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A =

(
1 3 5
2 0 4
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4 -1 0
3 2 1
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,C =
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Ur£ete hodnost matice A =


1 0 1 0
-1 1 2 1
0 1 3 1
3 3 2 2
2 4 4 3



�e²ení:

h(A) = h(AT ), kdeAT =


1 -1 0 3 2
0 1 1 3 4
1 2 3 2 4
0 1 1 2 3


·(−1)

←

∼


1 -1 0 3 2
0 1 1 3 4
0 3 3 -1 2
0 1 1 2 3

 ·(−3) ·(−1)
←

←

∼
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∼
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·(−0.1)
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∼

∼
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1 -1 0 3 2
0 1 1 3 4
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0 0 0 0 0


3 nenulové nezávislé °ádky ⇒ h(AT ) = h(A) = 3
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Zjist¥te zda jsou vektory:
a =

(
-1 0 1 0

)
,

b =
(

-4 3 2 5
)
,

c =
(

0 3 -2 5
)

lineárn¥ nezávislé.

�e²ení:
Zapí²eme vektory pod sebe do matice: -1 0 1 0

-4 3 2 5
0 3 -2 5

 ·(−4)
← ∼

 -1 0 1 0
0 3 -2 5
0 3 -2 5

 ·(−1)
←

∼

 -1 0 1 0
0 3 -2 5
0 0 0 0

 ⇒ h(A) = 2 < 3

tedy vektory jsou lineárn¥ závislé.
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Zjist¥te zda je vektor d =
(

2 6 -9 10
)
lineární kombinací

vektor·:
a =

(
-1 0 1 0

)
b =

(
-4 3 2 5

)
c =

(
0 3 -3 5

)

�e²ení:
Zapí²eme vektory pod sebe do matice.

A =


-1 0 1 0
-4 3 2 5
0 3 -3 5
2 6 -9 10


·(−4) ·2
←

←

∼


-1 0 1 0
0 3 -2 5
0 3 -3 5
0 6 -7 10

 ·(−1) ·(−2)
←

←

∼


-1 0 1 0
0 3 -2 5
0 0 -1 0
0 0 -3 0
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∼
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←
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
-1 0 1 0
0 3 -2 5
0 0 -1 0
0 0 0 0


Vidíme, ºe první t°i °ádky jsou lineárn¥ nezávislé, h(A) = 3. Jelikoº
hodnost matice se nezm¥ní, pokud z ní vynecháme poslední °ádek
odpovídající vektoru d , je d lineární kombinací a, b, c .
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Vypo£t¥te determinant Sarrusovým pravidlem.∣∣∣∣∣∣
5 2 -4
3 3 1
-5 2 7

∣∣∣∣∣∣

�e²ení:
(5 ·3 ·7+2 ·1 ·(−5)+3 ·2 ·(−4))−(−5 ·3 ·(−4)+5 ·2 ·1+3 ·2 ·7) =
= (105− 10− 24)− (60+ 10+ 42)= 71− 112= −41
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Ur£ete hodnotu p°edchozího determinantu pomocí elementárních
úprav.

�e²ení:∣∣∣∣∣∣
5 2 -4
3 3 1
-5 2 7

∣∣∣∣∣∣
←
·(−2) =

∣∣∣∣∣∣
-1 -4 -6
3 3 1
-5 2 7

∣∣∣∣∣∣
·3 ·(−5)
←

←

=

∣∣∣∣∣∣
-1 -4 -6
0 -9 -17
0 22 37

∣∣∣∣∣∣ ·22
·9 ←

= 1

9
·

∣∣∣∣∣∣
-1 -4 -6
0 -9 -17
0 0 -41

∣∣∣∣∣∣
= 1

9
· (−1) · (−9) · (−41) = −41

(Protoºe determinant matice v horním trojúhelníkovém tvaru je
roven sou£inu diagonálních prvk·.)
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Vypo£t¥te hodnotu determinantu rozvojem.∣∣∣∣∣∣∣∣
2 1 -1 4
3 2 -2 5
1 1 1 0
0 2 2 4

