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PRESENT VALUE IN THE CASE OF GENERAL INTEREST RATE AND GENERAL RATE OF INFLATION

Pocetni zaklady finanCni matematiky
sylabus 5. predndsky

(5.9)
24. 10. 2005

Urokova mira veli¢in, které nejsou v ustaleném stavu

Abstrakt

Ve finanéni matematice se pouZivaji dva pojmy: jednoduché a slozené troceni. Urokova mira za jednotku Casu je
v obou pripadech rovna
flz+1) - f(=)

f(x) ’
kde f je stavova funkce. ProtoZe f nemusi byt v bodé x + 1 vibec definovana (pfedpokldddme, Ze je definovana
na n&jakém pravém okoli (z, z + h) bodu z), pocitd se v prvnim ptipadé trokova mira za jednotku Casu takto

- o)

a ve druhém pripadé takto:
nz(ﬂx+m—f@»,l

f(x) h

a 1ika se, Ze je f Grocena sloZeng, pokud & nezdvisi na h a Ze je Grocena jednoduse, pokud 7 nezavisi na h. f je
trocena sloZené, pravé tehdy, kdyZ je v ustdleném stavu.
Pokud je f v ustdleném stavu (tj. roste exponencidlné), nezavisi £ ani na x.
Pokud 7 nezdvisi na x, je f nulova konstanta.
Proto je ¢islo £ mnohem vhodnéjsi mira nez ¢islo ) a v piipadech, které se déji ze své a ne z nasi vile, jako je tfeba
inflace pouzivame Cislo .
Miéme dvé rizné miry ristu veli¢iny. Jejich nevyhodou je, Ze obé zdvisi nejen na bodé z, ve kterém rust méfime,
ale i na délce Casu h.
V makroekonomii se jako mira rustu veliiny f pouZivd hodnota vyrazu

g @) o ) @) 1

f(z)  h>o0 f(z) h  h—0

VeliCiny f, pro které je 6 konstantni jsou v ustaleném stavu. za povSimnuti stoji fakt, Ze se nepocita limita &, ale 7.
Ve finan¢ni matematice také se pouZiva pojem spojité GroCeni namisto sloZené troceni a v tom pfipad¢ je rokova
mira jméno pro ¢islo 6, ne pro Cislo €. Tato neobratnost ve vyjafovéni (nejde o jiné Grocenti, stav kapitdlu pokazdé
roste exponencidlné, nebo tvoii geometrickou posloupnopst, je-li ¢as diskrétni, ale o jiné ¢islo, které je nazvano
trokovou mirou) je ve vétSing€ ucebnic finanéni matematiky znejasiiovana jeste tim, Ze se predvadéji rizné pocetni
hiicky, kdy se z Cisla £ dostane 6. (zndma je napriklad tak, kdy se za h postupné dosazuji prvky posloupnosti
(1/2™)22,, ¢islam (1/2)™ se tikd frekvence pfipisovani troki)
Cilem této poznamky je:
Nayjit limitni tvar (pro h — 0) miry &, ktery 1ze pouZit namisto ¢

4.1.0.10 Najit vzorec pro budouci hodnotu kapitalu, v némz bude mit pojem Grokova mira tentyZ vyznam, jaky ma pfi

4.1.0.11

sloZzeném Grocenti, totiZ vzorec, do kterého bude mozZno dosadit dostateéné obecnou funkci, ktera bude vyjadrovat
zévislost rokové miry na Case a ktery prejde do zndmého tvaru z; = x(1 + %)%, pokud bude Grokovd mira i

7 . ~ it Nz - v .z Y . :

konstantni (poznamenejme, Ze vzorec x; = xoef ** pouzivany v uéebnicich finanéni matematiky tuto vlastnost
nema).

