 27.95 .33 73
TABLE 6.8

Average annual return on large stocks and 1-month T-bills; standard deviation, and reward-to-volatility ratio of large
stocks over time

*The probability that the estimate of 1926-2005 is true and we observe the reported (or an even more different) value for the subperiod.

The most popularalue-weighted indeof U.S. stocks is the Standard & P@o€om-
posite Ind& of 500 lage capitalization U.S. corporations (the S&P 50@ple6.8 sum-
marizes the performance of the S&P 500 portfolierche 80-year period 1926—-2005, as
well as for the four 20-year subperiodable6.8 shavs the aerage return for the portfo-
lio, the return on rolling wer 1-monthT-bills for the same period, as well as the resultant
average Ecess return and its standardvid¢ion. The ravard-to-wlatility (Sharpe) ratio
was .41 for thewerall period, 1926—2005. In otheowds, stock mawt investors enjped
a .41% wmerage rcess return relate to theT-bill rate for every 1% of standard dgation.
The lage standard deation of the &cess return (20.54%) is one reason we olesemwide
range of gerage gcess returns andward-to-\olatility ratios across subperiodsafying
from .15 for 1966-1985 to .74 for 1946-1965). Using the statistical distnibof the
difference between the Sharpe ratios af portfolios, we can estimate the probability of
observing a daation of the Sharpe measure for a particular subperiod from that of the
overall period, assuming the latter is the tradue.The last column offable6.8 shaws
that the probabilities ofriding such widely dierent Sharpe ratiosver the subperiods are
actually quite substantial.

We call the capital allocation line praed by 1-monthT-bills and a broad indeof
common stocks theapital market line (CML). A passve stratgy generates an\vest-
ment opportunity set that is represented by the CML.

How reasonable is it for anvastor to pursue a pasgsistratgy? Of course, we cannot
answer such a question without comparing the gjyatethe costs and beitsfaccruing to
an actve portfolio stratgy. Some thoughts are rgbmt at this point, heever.

First, the alternate actve stratgy is not freeWhether you choose tovest the time
and cost to acquire the information needed to generate an optirnval @atifolio of risk
assets, or whether you detde the task to a professional who will djeaa fee, constitution
of an actve portfolio is more xpensve than a passe one.The passie portfolio requires
only small commissions on purchaseg-fills (or zero commissions if you purchase bills
directly from the ggernment) and management fees to eithexahange-traded fund or a
mutual fund companthat operates a markinde fund.Vanguard, for eample, operates
the Index 500 Portfolio that mimics the S&P 500 indfind. It purchases shares of the
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firms constituting the S&P 500 in proportion to the nedrklues of the outstanding equity

of each irm, and therefore essentially replicates the S&P 50xindee fund thus dupli-

cates the performance of this metrknde. It has one of the leest operating xpenses

(as a percentage of assets) of all mutual stock funds precisely because it requires minimal
managerial dbrt.

A second reason to pursue a pesstratgy is the free-rider beniéfIf there are man
active, knavledgeable imestors who quickly bid up prices of undaiwed assets and force
down prices of gervalued assets (by selling), wevieato conclude that at griime most
assets will bedirly priced.Therefore, a well-diersified portfolio of common stock will
be a reasonablair buy, and the pasee stratgy may not be inferior to that of theexage
active investor (We will elaborate on this gument and pnmde a more comprehensi
analysis of the relate success of passi stratgies in later chapterslhe nearby box
points out that passt index funds hae actually outperformed most a@ly managed
funds in the past decades.

To summarize, a pass& stratgy involves irvestment in tw passie portfolios: virtu-
ally risk-free short-terni-bills (or, alternatvely, a mong market fund) and a fund of com-
mon stocks that mimics a broad metrindex. The capital allocation line representing such
a stratgy is called thecapital market line. Historically, based on 1926 to 2005 data, the
passve risky portfolio offered an gerage risk premium of 8.4% and a standandadi®n
of 20.5%, resulting in a veard-to-\olatility ratio of .41.

Passve investors allocate their westment bdgets among instruments according to
their deyree of risk @ersion.We can use our analysis to deduce a typicatstors risk-
awversion parameteFromTable 1.1 in Chapter 1, we estimate that approximately 75% of
net worth is irvested in a broad array of rislasset§.We assume this portfolio has the
same revard-risk characteristics that the S&P 500 hdslgted since 1926, that is, a risk
premium of 8.4% and standardviiion of 20.5% as documentedTable6.8. Substitut-
ing these alues inEquation 6.12we obtain

_E(w) -1 084

Al Ax.208

which implies a codicient of risk aersion of

__ .084 _
A= 75% 208 27

Of course, this calculation is highly specutatie hare assumed without basis that
the arerage inestor holds the neé view that historical werage rates of return and stan-
dard deiations are the best estimates mpected rates of return and risk, looking to the
future.To the atent that the werage inestor taks adentage of contemporary informa-
tion in addition to simple historical data, our estimatéef 2.7 would be an unjustiéd
inference. Neertheless, a broad range of studies, taking into account the full range of
awailable assets, places thegdee of risk wersion for the representeti investor in the
range of 2.0 to 4.0.