∣∣∣∣∣∣∣∣

�e²ení:

2 ·

∣∣∣∣∣∣
2 -2 5
1 1 0
2 2 4

∣∣∣∣∣∣− 1 ·

∣∣∣∣∣∣
3 -2 5
1 1 0
0 2 4

∣∣∣∣∣∣+
+(−1) ·

∣∣∣∣∣∣
3 2 5
1 1 0
0 2 4

∣∣∣∣∣∣− 4 ·

∣∣∣∣∣∣
3 2 -2
1 1 1
0 2 2

∣∣∣∣∣∣ =
= 2 · (2 · 1 · 4+ 1 · 2 · 5+ 2 · (−2) · 0− 2 · 1 · 5− 2 · 2 · 0− 1 · (−2) · 4)−
−1 · (3 · 1 · 4+(−2) · 0 · 0+ 1 · 2 · 5− 5 · 1 · 0− 3 · 2 · 0− 1 · (−2) · 4)+
+(−1) · (3 · 1 · 4+ 2 · 0 · 0+ 1 · 2 · 5− 5 · 1 · 0− 3 · 2 · 0− 1 · 2 · 4)−
−4 · (3 · 1 · 2+ 2 · 1 · 0+ 1 · 2 · (−2)− (−2) · 1 · 0− 1 · 2 · 3− 1 · 2 · 2) =
= 2·(8+10−10+8)−1·(12+10+8)−1·(12+10−8)−4·(6−4−6−4)
= 2 · 16− 30− 14− 4 · (−8) = 20
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= 2 · (2 · 1 · 4+ 1 · 2 · 5+ 2 · (−2) · 0− 2 · 1 · 5− 2 · 2 · 0− 1 · (−2) · 4)−
−1 · (3 · 1 · 4+(−2) · 0 · 0+ 1 · 2 · 5− 5 · 1 · 0− 3 · 2 · 0− 1 · (−2) · 4)+
+(−1) · (3 · 1 · 4+ 2 · 0 · 0+ 1 · 2 · 5− 5 · 1 · 0− 3 · 2 · 0− 1 · 2 · 4)−
−4 · (3 · 1 · 2+ 2 · 1 · 0+ 1 · 2 · (−2)− (−2) · 1 · 0− 1 · 2 · 3− 1 · 2 · 2) =
= 2·(8+10−10+8)−1·(12+10+8)−1·(12+10−8)−4·(6−4−6−4)
= 2 · 16− 30− 14− 4 · (−8) = 20



Vypo£t¥te hodnotu determinantu rozvojem.∣∣∣∣∣∣∣∣
2 1 -1 4
3 2 -2 5
1 1 1 0
0 2 2 4

∣∣∣∣∣∣∣∣
�e²ení:

2 ·

∣∣∣∣∣∣
2 -2 5
1 1 0
2 2 4

∣∣∣∣∣∣− 1 ·

∣∣∣∣∣∣
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∣∣∣∣∣∣+
+(−1) ·

∣∣∣∣∣∣
3 2 5
1 1 0
0 2 4

∣∣∣∣∣∣− 4 ·
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∣∣∣∣∣∣ =
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+(−1) · (3 · 1 · 4+ 2 · 0 · 0+ 1 · 2 · 5− 5 · 1 · 0− 3 · 2 · 0− 1 · 2 · 4)−
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= 2 · 16− 30− 14− 4 · (−8) = 20



Ur£ete matici inverzní k matici

A =

 1 -3 5
0 -1 2
1 0 -2



�e²ení: 1 -3 5 1 0 0
0 -1 2 0 1 0
1 0 -2 0 0 1

 ·(−1)