Na pfipadech, jejichZ chovéni je autonomni (nezdvislé na nasi vili), jako je inflace, ukdzat, Ze volba tohoto

vzorce neni libovolna, ale nutna: TotiZ vzorec x; = xg ef In(1+6) je limitnim pfipadem vzorce z; = xo(1l + z’)t
tomto smyslu: pokud funkciondl, ktery prifazuje tirokové mife budouci hodnotu kapitdlu ma byt spojity, je budouci
hodnota pfi tiroceni libovolnou tirokovou mirou vynucena znamymi budoucimi hodnotami pfi irooc¢eni (po ¢astech)
konstantni Grokovou mirou, protoZe mnoZina po ¢astech konstantnich funkci je hustd v mnoziné vSech piipustnych
funkei.
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PRESENT VALUE IN THE CASE OF GENERAL INTEREST RATE AND GENERAL RATE OF INFLATION

Odvozeni hlavni formule

1. Introduction:
Nechf jsou aregované ceny néjaké funkce zavisld na case

F=CPL:LR— R (1)
Mira inflace za dobu (¢, t2) je relativni hodnota jejich pfirtistku:

F(t2) — F(t)

utr,t2) = t((t1,t2)) = F )

Takto definovéno je ¢ zobrazeni
tR2—R (3)

1.1. Definition: (see. [2]) Steady state is a situation in which the various quantities spliiuji nasledujici rovnici:
D(x)(t) = k- z(t) (4)
kazdd pro néjakou konstantu k. Tedy, kazdd funkce v ustdleném stavu zavisi na dvou parametrech A a B a je tvaru

z— A-eB (5)

Jedind quantity, kterou se nyni zabyvame jsou agregované ceny.
1.2. Lemma: Nechf jsou v ¢ase (77, T»>) ceny v ustdleném stavu. Pak
Vik: Vit :Via: <t1, t1 + /€> C <T1, T2> A\ <t2,t2 + I€> C <T1, T2> = L(<t1,t1 + I€>) = L(<t2,t2 + I€>) (6)
i.e.t((t,t + k)) depends only on the length « of the interval ({¢, ¢ + ) but not on its beginning ¢. In a steady state
we can define
i <Oa T2 - T1> — R (7)
) T — ((T1,Th + x))

Pti tom plati:
i(r) = (1+u1)7 —1 (8)

takZe zndme-li hodnotu ; v néjakém ¢ € R miZeme rozsitit definicni obor i na celé R:

~JR — R
{7 2 = o

Takto definované je ¢ mira inflace agregovanych cen, které jsou v ustdleném stavu na R a které vyhovujici rovnici
F(r)=F(0)- (L+i(t)7 (10)
pro kazdé ¢t € (Ty, Ty + t) Tedy zejména, pokud zvolime hodnotu t za jednotku Casu, mame:

Flx+71)— F(x)

ry=(1+i1) —1= F) (11)
a naopak )
() =1+i(r)7—1= <F(x +I:()x; F(x)) . (12)

Takto miZeme definovat miru inflace za jednotku ¢asu pokud jsou agregované ceny v ustdleném stavu na néjakém,
libovolné malém, pravém okoli bodu = € R.

V obecném piipadé, i pokud neni stav ustdleny, miZeme normovat miru inflace naméfenou na intervalu (¢, t + k)
s pouzitim vztahu (12). Definujeme:
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PRESENT VALUE IN THE CASE OF GENERAL INTEREST RATE AND GENERAL RATE OF INFLATION

4.2.0.6 1.3. Definition: Mira inflace agregovanych cen F na intervalu (¢, ¢ + x) za jednotku ¢asu je:

K) — 1/k
it ) = (W) . (13)

4.2.0.7 1.4. Note: i zdvisi jen na hodnotdch F' v krajnich bodech intervalu (¢,t + ) a je stejnd, jako by byla hodnota
inflace v ustdleném stavu, ve kterém by agregované ceny v Case ¢ byly F'(t) a v ase t + k by byly F(t + k) tj.
podle (5) by byly splnény rovnice:

F(t) = AeP? "
F(t-}-/i) — AeB(t+n) ( )
které jsou ekvivaklentni s rovnicemi
B Fit+r)\ _;
B (St - .
F(t+r)\ "
- () o

4.2.0.8 Nds ovSem zajimd mira inflace 7 = lim,_,¢+ I(—, k). v jednom ¢asovém okamziku t. Pokud v tomto okamziku
maji agregované ceny nespojitost prvniho druhu je mira inflace ¢ nenulova a je rovna

o limT_)t+ F(T) — limT_)t— F(T)
B lim‘r—>t7 F(T)

(1) (16)

a mira inflace 7 za jednotku ¢asu bude rovna co.
4.2.0.9 Pokud jsou v tomto okamZiku agregované ceny spojité zavislé na ¢ase je mira inflace v tomto okamziku 0. Pokud
jsou navic v tomto okamZiku agregované ceny diferencovatelné podle Casu, existuje limita (15) x — 0 a plati:

_ D))t
lin%)A =e T F(t)
. D(F)(t) (17)
lim B=—"=
e A 10
a mira inflace za jednotku Casu je
_ L AeBUH) - AeBt DUF)(1) e
i(0) = () 2 A = P 1= MR g = peen (18)
a mame
In(z(t) + 1) = D(InoF)(t) (19)
This is the main result of this part. Posledni rovnici miZeme psat také ve tvaru:
D(F)(t) =1In(2(t) + 1) - F(¢) (20)
4.2.0.10 One can compare it with a equation
D(F)(t) = &(t) - F(t) @D

kterd se obvykle pouzivé k definici miry rustu of different quantities v makroekonomii a jejiz specidlnim piipadem
je (5). Podle toho, co jsme odvodili, by méla byt makroekonomickd mira ristu £ rovna In(1 + 7).

4.2.0.11 Podotknéme jesté, Ze tayloriiv polynom stupmné 1 v bodé 0 funkce x — In(1 + x) je stejny jako tayloriiv polynom
identity, Ze tedy obé funkce maji dotyk fadu 1 (first order contact) a proto pro dostatecné malé hodnoty miry ristu
(€ nebo 7) vychézi ob& miry (€ a In(1 + 7)) priblizné stejné.

4.2.0.12 2. Inverzni problém:
4.2.0.13 Nyni naopak predpokladejme, Ze zndme miru inflace za jednotku ¢asu v kazdém bodé ¢ € R.
4.2.0.14 (21) is differential equation for the state function f. The solution is

fz) = oy mE)+nas) |~ (22)
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PRESENT VALUE IN THE CASE OF GENERAL INTEREST RATE AND GENERAL RATE OF INFLATION

We determine the value of C substituting constant function for 7: ¢ — =. It have to be fulfilled that:

f(@)=(E+1)"- f(0) (23)
but )
Fo) = e(fo In(+1)ds) C=C-(E+1) (24)
then:
C = f(0) (25)
And the state function has the form: ;
fix— e(fo In(#()+1)ds) f(0) (26)

where an () is interest rate per unit of time in time ¢.

4.2.0.15 2.5. Example

4.2.0.16 Let us suppose, that we can check the rate of inflation per unit of time in every moment (it can be the result of
measuring and some general theory). We know, that in time 0 the rate of unit time inflation was 0.1 and in time 1
the rate of unit time inflation was 0.2.

4.2.0.17 Pfedpoklddejme, Ze uvnitf intervalu (0, 1) se hodnoty inflace za jednotku ¢asu ménily podle jedné z ndsledujicich
moznosti (skokem v jednom y obou krajnich bodi, linearné, kvadraticky): in this four following ways:

0 (u) = {8; Y S L B = % +0.1, Bu)i= 5+ 01 D)= {8; He=0 @

Mira inflace za dobu (0, 1) byla v kazdém z técto &tyf piipadt jind. In general, we have
1(0,1)) = el s an) _y (28)