SWe include in the risi portfolio real assets, half of pension ressncorporate and noncorporate equitytual
fund shares, and half of “other” assefsis portfolio sums to $51.90 trillion, which is 75% of household net
worth. (SeeTablel.1.)

‘See, for gample, I. Friend and M. Blume, “The Demafat Risky Assets” American Economic Review 64
(1974); or S. J. Grossman and R. J. Shiflehe Determinants of theariability of Stock Marlet Prices, Ameri-

can Economic Review 71 (1981).



CRITICISMS OF INDEXING DON'T HOLD UP

Amid the stock market's recent travails, critics are
once again taking aim at index funds. But like the
firing squad that stands in a circle, they aren’t making a
whole lot of sense.

Indexing, of course, has never been popular in
some quarters. Performance-hungry investors loathe
the idea of buying index funds and abandoning all
chance of beating the market averages. Meanwhile,
most Wall Street firms would love indexing to fall from
favor because there isn't much money to be made run-
ning index funds.

But the latest barrage of nonsense also reflects
today’s peculiar stock market. Here is a look at four
recent complaints about index funds:

They're undiversified. Critics charge that the most
popular index funds, those that track the Standard
& Poor's 500-stock index, are too focused on a small
number of stocks and a single sector, technology.

S&P 500 funds currently have 25.3% of their money
in their 10-largest stockholdings and 31.1% of assets in
technology companies. This narrow focus made S&P
500 funds especially vulnerable during this year's mar-
ket swoon.

But the same complaint could be leveled at actively
managed funds. According to Chicago researchers
Morningstar Inc., diversified U.S. stock funds have an
average 36.2% invested in their 10-largest stocks, with
29.1% in technology.

They're top-heavy. Critics also charge that S&P 500
funds represent a big bet on big-company stocks. True
enough. | have often argued that most folks would be
better off indexing the Wilshire 5000, which includes
most regularly traded U.S. stocks, including both large
and small companies.

But let's not get carried away. The S&P 500 isn't that
narrowly focused. After all, it represents some 77.2% of
U.S. stock-market value.

Whether you index the S&P 500 or the Wilshire
5000, what you are getting is a fund that pretty much

mirrors the U.S. market. If you think index funds are
undiversified and top-heavy, there can only be one rea-
son: The market is undiversified and top heavy.

They're chasing performance. In the 1990s, the
stock market’s return was driven by a relatively small
number of sizzling performers. As these hot stocks
climbed in value, index funds became more heavily
invested in these companies, while lightening up on
lackluster performers.

That, complain critics, is the equivalent of buying
high and selling low. A devastating criticism? Hardly.
This is what all investors do. When Home Depot's stock
climbs 5%, investors collectively end up with 5% more
money riding on Home Depot's shares.

You can do better. Sure, there is always a chance
you will get lucky and beat the market. But don't count
on it.

As a group, investors in U.S. stocks can't outperform
the market because, collectively, they are the market. In
fact, once you figure in investment costs, active inves-
tors are destined to lag behind Wilshire 5000-index
funds, because these active investors incur far higher
investment costs.

But this isnt just a matter of logic. The proof is also
in the numbers. Over the past decade, only 28% of
U.S. stock funds managed to beat the Wilshire 5000,
according to Vanguard.

The problem is, the long-term argument for index-
ing gets forgotten in the rush to embrace the latest,
hottest funds. An indexing strategy will beat most
funds in most years. But in any given year, there will
always be some funds that do better than the index.
These winners garner heaps of publicity, which whets
investors’ appetites and encourages them to try their
luck at beating the market.

Source: Jonathan Clements, “Criticisms of Indexing Don't Hold Up,”
The Wall Street Journal, April 25, 2000. Reprinted by permission

of The Wall Street Journal, © 2000 Dow Jones & Company, Inc. All
rights reserved worldwide.

CONCEPT
CHECK

Suppose that expectations about the S&P 500 index and the T-bill rate are the same as they
were in 2005, but you find that a greater proportion is invested in T-bills today than in 2005.
8 What can you conclude about the change in risk tolerance over the years since 2005?
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SUMMARY @

10.

Related Web sites for

this chapter are available
at www.mhhe.com/bkm

Speculation is the undertaking of a siskvestment for its risk premiurithe risk premium has
to be lage enough to compensate a risteide ivestor for the risk of the wiestment.

A fair game is a rigskprospect that has a zero risk premium. It will not be undentaly a risk-
averse iwestor

Investors’preferences toard the &pected return andolatility of a portfolio may bexpressed
by a utility function that is higher for highekmected returns andver for higher portfolio
variances. More riskyvarse ivestors will apply greater penalties for riS¥e can describe these
preferences graphically using inféifence cures.

The desirability of a risk portfolio to a risk-gerse iwvestor may be summarized by the-cer
tainty equvalent \alue of the portfolioThe certainty equalent rate of return is aalue that, if
it is receved with certaintywould yield the same utility as the riskortfolio.

Shifting funds from the rigkportfolio to the risk-free asset is the simplesiyvio reduce risk.
Other methods wolve diersification of the risk portfolio and hedgingWe tale up these
methods in later chapters.

