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Area and Detfinite Integrals

graph of the function f(x) = 0 and the axis x
on the interval ( a, b ). Let's do the following:
Divide the interval ( a, b ) into n partial
intervals

(x1,%5 ),(x5,%3 ), e, (X, Xps1 ), Where
a=x1 < Xy <, xp, < Xpyq1 = b.
The searched area can be estimated using the

expression

[S(R) ~ ZS(RL') ZZf(xi)- (Xip1 — X;) } ¥

If there is a limit for n — oo, we write that
S(R) = fb f(x)dx and we call it a definite S(R)=Hx).d
integral o?f(x) on{a,b).

Number a is called lower limit of the integral,

number b is called upper limit of the integral.
We say thatf (x) is integrable on given interval.

Remark: For the existence of the integral f (x>
on ( a, b )it is sufficient that the function is
continuous here (it can be shown that even a
milder assumption is enough)

-

¥ = f(x)
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Properties of Definite Integrals

The concept of a definite integral can be extended to cases where a= b:
S0 y

b a a
f f(x)dx = —f f(x)dx, f f(x)dx = 0,
a b a
For f(x) < 0:

[ff fdx=—[7 —f(x)dﬂ ,,

Theorem: If there are both facf(x)dx, fcbf(x)d:
then there is also the interval over ( a, b ) and

[f;’ f)dx = [C f)dx + [ f(x)dx

y = fix}

[
~

Theorem: For the functions f(x) and g(x) integrable over { a, b ) holds:
ifvxe(ab): f(x) = g(x)thenalso f;f(x)dx > f:g(x)dx.

Theorem: For f(x) and g(x) integrable over ( a, b ) and arbitrary constants «, 3,
there exists definite integral of a function « f(x) + [ g(x) over (a,b ) and:

Ve @f) +p gG)dx =a [ f(x) dx +B [ gGdx. |




Computation of Definite Integral

Theorem: Integral as a function of the upper limit: For f(x) integrable over
( a, b ) and arbitrary x, € (a,b ) is following true: The function F(x) :=

f y f(t)dt is continuous over { a, b ) and in the case of continuity of f(x) we

have: F'(x) = f(x) (so, for continuous f(x) is F(x) its antiderivative.)
Theorem: Newton’s formula:

Let f(x) be continuous over {( a, b ) and F(x) be any of its antiderivatives, then:
b
[ f(x)dx = F(b) — F(a)]

we also write f;f(x) dx = [F(x)]2 = F(b) — F(a)
Problem: Find definite integral for f(x) =x+1, a= 1, b = 3.

. 3 x? > 9 1
Solution: [(x + 1) dx = S t+x| =-+3-G+1 =6
1

Problem: Find definite integral for f(x) = 3/x, a= 0, b = 1.
1

4
3 3x3] _3
Solutlonf Vx dx = |~ LT

http://demonstrations.wolfram.com/IntuitionForTheFundamentalTheoremQOfCa

lculus/
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Integration methods

Integration by parts in definite integal: If the functions u(x), v(x) have continuous derivatives on
(a,b), then

b b
j u' (x) - v(x)dx = [u(x) - v(x)]2 —j u(x) v'(x) dx]
- Ju’=x v—ln(x+1) -

Example: f xIn(x+1) dx =

x2

[—ln(x + 1)]

1 1 1 1 |x?
2o (x ‘1+m)d =51“2—5[7—

1

x
2(x+1) 2(x+1) In2
x+ln(x+1)] = 2 —-4-—-In2 -0=-
0 2 42 2 4

v
1 2 1 241 1 1
fO al dx = g (ln2 - O) fO al = E

Substitution in definite integal: If u = ¢ (x) has continuous derivative on ( a, b ) and if f (u) is
continuous on @({ a, b )),

@ (b)

b
Jrwene e =| e
a o(a

_'u=x‘+2x+3, u(—1) =
"~ ldu=(2x+2)dx, u(0) =3

x+1 1 f_ 2x+2

Example: [ =
P 1x2+2x+3 1x2+2x+3

l [In(w)]3 = —ln (—)

Comment The antlderlvatlve of

2+J2rl+3 |s% In(x? 4+ 2x + 3). The definite integral can be written as

[ In(x? + 2x + 3)] that is equivalent to 1 [In(w)]3. Thus, it is not necessary to substitute back u =
x“ + 2x + 3inthe Newton formula; we can jUSt transform the limits.
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Improper integral [0

¥ o=

Infinite interval of integration (a = —oo or b = )

Definition: We define&oof(x) dx = hm f f (x) dxj if the limit converges. Otherwise, we say
that the integral diverges. We define by analogy

[ [0, feydx = lim [7f(x) dx]

t
Example:f — dx =lim [, =dx = lim —l] = lim (—%) +% =0 +% =,

tooo 2 x2 t—oo xly t—oo

Definition: Integral f f(x) dx is said to be convergent, if both integrals
f f(x)dx, f f(x) dx converge for some ¢ € R. We define

[ j_o:of(x)dx=fwf(x) dx+fcoof(x) dx ]

. Zt = X — 1 [ dt
—f . .|_ _f = larctg ®1%, + 5 larctg (Olg =

t2 o 24 2 t2+1
e ( ))+21(——05
2 2\2 2




Improper integral

Integrals of unbounded functions

Definition: For the function f(x) that is unbounded for x approaching to b, but is bounded in an #
interval (a,t) forany t € ( a,b), we define

jauf(x) dx = tl—i>Ill}— Ltf(x) dx,

. By analogy, it is defined for a

L

if the limit does exist. Otherwise,
function that is not bounded in point a:

[auf(x) dx = tl_i)r£1+ J;Uf(x) dx . ]

a1
_1 —_
Example: fol 1/3/x dx =t1_i)r(§1+ ftlx?dx = lim [2ZZ| = lim (2 r) Z— 0 :%.

t-0+ L 4 1t t—> 0+ \ 4
Comment: If the function f(x) is not bounded at c € (a, b),we define:

f:f(x) dx = facf(x) dx + fcbf(x) dx , if Both integrals on the right-hand side exist.
Problem: Find Joa% dx.

Wrong solution:fozx—i1 dx = [InJx—1[]3 = In1 —In1 =0

Correct solution: The function is not defined for x = 1, sof — dx —f dx +f — dx=
x—1
llm [In|x — 1]]§ + 11r{1 [In]x —1|]# =0 — In1 + lnl — o0, so the mtegral is not convergent

ttp.//demonstratlons.onfram.com/lmproperlntegrals/
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