So, in our four cases we obtain:

r=n=01:x(1) =elb 00y g _gy (29)
=0 =um— %0 W24 0.1: X (1) = el mae/100aw) g 139045854 (30)
[=i3=uwr %Ou +0.1:x(1) = Uy mO1ru10 av) 6 140637533 .. 31)
r= i =0.2:x(1) = el 02 as) _y _ g9 32)

4.2.0.18 3. Interest rate: Pfedpoklddejme, Ze v kazdém okamzZiku ¢asu ¢ zndme nomindlni hodnotu kapitélu f(¢), jehoZ
mnozZstvi roste nebo klesd pouze trocenim. Potom v souladu s obvyklou terminologii nazyvame relative increment
of the capital during the time the interest rate zi:

z(tz) — x(t1)

§(<t17t2>) = .’,E(tl)

(33)

a tento vztah je stejny jako vztah (2), protoZe mira inflace je Grokova mira, kterou se Gro¢i ceny.
4.2.0.19 Je celkem obvyklé, Ze banka vyhlasuje Grokovou sazbu p. a., i kdyZ ji méni Castéji, neZ jednou za rok. Je
obvyklé, Ze stradatelé uloZi penize a chtéji je vybrat podle svych potieb jindy, neZ po néjaké predem stanovené
periodé Casu a banky jim to umoZni. Ve vSech téchto piipadech se stanovuje Grok jako odména za docCasné
prenechdni prava disponovat s penézy zpravidla takto: Jsou-li I; Grokové sazby p. a. konstantni na intervalech
Ii = (ti, ti+1); 1=0...n.
n—1
H (1 + Ii)(t'iJrl_ti) (34)
i=0
(aarok s touto mirou je pfipsdn v okamziku ¢,,). Poznamenejme jesté, Ze jednotkou méfeni Casu je Casovy interval
na ktery je normovand Grokova mira (v naSem piipadé€ je p. a., tedy jednotkou Casu je rok) a Ze banky obvykle
zaokrouhluji ¢asové Gdaje na celé dny, coz miZe byt jev pouze doCasny.
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PRESENT VALUE IN THE CASE OF GENERAL INTEREST RATE AND GENERAL RATE OF INFLATION

4.2.0.20 V obchodnich vztazich je obvyklé, Ze se tirokovd mira stanovuje jako po ¢dstech konstantni funkce a jeji hodnota
se normuje, ale v obecnych makroekonomickych a ekonometrickych tvahach, pokud naptiklad pdjde o agregatni
trokovou sazbu, to jiZ po ¢astech konstantni funkce byt nemusi.

4.2.0.21 Vucebnicich finan¢ni matematiky byva definovéno tzv. spojité iroceni, kde je hodnota stavové funkce x v zavislosti
na drokové mife £ dana vztahem:

2(t) = 2(0)eds €4 (35)
namisto vztahu ,
(t) = 2(0)eo mOHEE) s (36)
jako v (22). Funkce 35 je feSenim rovnice
D(x)(t) = &(t) - x(t) (37)

namisto rovnice

D(x)(t) = In(1 +£(1)) - x(t)

jako v (21). Funkce (35) ale neni zobecnénim sloZeného tiroceni (33) protoZe v ustaleném stavu nedava vysledek
(t) = 2(0) - (1 + )", (38)

proto je napfiklad nelze pouzit pro kvantitativni vypocty na datech v pfipad¢ inflace a v prikladé (29) by ndm vyslo

1
eJo 01 g — 0105170918,

v prikladé (30) by ndm vyslo
eJo 10wt 01de 4 6 140630812
v prikladé (31) by ndm vyslo
eJy/10wk01dn ) 161834943
a v prikladé€ (32) by ndm vyslo
eJo 020 1 — 0221402758
a prvni a posledni vysledek jsou ocividné nespravné. Lze tedy fici, Ze inflace se nechovd jako tzv spojité Groceni.

4.2.0.22 3.6. Theorem: The formula (38) je specialnim pfipadem formule (22) pro konstantni irokovou miru a formule
(34) je specialnim pripadem formule (22) pro po ¢astech konstantni irokovou miru.