T-bills provide a perfectly risk-free asset in nominal terms oNgvertheless, the standard
deviation of real rates on short-terfbills is small compared to that of other assets such as
long-term bonds and common stocks, so for the purpose of our analysis we coslidess

the risk-free asset. Mopemarlet funds hold, in addition t@-bills, short-term relatiely safe
obligations such as CP and CD#ese entail some dailt risk, lut again, the additional risk is
small relatve to most other rigskassets. & corvenience, we often refer to mgnmarlet funds

as risk-free assets.

An investors risky portfolio (the risly asset) can be characterized by itsvaed-to-
volatility ratio, S= [E(rp) — r{]/op. This ratio is also the slope of the CAL, the line that,
when graphed, goes from the risk-free asset through theasdetAll combinations of the
risky asset and the risk-free asset lie on this line. Other things equaVeatoinwould prefer

a steepesloping CAL, because that means highepected return for gnlevel of risk. If
the borraving rate is greater than the lending rate, the CAL will be “&dikat the point of
the risky asset.

The investors deree of risk gersion is characterized by the slope of his or her ferdifice
curve. Indifference curgs shwy, at ary level of expected return and risk, the required risk pre-
mium for taking on one additional percentage point of standar@toe. More risk-aerse
investors hee steeper indiérence cures; that is, therequire a greater risk premium for taking
on more risk.

The optimal positiony*, in the risky asset, is proportional to the risk premium ancisely
proportional to the ariance and dgee of risk aersion:

y = E(rp) — 1
A(rg

Graphically this portfolio represents the point at which the iigdénce curg is tangent to the
CAL.

A passve investment stratgy disrgyards security analysis, ¢gting instead the risk-free asset
and a broad portfolio of rigkassets such as the S&P 500 stock portfolio. If in 2008sin
tors took the mean historical return and standawiaten of the S&P 500 as proxies for its
expected return and standardvidgion, then the alues of outstanding assetewid imply a
degree of risk gersion of abouf = 2.7 for the serage inestor This is in line with other stud-
ies, which estimate typical risk@rsion in the range of 2.0 through 4.0.
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risk premium risk neutral risk-free asset KEY TERMS
fair game risk lover capital allocation line

risk averse mean-ariance (M-V) criterion reward-to-\olatility ratio

utility indifference curg passve stratgy

certainty equialent rate complete portfolio capital marlt line

1. Which of the follaving choices best completes the fallog statement? Explaidn investor PROBLEM
with a higher dgree of risk gersion, compared to one with aMer degyree, will prefer imest- SETS
ment portfolios

with higher risk premiums. Quiz
that are riskier (with higher standardviigions).

with lower Sharpe ratios.

with higher Sharpe ratios.

. None of the abee is true.

Poo oy

2. Which of the follaving statements are true? Explain.

a. A lower allocation to the rigkportfolio reduces the Sharpe\Wi@rd-to-\olatility) ratio.

b. The higher the bormwing rate, the laver the Sharpe ratios ofiered portfolios.

c. With a fixed risk-free rate, doubling thepmected return and standardvidgion of the risk
portfolio will double the Sharpe ratio.

d. Holding constant the risk premium of the gighortfolio, a higher risk-free rate will increase
the Sharpe ratio of iestments with a posit allocation to the rigkasset.

3. What do you think wuld happen to thexpected return on stocks ifiestors perceed higher
volatility in the equity mar&t? Relate your answer Eguation 6.12

4. Consider a risk portfolio. The end-of-year cash floderived from the portfolio will be either Problems
$70,000 or $200,000 with equal probabilities of The alternatie risk-free inestment in
T-bills pays 6% per year
a. If you require a risk premium of 8%, Wwomuch will you be willing to pay for the
portfolio?

b. Suppose that the portfolio can be purchased for the amount you fouayd\What will be
the expected rate of return on the portfolio?

c. Now suppose that you require a risk premium of 1¥¢hat is the price that you will be
willing to pay?

d. Comparing your answers ta)(@nd €), what do you conclude about the relationship between
the required risk premium on a portfolio and the price at which the portfolio will sell?

5. Consider a portfolio that fdérs an gpected rate of return of 12% and a standardadien of
18%. T-hills offer a risk-free 7% rate of returtWhat is the maximum \el of risk aversion for
which the risly portfolio is still preferred to bills?
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6. Draw the indiference cure in the &pected return—standardw&tion plane corresponding to a
utility level of .05 for an imestor with a riskeersion codficient of 3. {Hint: Choose seeral pos-
sible standard deations, ranging from .05 to .25, andd the &pected rates of return pid-
ing a utility level of .05.Then plot the xpected return—standardwigtion points so deved.)

7. Now drawv the indiference curg corresponding to a utility Vel of .04 for an isestor with
risk aversion codicient A = 4. Comparing your answers to Problems 6 and 7, what do you
conclude?
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PART II

Portfolio Theory and Practice

8.
9.

Draw an indiference cure for a risk-neutral vestor preiding utility level .05.

What must be true about the sign of the rigéraion codicient, A, for a risk loser? Drav the
indifference cure for a utility level of .05 for a risk laer.

For Problems 10 through 12: Consider historical data showing that the average annual
rate of return on the S&P 500 portfolio over the past 80 years has averaged roughly 8.5%
more than the Treasury bill return and that the S&P 500 standard deviation has been about
20% per year. Assume these values are representative of investors’ expectations for future
performance and that the current T-bill rate is 5%.