←

∼

 1 -3 5 1 0 0
0 -1 2 0 1 0
0 3 -7 -1 0 1

 ·2
←

∼

 1 -3 5 1 0 0
0 -1 2 0 1 0
0 0 -1 -1 3 1

 ←
←
·2 ·5



Ur£ete matici inverzní k matici
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←
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←
·2 ·5
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∼
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 ←
←
·2 ·5



∼

 1 -3 0 -4 15 5
0 -1 0 -2 7 2
0 0 -1 -1 3 1



·3 ←
·(−1)

·(−1)

∼

 1 0 0 2 -6 -1
0 1 0 2 -7 -2
0 0 1 1 -3 -1


Záv¥r:A−1 =

 2 -6 -1
2 -7 -2
1 -3 -1





∼

 1 -3 0 -4 15 5
0 -1 0 -2 7 2
0 0 -1 -1 3 1

 ·3 ←
·(−1)

·(−1)

∼

 1 0 0 2 -6 -1
0 1 0 2 -7 -2
0 0 1 1 -3 -1


Záv¥r:A−1 =

 2 -6 -1
2 -7 -2
1 -3 -1





∼

 1 -3 0 -4 15 5
0 -1 0 -2 7 2
0 0 -1 -1 3 1

 ·3 ←
·(−1)

·(−1)

∼

 1 0 0 2 -6 -1
0 1 0 2 -7 -2
0 0 1 1 -3 -1



Záv¥r:A−1 =

 2 -6 -1
2 -7 -2
1 -3 -1





∼

 1 -3 0 -4 15 5
0 -1 0 -2 7 2
0 0 -1 -1 3 1

 ·3 ←
·(−1)

·(−1)

∼
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0 0 1 1 -3 -1


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 2 -6 -1
2 -7 -2
1 -3 -1





Vy°e²te soustavu rovnic:
3x1 + 2x2 + x3 - x4 = 0
-3x1 + x2 + 4x3 + x4 = -5
2x1 - x2 + 3x3 - x4 = -3
-2x1 + x2 + 5x3 + x4 = -5

�e²ení:
Zapí²eme soustavu maticov¥.

3 2 1 -1 0
-3 1 4 1 -5
2 -1 3 -1 -3
-2 1 5 1 -5


←

+

∼


1 3 6 0 -5
-3 1 4 1 -5
2 -1 3 -1 -3
-2 1 5 1 -5


·3 ·(−2) ·2
←

←
←
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∼


1 3 6 0 -5
0 10 22 1 -20
0 -7 -9 -1 7
0 7 17 1 -15



←
+ +
←

∼


1 3 6 0 -5
0 3 13 0 -13
0 -7 -9 -1 7
0 0 8 0 -8

 ·7
·3 ←
·8

∼


1 3 6 0 -5
0 3 13 0 -13
0 0 64 -3 -70
0 0 01 0 -1

 ← ←
← ·(−64)

∼
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1 3 6 0 -5
0 3 13 0 -13
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0 10 22 1 -20
0 -7 -9 -1 7
0 7 17 1 -15

 ←
+ +
←

∼


1 3 6 0 -5
0 3 13 0 -13
0 -7 -9 -1 7
0 0 8 0 -8

 ·7
·3 ←
·8

∼


1 3 6 0 -5
0 3 13 0 -13
0 0 64 -3 -70
0 0 01 0 -1

 ← ←
← ·(−64)

∼


1 3 6 0 -5
0 3 13 0 -13
0 0 1 0 -1
0 0 0 -3 -6





P°epí²eme matici op¥t na rovnice.

x1 + 3x2 + 6x3 = -5
3x2 + 13x3 = -13

x3 = -1
−3x4 = -6

⇒ x3 = −1
⇒ x4 = 2

Dosadíme x3 do 2. rovnice:
3x2 - 13 = -13

3x2 = 0
x2 = 0 ⇒ x2 = 0

Dosadíme x2 do 1. rovnice:
x1 + 3 · 0 + 6 · (−1) = -5
x1 = -5 + 6 = 1 ⇒ x1 = 1
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