4.2.0.23 Proof: Let us suppose, that ¢(¢t) = I is constant:
e([ot In(1+1) du) _ o(tIn(1+0) — (n(+D)") _ 1+ 1) (39)

q.e.d.
4.2.0.24 Now let us suppose, that ¢ is piecewise constant and that it has value I; in every point of the interval [; =
(ti; tiv1); 7 =0...n. Let x4 be the characteristic function of the set A, then ¢(t) = > X(¢,,t,4,) * Li

— e(fot ln(1+X(ti,ti+1)'1i du) — 6(2::01 (tigr In(141;)—t; ln(1+1i)))

n—1 n—1 n—1
— H e(ti+1_ti)ln(1+1i) — H eln(1+li)(ti+1_ti) — H (1 + Ii)(ti+1—ti) (40)
=0 =0 =0

q.e.d.

4.2.0.25 Funkcional

t
L efo In(1+c(s)ds

je spojity v topologii stejnomérné konvergence. DuleZitos véty 38 plyne z nasledujictho lemmatu:
4.2.0.26 3.7. Lemma: pro kazdou spojitou funkci ¢ definovanou na uzavieném intervalu existuje posloupnost piecewise
konstant funkci &; takovych, Ze §; — ¢
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4.2.0.27 Proof: Predpokladejme, Ze f je spojitd. Podle pfedpokladu je Dom(f) kompaktni. Zvolime néjaké ¢ kladné.
Pro kazdé 2 € Dom(f) najdeme okoli O(x) takové, aby F(O(x)) C O/2(f(x)). O(x) tvoii pokryti Dom(f)
vybereme kone¢né podpokryti 2. Definujeme § = minycq(Diam(U)), kde (Diam(U)) je primér mnoZiny
U. Rozdélime Dom(f) na n disjunktnich podintervald (J£); = 1™ délky J. Pro kazdy interval Jf vybereme
néjaky bod z;, ktery lezi uvnitf n&j a oznaéime y; = f(z;). Definujeme: € Jf = ((x) = y;. Potom
Va € Dom(f):|f(z) — Ce(x)] < e. Apro&, = (1 jsou splnény piedpoklady lemma.

4.2.0.28 3.8. Corollary: (38) iikd, Ze vzorec (34) je specidlnim pfipadem vorce (22). Pro funkci, kterd md jen konec¢né
mnho bodl nespojitosti miizeme provést aproximaci na kazdém intervalu, na kterém je spojitd jako v lemmatu
(40). A tedy vzorec (22) je limitnim pfipadem vzorce (34).

4.2.0.29 Nasleduje nékolik aplikaci vzorce (22):

4.2.0.30 4.Boundary interest rate: If the interest rate is constant and positive, the state function is increasing and constant.
If it is positive, but very quickly decreasing, the state function will be concave. What interest rate makes the state
function afine (polynomial of degree 1)?
4.2.0.371 State function is ,
i x(O)efO In(14+£(s))ds (41)

its derivative is .
t — 2(0) In(1 + £(t))eo mOHEE)s (42)

and the second derivative is
£(0)e oD (e(r) 1 (In(1 + £(1)* + (n(1 + £ )
1+ &(¢)

We are looking for the interest rate, which makes the second derivative equal to zero. If 2(0) # 0 and { > 0,
second derivative is equal to zero for such a &, which are the solutions of differential equation

t—

(43)

d
261 + (In(1+ ()" + (In(1+ 1) *E(H) =0 (44)
i. e. we solve the differential equation
d ‘
26 = —((In(1 + £(1))* (1 +£()). (45)
Its solution fulfilled the algebraical equation
—(In(Q+&@) " +t=0C (46)
hence it is any of the functions
tl—>§(t):e(f—10)—1 (47)
for all constant C'. We express C using the initial condition
1
C=——F—F—
In(1 +£(0))
and we have
<t+4> 1
(1) = e\ T/ 1 = 1+ (o)) () g (18)

If we put this interest rate into the rule for interesting () we obtain:

<f§ In ((1+£(0)) (W)> ds)
z(t) = z(0)e =z(0) (tIn(1 +£(0)) + 1) (49)

and this really is an affine function. We can conclude: If the interest rate has in the time 0 value £(0) and if on the
dependence on the time grows more quickly (decrease slowly) than function

t s (14 £(0)) (Fmordoner) g (50)
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the state function is convex. If it decreases more quickly, the state function is concave.