10.

11.

12.

Calculate thexgected return andaviance of portfolios wested inT-bills and the S&P 500
index with weights as follars:

Wbills vvindex
0 1.0
0.2 0.8
0.4 0.6
0.6 0.4
0.8 0.2
1.0 0

Calculate the utility leels of each portfolio of Problem 10 for awéstor withA = 3. What do
you conclude?

Repeat Problem 11 for anviestor withA = 5. What do you conclude?

Use these inputs for Problems 13 through 22: You manage a risky portfolio with expected
rate of return of 18% and standard deviation of 28%. The T-bill rate is 8%.

13.

14.

15.
16.

17.

18.

19.

Your client chooses to west 70% of a portfolio in your fund and 30% inl<oill money
market fund.What is the epected alue and standard dation of the rate of return on his
portfolio?

Suppose that your rigkportfolio includes the folling investments in the gén proportions:

Stock A 25%
Stock B 32%
Stock C 43%

What are the westment proportions of your cliestoverall portfolio, including the position in
T-bills?
What is the revard-to-\olatility ratio (S) of your risky portfolio?Your clients?

Draw the CAL of your portfolio on anxpected return—standardwi&tion diagramWhat is the
slope of the CAL? Shw the position of your client on your fursdCAL.

Suppose that your client decides teest in your portfolio a proportionof the total iwestment
budget so that theverall portfolio will hare an &pected rate of return of 16%.

a. What is the proportiog?

b. What are your cliens’'investment proportions in your three stocks andrtbél fund?

c. What is the standard detion of the rate of return on your clienportfolio?

Suppose that your client prefers teest in your fund a proportionthat maximizes thexpected
return on the complete portfolio subject to the constraint that the complete patéddintard
deviation will not exceed 18%.

a. What is the imestment proportiony?
b. What is the epected rate of return on the complete portfolio?

Your clients deyree of risk gersion isA = 3.5.
a. What proportiony, of the total imestment should bevasted in your fund?
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b. What is the epected alue and standard dation of the rate of return on your clientpti-
mized portfolio?

20. Look at the data imrable6.8 on the &erage risk premium of the S&P 50@er T-bills,
and the standard diation of that risk premium. Suppose that the S&P 500 is youy risk
portfolio.

a. If your risk-aversion codicient isA = 4 and you beliee that the entire 1926—-2005 period
is representate of future &pected performance, what fraction of your portfolio should be
allocated tor-bills and what fraction to equity?

b. What if you belige that the 1986—2005 period is represeveti

¢. What do you conclude upon comparing your answera)tar(d p)?

21. Consider the follwing information about a rigkportfolio that you manage, and a risk-free
assetE(rp) = 11%,0p = 15%,r; = 5%.

a. Your client vants to inest a proportion of her totahiestment bdget in your risk fund to
provide an epected rate of return on heverall or complete portfolio equal to 8%/hat
proportion should she vest in the risi portfolio, P, and what proportion in the risk-free
asset?

b. What will be the standard diation of the rate of return on her portfolio?

c. Another client vants the highest return possible subject to the constraint that you limit his
standard déation to be no more than 12%hich client is more riskwaerse?

For Problems 22 through 25: Suppose that the borrowing rate that your client faces is
9%. Assume that the S&P 500 index has an expected return of 13% and standard deviation
of 25%, that r; = 5%, and that your fund has the parameters given in Problem 21.

22. Draw a diagram of your clierg’CML, accounting for the higher bowing rate. Superimpose
on it two sets of indfierence curgs, one for a client who will choose to bavr@and one who
will invest in both the indefund and a monemarlet fund.

23. What is the range of riskvarsion for which a client will neither bomonor lend, that is, for
whichy = 1?
24. Solve Problems 22 and 23 for a client who uses your fund rather than arfunde

25. What is the lagest percentage fee that a client who currently is lengirdL] will be willing to
pay to irvest in your fund®hat about a client who is bomwing (y > 1)?
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For Challenge Problems 26 and 27: You estimate that a passive portfolio, that is, one Cha"enge
invested in a risky portfolio that mimics the S&P 500 stock index, yields an expected rate
of return of 13% with a standard deviation of 25%. You manage an active portfolio with
expected return 18% and standard deviation 28%. The risk-free rate is 8%.

26. Draw the CML and your fundsCAL on an &pected return—standardvi@tion diagram.

a. What is the slope of the CML?
b. Characterize in one short paragraph theaathge of your fundwer the passe fund.

27. Your client ponders whether to switch the 70% that vested in your fund to the passi
portfolio.

Prob|ems

a. Explain to your client the disadwatage of the switch.

b. Shav him the maximum fee you could clyer(as a percentage of theestment in your
fund, deducted at the end of the year) thauld leave him at least as well foinvesting in
your fund as in the pas® one. Hint: The fee will laver the slope of his CAL by reducing
the expected return net of the fee.)

28. Consider again the client in Problem 19 wAtls= 3.5.

a. If he chose to west in the pasgé portfolio, what proportiory, would he select?

b. Is the fee (percentage of thev@stment in your fund, deducted at the end of the year) that
you can chage to mak the client indilerent between your fund and the pessstratgy
affected by his capital allocation decision (i.e., his choicg®®f
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Use the following data in answering CFA Problems 1-3:
CFAs\
\P_R,OBLEMS Utility Formula Data
Expected Standard
Investment Return, E(r) Deviation, o
1 12 .30
2 15 .50
8 .21 .16
4 .24 .21

U = E(r) — %Aac?, whereA = 4
1. Based on the utility formula alee, which ivestment wuld you select if you were riskverse
with A = 4?
2. Based on the utility formula alee, which ivestment wuld you select if you were risk neutral?
3. The variable @) in the utility formula represents the:

a. investors return requirement.
b. investors aersion to risk.

g c. certainty equialent rate of the portfolio.
Q d. preference for one unit of return per four units of risk.
g Use the following graph to answer CFA Problems 4 and 5.
(V)
2
= Expected
e Return, E(r)
Ge4
3
© Hy 2
3 s ;
5= Capital
§ 1 Allocation
Line (CAL)
[
1
0 RiSk, (o)

4. Which indifference cure represents the greatestdeof utility that can be achied by the
investor?

5.  Which point designates the optimal portfolio of yiskssets?

6. Given $100,000 to irest, what is thex@ected risk premium in dollars ofviesting in equities
versus risk-fre@-bills based on the folleing table?

Action Probability Expected Return
Invest in < 6 — $50,000
equities 4 ——  —$30,000

Invest in risk-free
T-bills 1.0 $ 5,000
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7. The change from a straight to a kikcapital allocation line is a result of the:

a. Reward-to-\olatility ratio increasing.

b. Borrowing rate &ceeding the lending rate.

c. Investors risk tolerance decreasing.

d. Increase in the portfolio proportion of the risk-free asset.

8. You manage an equity fund with axpected risk premium of 10% and axpected standard
deviation of 14%.The rate oreasury bills is 6%yYour client chooses towest $60,000 of her
portfolio in your equity fund and $40,000 inTebill money market fund.What is the gpected
return and standard dation of return on your clierg’portfolio?

9. What is the revard-to-\olatility ratio for theequity fund in CFA Problem 8?

1. Go to www.mhhe.com/edumarketinsight (Have you remembered to bookmark
this page?) and link to Company, then Population. Select a company of interest to
you and link to the Stock Reports page. Observe the menu of company information
reports on the left. Link to the Recent News and review the most recent Business
Wire articles. What recent event or information release had an apparent impact
upon your company'’s stock price? (You can find a history of stock prices under Excel

Analytics.) STAND
2. Go to www.mhhe.com/edumarketinsight and link to Industry. From the pull-down E%ows

menu, link to an industry that is of interest to you. From the menu on the left side,
select the S&P 500 report under Industry GICS Sub-Industry Financial Highlights.
How many companies from this industry are in the S&P 5007 What percentage of
the Main Industry Group does this Industry Group represent in the S&P 500? Look
at the ratios provided for the industry and their comparisons to the GICS Sub-
Industry Benchmarks. How did the industry perform relative to S&P 500 companies
during the last year?

Risk Aversion

There is a difference between an investor's willingness to take risk and his or her
ability to take risk. Take the quizzes offered at the Web sites below and compare the
results. If they are significantly different, which one would you use to determine an

E-Investments .
investment strategy?

http://mutualfunds.about.com/library/personalitytests/blrisktolerance.htm
http://mutualfunds.about.com/library/personalitytests/blriskcapacity.htm

SOLUTIONS TO CONCEPT CHECKS

1 The irvestor is taking onxehange rate risk by westing in a pound-denominated asset. If the
exchange rate m@s in the imestors favor, the irvestor will benef and will earn more from
the U.K. bill than the U.S. bill. & example, if both the U.S. and U.K. interest rates are 5%, and
the current xchange rate is $2 per pound, a $Zstment today carug 1 pound, which can be
invested in England at a certain rate of 5%, for a-gearalue of 1.05 pounds. If the yeand
exchange rate is $2.10 per pound, the 1.05 pounds carcbarged for 1.0%X $2.10= $2.205
for a rate of return in dollars of & r = $2.205/$2= 1.1025, orr = 10.25%, more than is
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available from U.S. billsTherefore, if the inestor &pects &vorable &change rate m@ments,
the U.K. bill is a speculate investment. Otherwise, it is a gamble.

2. For theA = 4 investor the utility of the riskportfolio is

U=.20— (2X 4% .3 = .02

while the utility of bills is
U=.07- (22X 4X0)=.07
The investor will prefer bills to the rigkportfolio. (Of course, a mixture of bills and the portfolio
might be gen betterbut that is not a choice here.)
Even for theA = 2 investor the utility of the risk portfolio is

U=.20— (X 2X .3 =.11

while the utility of bills is again .07 he less risk-zerse iwvestor prefers the rigkportfolio.

3. The less risk-gerse investor has a shaller indifference curg.An increase in risk requires less
increase inxpected return to restore utility to the originalde
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4. Holding 50% of your imested capital in Readyssets means that youwvestment proportion in
the risky portfolio is reduced from 70% to 50%.

Your risky portfolio is constructed to west 54% inE and 46% inB. Thus the proportion
of E in your overall portfolio is .5X 54% = 27%, and the dollaralue of your position irE is
$300,000% .27 = $81,000.