4.2.0.32 5. Example with the real data of index of prices of non-regulated prices in Czech republic:.
4.2.0.33 We choose the year as a unit of time. We measured the index of non-regulated prices in every moment
P = { 1993 + 12 } where 7 is a natural number less or equal to 120. The values are relative. As a result of the mea-
surement, CPIlsafunctloncuttlng the points: (1993+% 91.76),(19934—%;92.97),(1993+§;93.54),(1993+§;
93.94), (1993 + 12,94 32),(1993+ 3;94.62), (1993+ 135 95.42), (1993+ ;96.10), (1993 + 1;97.53),(19934—?
98.62), (1993 + 12,99 17),(1994; 100 0), (1994+ 135 100.76), (1994+ 101 12), (1994+ 101.40), (1994+§
101.88), (1994 + ; 102.27), (1994 + 55 103.45), (1994 + 5 103 81), (1994 + 104 62), (1994 +
106.13),(19947L 107 45), (1994+u, 108 46) (1995;109.23), (1995+u, 110.57), (1995+ 111.62),(1995+§,
111.97), (1995 + 35 112.72), (1995 + 15 113.26), (1995 + 35 114.13), (1995 + {5 113 47), (1995 + =
113.41),(1995+2; 114 41), (1995-+—5 115 20) (1995+11; 116. 09) (1996 116.82), (1996+12,118 97), (1996+§
119.62), (1996 + %; 120.43), (1996 + ; 121.15), (1996 + 35 121 96) (1996 + 1; 123.06), (1996 + Bk
123.18), (19967L2 122 67), (1996+3 123 04) (1996+ 123. 76) (1996+12, 124.44), (1997 125.23), (19977L
126.28), (1997 + 67 126.71), (1997 + 42 126.85), (1997 + —, 127.45), (1997 + ]52, 127.60), (1997 + 5
129.42), (1997 + %; 129.67), (1997 + %; 130. 77) (1997 + ; 131. 58) (1997 + 132.33), (1997 +
133.01), (1998; 133 75) (1998-{—12, 135. 76) (1998+ 136.71), (1998+ 136.85), (1998+1 137.12), (19984—]5Z
137.26), (1998 + 1; 137.81), (1998 + 12, 137. 53) (1998 + 2; 137 12) (1998 + 32, 137.25), (1998 + ?i
136.84), (1998+12,136 43),(1999; 136. 02) (1999+12,136 70), (19997L 136.57), (19997Ll 136.29), (1999+§,
136.84), (1999 + u’ 136.70), (1999 + L; 136.98), (1999 + u’ 136 98), (1999 + Z; 137.11), (1999 + s
136.98), (1999-{—5 136 98), (1999+12,137 39) (2000; 138.21), (2000"'12’ 139.04), (2000-{—1 139.32), (2000+3,
139.32), (2000 + =3 139.32), (2000 + 155 139.74), (2000 + 3> 140.71), (2000 + 15 141 42), (2000 +
141.70),(2000-{—% 141 .56), (2000+ 141 98) (2000+143; 142. 13) (2001 142.41), (2001+12, 143.26), (2001+:—i
143.26), (2001 + 1; 143.26), (2001 + 35 143.84), (2001 + 13; 144. 99) (2001 + 3; 146.87), (2001 + 12,
147.90), (2001+§2l 147 46), (2001+ 145 98) (2001+5 145. 84) (2001+%2, 145.69), (2002 145.98), (2002+12,
147 30), (2002+5; 147 30), (2002+i, 147. O) (20027L 147. 30) (2002++%;147. 15) (2002+ 146.71), (20024
u’ 147.15), (2002 + ; 146.85), (2002 + ; 145.82), (2002 + ; 145.82), (2002 + 1 12, 145. 68) (2003; 147.97).
Now we are going to approximate the values of CPI with the functlon. There are a lot of ways of how to do it.
We shall measure the accuracy of approximation as the sum of squares of differences between values of function
and measured values in points where the measurement is made. Trivial approximation is to put together points
by abscissas. We obtain piecewise affine function: and the accuracy is equal to 0. In this case the rate of the year
inflation ¢ is the function:

-1

e14.52058082 (14.52058082 t—28847.75831) " _ 1 <1993 00000, 1993. 08333>
£06-840273611 (6.840273611 t—13540.26521) "1 __ 1 <1993 08333 1993. 16666>
84'799616031 (4.799616031 15—!9472.894168)_1 —1 <1993 16666 1993. 25000>
64'560182407 (4.560182407 15—8995.643826)_1 —1 <1993 25000 1993. 33333>
63'600144006 (3.600144006 15—7081.966879)_1 —1 <1993 33333 1993. 41666>
69'599232061 (9.599232061 15—19040.64915)_1 —1 <1993 41666 1993. 50000>
68.160326413 (8.160326413 15—16172.19129)_1 —1 <1993 50000 1993. 58333>
617.16068643 (17.16068643 15—34115.15901)_1 —1 <1993 58333 1993. 66666>
L(t) — 613.07895368 (13.07895368 1&—25977.54380)_1 -1 <1993 66666 1993. 75000>
66.600264011 (6.600264011 15—13060.65643)_1 —1 <1993 75000 1993. 83333>
69.960398416 (9.960398416 15—19760.20401)_1 —1 <1993 83333 1993. 91666>
69'120364815 (9.120364815 15—18085.24781)_1 —1 <1993 91666 1993. 99999>
64'320172807 (4.320172807 15—8513.664947)_1 —1 <1993 99999 1994. 08332>
63'359731222 (3.359731222 15—65')98.464123)71 —1 <1994 08332 1994. 16666>
5760230409 (5.760230409 t—11385.45902) "1 __ 1 <1994 16666, 1994. 24999>
4680187207 (4.680187207 t—9231.582863) "1 _ 1 <1994 24999, 1994. 33332>

and the rate of inflation per the time interval (1993.5, 1994) equals

CPI(1994) f1994 In(1+4¢(2)) d 2
1= , = 0.05596 51
CPI(1993.5) e 1
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4.2.0.34 We can use more sophisticated approximation, for instance: let us approximate a trend by function 151.558469453 +
53.8746490595- (5/12)(*=1992) _108.487078769- (3/4)(*~1992) which is the best approximation of the measured
values by means of pair of functions out of the set {(i/12)(*=1992); (j/12)(==1993); (5 — 1992)(/12); (3 —
1993)/12); In(x — 1992); In(x — 1991)}fi1 and constant (accuracy (the sum of squares of distances between
values of the functions and the measured values) equal 237.324366060) Then let us approximate the rest by linear
combination of functions

{sin(mx/i); cos(ma/i); x sin(mx /i); x cos(mx /i) }o_, (52)

Let us omit 15 of the functions from this set of functions, the absence of which brings the least loss of accuracy.
We obtain the following approximation of CPI: CPI(t) = 151.558469453 + 53.8746490595 - (5/12)(*—1992) _
108.487078769-(3/4)(*~1992) _0.08688205539+438.678532386-sin(1/5-2-7) —0.219746118617-2-sin(1/5 2
) —0.392448110715 -z - cos(1/2 -z - w) + 0.000156347532197 - = - sin(x - 7) 4+ 782.647022069 - cos(1/2 - x - )
(accuracy (the sum of squares of distances between values of the functions and the measured values) equals
84.8709833772) Then the rate of inflation per year has in the time x the value