5. In the xpected return—standardwiation plane all portfolios that are constructed from the same
risky and risk-free funds (witharious proportions) lie on a line from the risk-free rate through
the risky fund. The slope of the CAL (capital allocation line) is the sawerywvhere; hence
the revard-to-wlatility ratio is the same for all of these portfolioorially, if you invest a
proportion,y, in a risky fund with expected returrg(rp) and standard detion op, and the
remainderl — vy, in a risk-free asset with a sure ratethen the portfolis expected return and
standard déation are

E(rc) = ry + y[E(re) — 1l
Oc = Yop
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and therefore the ward-to-\olatility ratio of this portfolio is
CE(r) -1 YIEMR) — 1] E(re) — 1y
%= Yop op
which is independent of the proportign
5 = 9%. The standard deation of

6. The lending and borwing rates are unchangedrat= 7%, r
the risky portfolio is still 22%, ht its expected rate of return shifts from 15% to 17%.

The slope of the tarpart CAL is
E(rp) — 1 .
Tfor the lending range

B
E(rp) — I }
—5-——'or the borraving range
P

Thus in both cases the slope increases: from 8/22 to 10/22 for the lending range, and from 6/22 to
8/22 for the borring range.

7. a. The parameters are= .07,E(rp) = .15,0p = .22.An investor with a dgree of risk gersion
A will choose a proportiog in the risk/ portfolio of
_ E(rp) — 1
A(IFZ,
With the assumed parameters and with 3 we fnd that

15— .07 _

Y=3x 0483

When the dgree of risk gersion decreases from the originalue of 4 to the ne value of 3,
investment in the rigkportfolio increases from 41% to 55%ccordingly, the &pected return
and standard dé&tion of the optimal portfolio increase:

E(rc) = .07 + (.55X% .08) = .114 (before: .1028)
oc = .55X .22=.121 (before: .0902)

b. All investors whose dgee of risk gersion is such that tievould hold the risk portfolio in
a proportion equal to 100% or legs<(1.00) are lending rather than bosiag, and so are
unafected by the borming rate.The least risk-zerse of these imrestors hold 100% in the
risky portfolio (y = 1). We can sole for the dgree of risk gersion of these “cut &finvestors
from the parameters of thevestment opportunities:
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E(rp) — 1y
y=1= z of884A
Acg .
which implies
_ .08 _
A=oaga~ 16

Any investor who is more risk tolerant (that A< 1.65) would borrav if the borraving rate
were 7%. Br borravers,

_ E(p) - r?
Y AUFZ,

Suppose, forxample, an imestor has ai of 1.1.Whenr; = rfB = 7%, this investor chooses
to invest in the risi portfolio:

08
Y=11x o8z -0
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which means that the vastor will borrav an amount equal to 50% of hewm investment
capital. Raise the bondng rate, in this case r& = 9%, and the imestor will invest less in the
risky asset. In that case:
.06

Y=11ix oses 13
and “only” 13% of her imestment capital will be borweed. Graphicallythe line fronr; to the
risky portfolio shavs the CAL for lendersThe dashed pawtould be releant if the borraing
rate equaled the lending rawhen the borrwing rate &ceeds the lending rate, the CAL is
kinked at the point corresponding to the yiglortfolio.

The following figure shavs indifference cures of two investors.The steeper indiérence
curve portrays the more riskrarse iwestor who chooses portfolicC,, which involves
lending. This investors choice is un&écted by the borming rate.The more risk-tolerant
investor is portrayed by the shailer-sloped indiference cures. If the lending rate equaled
the borroving rate, this imestor would choose portfolicC; on the dashed part of the CAL.
When the borrwing rate goes up, thisuastor chooses portfoliG, (in the borreving range
of the kinked CAL), which iwvolves less borming than beforeThis investor is hurt by the
increase in the borvang rate.

E(r)

8. If all the investment parameters remain unchanged, the only reason feeatointo decrease the
investment proportion in the riglasset is an increase in theyoke of risk gersion. If you think
that this is unlikely, then you hee to reconsider youaith in your assumptions. Perhaps the S&P
500 is not a good proxy for the optimal ggortfolio. Perhaps irestors gpect a higher real rate
on T-bills.

APPENDIX A: Risk Aversion, Expected Utility, and the St. Petersburg

Paradox

We digress in this appendix tx@amine the rationale behind our contention thaestors
are risk &erse. Recognition of riskvarsion as central investment decisions goes back at
least to 1738. Daniel Bernoulli, one ofarfous Swissamily of distinguished mathemati-
cians, spent the years 1725 through 1733 in St. Patgrskhere he analyzed the folle
ing coin-toss gamelo enter the game one pays an entry Témreaftera coin is tossed



CHAPTER 6 Risk Aversion and Capital Allocation to Risky Assets 189

until thefirst head appeard:he number of tails, denoted bythat appears until theér$t
head is tossed is used to compute the a$Bf to the participant, as

R(n) = 20

The probability of no tails before thiest head 1§ = 0) is 1/2 and the corresponding pdyof
is 2 = $1. The probability of one tail and then heads=(1) is 1/2x 1/2 with payof
2t = $2, the probability of tw tails and then heads € 2) is 1/2X 1/2X 1/2 and so
forth.

The following table illustrates the probabilities and pdgdbr various outcomes:

Tails  Probability Payoff = $ R(n)  Probability x Payoff

0 1/2 $1 $1/2
1 1/4 $2 $1/2
2 1/8 $4 $1/2
3 1/16 $8 $1/2
n (1/2)n+1 $2n $1/2

The epected paydfis therefore

E(R) = i Pr(N)R(N) = Y2 + ¥ ++-=0

n=0

The evaluation of this game is called the “St. PetarglParadox. Although the &pected
payof is infinite, participants oliously will be willing to purchase tieks to play the
game only at airite, and possibly quite modest, entry fee.

Bernoulli resoled the paradox by noting thawastors do not assign the sanzue
per dollar to all payd$. Speciically, the greater their wealth, the less their “appreciation”
for each &tra dollar We can mak this insight mathematically precise by assigning a wel-
fare or utility \alue to ag level of investor wealth. Our utility function should increase as
wealth is higherbut each gtra dollar of wealth should increase utility by progresisi
smaller amount$(Modern economists @uld say that imestors ghibit “decreasing mar
ginal utility” from an additional paydfdollar) One particular function that assigns a
subjectve value to the imestor from a pay®fof $R, which has a smalleralue per dollar
the greater the payifis the function InR) where In is the natural logarithm function. If
this function measures utilityalues of wealth, the subjeei utility value of the game is
indeed inite, equal to .693.The certain wealth iel necessary to yield this utilityalue
is $2.00, because In(2.08) .693. Hence the certainty egalent \alue of the risk pay-
off is $2.00, which is the maximum amount that thisestor will pay to play the game.

Von Neumann and Mgenstern adapted this approach testment theory in a com-
plete axiomatic system in 194Avoiding unnecessary technical detail, we restrict our
selves here to an intuite exposition of the rationale for riskvarsion.

8This utility is similar in spirit to the one that assigns a sati#bn level to portfolios with gien risk and return
attributes. Haovever, the utility function here refers not tovestors’satisaction with alternatie portfolio choices
but only to the subjecte welfare thg derive from diferent levels of wealth.
9If we substitute the “utility” alue, InR), for the dollar paydf R, to obtain an xpected utility \alue of the game
(rather than pected dollar &lue), we hee, callingV(R) the expected utility

V(R) = gopr(n) IN[R(N)] = zo /2™ In(2") = .693
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FIGURE 6A.1 Utility of wealth with a log utility function

Imagine tw individuals who are identical twinsxeept that one of them is less for
tunate than the othePeter has only $1,000 to his name whitilPhas a net arth of
$200,000. Her mary hours of verk would each twin be willing to &r to earn onexra
dollar? It is likely that Peter (the poor twin) has more essential uses foxttzereong
than does &ul. Therefore, Peter will &r more hours. In other avds, Peter deres a
greater personal welfe or assigns a greater “utilityale to the 1,001st dollar thaau®
does to the 200,0014tigure6A.1 depicts graphically the relationship between the wealth
and the utility alue of wealth that is consistent with this notion of decreasinginzdr
utility.

Individuals hae different rates of decrease in their giaal utility of wealth.What
is constant is therinciple that the pedollar increment to utility decreases with wealth.
Functions that xhibit the property of decreasing panit value as the number of units
grows are called conwa.A simple example is the log functionamiliar from high school
mathematics. Of course, a log function will nioefl investors, ht it is consistent with the
risk aversion that we assume for alvéstors.

Now consider the follwing simple prospect:
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p=1; $150,000

$100,000

1-p=1 $50,000

This is a &ir game in that thexpected prdf is zero. Suppose, h@ver, that the curg in
Figure6A.1 represents the westors utility value of wealth, assuming a log utility func-
tion. Figure 6A.2shawvs this cure with numerical &lues markd.
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U(150,000) = 11.92 | == === === === === ——— o — o —__

U(100,000) = 1151 |- ——————— e
ElUMW)] =137 F-—————————————

U(50,000) = 10.82 |- ——————— = —— == |- = — - —

W,=50,000 W, E(W)=100,000  W,=150,000

FIGURE 6A.2 Fair games and expected utility

Figure6A.2 shaws that the loss in utility from losing $50,000ceeds the gain from win-
ning $50,000. Consider the gairst. With probabilityp = .5, wealth goes from $100,000
to $150,000. Using the log utility function, utility goes from In(100,060)1.51 to
In(150,000)= 11.92, the distanc@ on the graphThis gain isG = 11.92— 11.51= .41.

In expected utility terms, then, the gainpgé = .5 X .41= .21.

Now consider the possibility of coming up on the short end of the prospect. In that case,
wealth goes from $100,000 to $50,00We loss in utility the distanceé. on the graph,
isL = In(100,000)— In(50,000)= 11.51— 10.82= .69.Thus the loss inxg@ected utility
terms is (1- p)L = .5 X .69 = .35, which &ceeds the gain inxpected utility from the
possibility of winning the game.