A
653'8746490595 b

x—1992
A= <3> 1n(1—52) —108.487078769 (3/4)" %% In(3/4) + 87.73570648 cos(1/5 x7)m

—0.219746118617 sin(1/5 zm) — 0.04394922372 = cos(1/5 xm)m
—0.392448110715 cos(1/2 zm) + 0.1962240554 x sin(1/2 zm)7
+0.000156347532197 sin(xm) + 0.000156347532197 x cos(zm)w
—391.3235111 sin(1/2 27)w

x—1992
B = 151.4715874+53.8746490595 <E) —108.487078769 (3/4)" "% +438.678532386 sin(1/5 x7)

—0.219746118617  sin(1/5 x7) — 0.392448110715 x cos(1/2 2)
+0.000156347532197 2 sin(z7) + 782.647022069 cos(1/2 xm)~*
and

PI(1994 190 (+u(2)) d 2
% -1= ef1993-51 (Hu=)d= — g 04737 (53)

4.2.0.35 But we can approximate the rate of inflation directly. If (¢,,)
measured, then we have to fulfil the equation:

iy © < J = t; < t; are the moments, where CPlis

tit1
Vi € J:/ In(1+¢(t))dt =InoCPI(tp4+1) — Ino CPI(¢,) (54)
ti

and the accuracy of approximation should be measured as the measure of unreliableness of the equation.
4.2.0.36 More precisely: Let us choose the function:

12— 0.04944210 + 0.009094682 cos (zm) + 0.01215932 sin (2 zm) +
+0.01823419 sin (4 xm) + 0.05263253 sin (1/3 x7m) — (55)
—0.009667420 cos (1/3 zm) — 0.07212055 cos (1/4 zm) + 0.02834145 sin (1/2 z) .

The question is, how accurately this function corresponds to the measured values. The interesting thing is, that the
function does not approximate the measured values, but some other values, which depend on the measured ones.
And the attitude towards this two values is given by (54). So if we can compare the exactness of approximation
with the same measure as we did in the previous cases, we have to compute the number

fi S s ar - CPItg) ) (%6)
2 CPI(t,,)

and this is the only relevant measure. In our case we obtain: 4.9914 We used the simplest function for the
approximation of rate of inflation we considered yet, and it gives us far the best approximation we have obtained!
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[6] 6. Conclusion:

[7] Our sketch brings an open problem: what does the space of solution of (54) look like and what is the space of
functions, the rate of inflation lies in. How can it help us to understand what kind of measure is this one which we
called rate (of interest or inflation. . . ). It shows us the possibility to approximate the measure of inflation except
of the index of prices and it suggests, that the solution should be better.

[8] 7. Apendix: Maple programs for computation. Let us suppose that in iota we have the function for approxi-
mation, in our case:

[9] > iota:=.4944210e-1 + .9094682e-2 * cos(x*Pi) + .1215932e-1 * sin(2*x*Pi) + .1823419e-
1 * sin(4*x*Pi)+ .5263253e-1 * sin(1/3*x*Pi) - .9667420e-2 * cos(1/3*x*Pi) - .7212055e-
1 * cos(1/4*x*¥Pi)+ .2834145e-1 * sin(1/2*x*Pi);

[9] Let us suppose, that the values of CPI are in the file Values and the corresponding moments of time, in which
the values are measured, are in file Points. Then we can compute the preciseness of approximation using the
following program:

[10] > Mistake := 0;

[11] > for i to NumberOfPoints do

[12] > A := evalf(int(1ln(l+iota),x = Points[1] .. Points[i+1]));
[13] > A := Values[1]*exp(A);

[14] > Mistake := Mistake+(A-Values[i+1])"2

[15] > end do:

[16] > print(Sum(’Delta’”2,i)=Mistake);
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