We compute thexpected utility from the risk prospect:

E[U(W)] = pU(Wy) + (1 — pJUW,)
= 1 In(50,000)+ ¥ In(150,000)= 11.37

If the prospect is rejected, the utilitglue of the (sure) $100,000 is In(100,06011.51,
greater than that of thaif game (11.37). Hence the riskease ivestor will reject thedir
game.

Using a speci€ investor utility function (such as the log utility function) al® us to
compute the certainty eqailent \alue of the risk prospect to a gen irvestor This is the
amount that, if receed with certaintyshe would consider equally attraeé as the risk
prospect.

If log utility describes the westors preferences veard wealth outcomes, thefig-
ure6A.2 can also tell us what is, for hehe dollar alue of the prospectWe ask,What
sure level of wealth has a utilityalue of 11.37 (which equals thepected utility from the
prospect)? horizontal line dravn at the lgel 11.37 intersects the utility cuenat the leel
of wealthWgg. This means that

In(Weg) = 11.37

191
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which implies that
Wee = et'3" = $86,681.87

W is therefore the certainty egaient of the prospecthe distanceY in Figure6A.2 is
the penaltyor the davnward adjustment, to thexgected praf that is attrilutable to the
risk of the prospect.

Y = E(W) — Wge = $100,000— $86,681.87= $13,318.13

This investor vievs $86,681.87 for certain as being equal in utilijue as $100,000 at
risk. Therefore, she wuld be indiferent between the tw

Suppose the utility function is UW)= JW .

CONCEPT
CHECK

A.1

What is the utility level at wealth levels $50,000 and $150,000?
. What is expected utility if p still equals .5?
What is the certainty equivalent of the risky prospect?

0O 0 T o

. Does this utility function also display risk aversion?
. Does this utility function display more or less risk aversion than the log utility function?

APPENDIX B: Utility Functions and Equilibrium Prices of Insurance
Contracts

The utility function of an indiidual investor allevs us to measure the subjeethvalue the
individual would place on a dollar agvious leels of wealth. Essentiallya dollar in bad
times (when wealth is Vo) is more aluable than a dollar in good times (when wealth is
high).

Suppose that all irestors hold the rigkS&P 500 portfolioThen, if the portfolio @lue
falls in a vorse-than-gpected economyall investors will, albeit to dferent dgrees, gpe-
rience a “lov wealth” scenarioTherefore, the equilibriumalue of a dollar in the lo-
wealth economy wuld be higher than thealue of a dollar when the portfolio performs
better than xpected.This obseration helps eplain the apparently high cost of portfolio
insurance that we encountered when considering long-ter@stiments in the pveous
chapterlt also helpsplain why an inestment in a stock portfolio (and hence in vl
ual stocks) has a risk premium that appears to be so high and results in probability of short-
fall that is so lav. Despite the v probability of shortll risk, stocks still do not dominate
the laver-return risk-free bond, because if améatment shoréil should transpire, it will
coincide with states in which thabe of dollar returns is high.

Does rgealed behaor of investors demonstrate riskveasion? Looking at prices
and past rates of return iméncial marlkts, we can answer with a resounding y¥h
remarkable consistepcriskier bonds are sold atwer prices than are safer ones with
otherwise similar characteristics. Riskier stocks alsee lmosided higher gerage rates
of return wer long periods of time than less fjskssets such dsbills. For example, oer
the 1926 to 2005 period, theeaage rate of return on the S&P 500 portfokaexeded the
T-bill return by more than 8% per year

Visit us at www.mhhe.com/bkm
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It is alundantly clear fromihancial data that thevarage, or representadi, investor
exhibits substantial riskwversion. ler readers who recognize thatancial assets are priced
to compensate for risk by prgoling a risk premium and at the same time feel tlye dor
some gambling, we ke a constructie recommendation: Direct your gambling impulse to
investment inihancial markts.As Von Neumann once said, “The stock n&iris a casino
with the odds in youravor.” A small risk-seeking westment may prade all the &cite-
ment you vant with a positie expected return to boot!

1. Suppose that your wealth is $250,080u tuy a $200,000 house and/@st the remainder in aPROBLEMS
risk-free asset paying an annual interest rate offé¥ére is a probability of .001 that your hOUSAPPE N DIX
will burn to the ground and itsalue will be reduced to zer@Vith a log utility of end-of-year
wealth, hev much would you be willing to pay for insurance (at thegimming of the year)?

(Assume that if the house does notrbdavn, its end-of-yearalue still will be $200,000.)

2. If the cost of insuring your house is $1 per $1,000abfie, what will be the certainty egalent
of your end-of-year wealth if you insure your house at:

a. Y its \alue.
b. Its full value.
c. 1% times its glue.

SOLUTIONS TO CONCEPT CHECKS

Al a UW) =W
U(50,000) = /50,000 = 22361
U (150, 000 = 387.30

b. E(U) = (.5 X 223.61)+ (.5 X 387.30)= 305.45
c. We must fnd W, that has utility leel 305.45Therefore

£
X
O
S~
£
o
O
(]
N
e
€
-
©
(72}
>
:l:
(]
>

W, = 30545
W, =30545" = $93301

d. Yes.The certainty equalent of the risi venture is less than theqgected outcome of
$100,000.

e. The certainty equilent of the risi venture to this ivestor is greater than itas for the log
utility investor considered in thexte Hence this utility function displays less riskeasion.




