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@ Maximum likelihood

@ Bootstrap



Maximum likelihood



Statistical inference deals with the problem of quantifying uncertainty.

By uncertainty we mean the statistical uncertainty, not the medel
uncertainty.

Given the fact that our sample size is limited. How sure/unsure are we
regarding our parameter estimate?



Example 1 - Tossing a coin ©

We observe the following

0000010000100100000001000010010100 - -- 0001000010000

500 tosses

97 heads, 403 tails.
These are independent coin flips of a single coin with a fixed probability of
showing the head.

500
Pr(X =97) = ( )p97(1 —p)*03
97
Is it fair?

If p= 0.5 we would see 97 heads with probability 9.31491.1046
(strictly mathematically speaking: not a whole lot)



Example 1 - Tossing a coin ©

What value of p is the most likely?

Find the one that makes Pr(X = 97) most likely.



log likelihood
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Example 2 - Challenger Disaster @

Rubber O-rings, nearly 38 feet
(11.6 meters) in circumference;

1/4 inch (6.4 mm) thick.

o
\

@ The field joint that leaked

Courtesy of NASA.

Figure by MIT OCW.
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Courtesy of NASA.



# Failed orings
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Prob. of failure

Challenger crash investigation
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Example 3 - waiting time

We observe inter-arrival times of a insurance claims (in days).

2.07 5.06 6.51 1.75 13.95 255 ... 18.03 1.92 1.03

100 observations

These may be exponentially distributed.

what value would fit the data best?



Notation

@ X random variable
@ Xj,...Xj iid from parametric distribution f(x|0)

@ 6 € © unknown parameter to be estimated. The true value is denoted
as 6p.

Example:
@ X~ Exp(A)
@ f(x|A) =exp(—x/A)/A
@ A €[0,0) unknown parameter to be estimated. The true value is
denoted as A.



Likelihood function: L,(0) = f(X1|0) - ...- f(X,|0) =TT, f(Xi|0)
@ unlike density f it is a function of a parameter 6 with data kept fixed
@ i.i.d. is crucial

Example:

L) =11 (%p <—%)) - e (‘”



Maximum likelihood estimator: 6 = argmaxg L,(8)
@ what parameter value can rationalise the given data best?
@ the estimator is a random variable, because the data is random
@ has some favourable statistical properties
@ can be computed analytically or numerically

Example:
We need to solve FO.C.:

d 1
0= Sytah) = —nggen (-5 )+ gaoe (<7 5



Log-likelihood function: £,(0) = log L,(0) = Y ;log f(X;|0)
@ Numerically more stable.
@ argmaxg {n(0) = argmaxgy L,(0)

Example:

Zlogf Xi|0) :Z(—Iogl—§> ——nIog?L—nTXn
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Expected log density £(0) = E[log f(X|6)]
@ under correct specification we have likelihood analog principle:
6y = argmaxg 1(0)

Example:

0(0) = E[logf(X|0)] = E[—logA — X/A] = —log A — % = —logh —%

FOC gives 0 = 1 + % which has an unique solution A = A,.

>



Score function: Sp(8) = %0n(8) = ¥; 55 log £(X;|0)
@ How sensitive is the likelihood to 6
e for interior solution we have S,(6) =0

Example:







Likelihood Hessian: Hy(0) = —#ZGTEH(B) = —Z,#}Iog f(Xi|0)
@ tells us how curved is the log-likelihood

Example:

02 b, n 2nX,
= _a_ﬁﬂz”(l) = _ﬁsn(l) =772 + PE
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Efficient score: S= ae log f(X]6p)
@ derivative of a log-likelihood of a single observation
@ mean zero random vector
o E[S|=E|Zlog f(x|eo)] — 2 E[log f(X|60)] = 25¢(60) = 0

Example:
8 1 X
E[S] = LR 1 A

W AR



Fisher information: Jy = E[SST]
@ variance of the efficient score S

Example:

Jy = E[S?] = Var[8] = Var LIS —lVar[x]—l
T Y T R TR TR
E[S]=0



Expected Hessian: Hg = aeaeTg(GO)

@ under regularity conditions Hg = —E [aeaeT log f(X|90)}

Example:

0% 02 Ao 1
Hp = —Wg(l)bl:/lo =352 <—|0gA - 7) =20 = Az



Under correct specification of f(x|6) (there exists some 6, € © so that
f(x|6p) = f(x)), we have Information Matrix Equality:

Jo = Hg

Example:



MLE has some interesting properties
@ invariant to transformations

@ asymptotically efficient in the class of unbiased estimators (even for
transformations)

@ consistent
@ asymptotically normal



MLE is invariant to transformations
o OistheMLEof & — B = h(6)is the MLE of B = h(6)



MLE asymptotically achieves

@ Under (i) correct specification, (ii) support of X not being dependent on
0 and (iii) 6 lying in the interior of ©
@ For any unbiased 6 we have that

Var[6] > (nJg) ™

@ For transformation 8 = h(0) (under some more regularity conditions)
we get that for any unbiased estimator 3 of 3:

A1~ LT
Var[B] > EH Jg H

where H = 2:h(6o)T.



Average log-likelihood: ,(8) = 1¢,(8) = 1 ¥ ;log f(X;|)

MLE is consistent, & —p 6 under these conditions:
@ X;arei..d.
@ Ellogf(X]0)| < G(X), with E[G(X)] < e
@ logf(X]0) is continuous in 6 with probability one
@ O is compact
@ VO £ 6y :1(0) < 1(6) (so that the parameter 6 is identified)



MLE is asymptotically normally distributed

Why? Taylor expansion around 6,:

d -~ A Jd - 92
0= —Zn(e) ~ —En(eo) + W

=30 30 €n(60)(6 — 6o)

V(6 - ) %\(%5_”(90))1 (v7dge)

J/
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OLS is MLE under normal errors @

y=Xp+e
if we assume that € ~ N(0,02/)
then we get that
Bue = (X"X)"'XTy
and



Bootstrap



Example - rolling a dice (again) ©

Histogram of throws
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Data is all we have

e Fp—F
@ we wish to understand sample variation, but we don’t have F
@ at least we have our data F,

@ use our F, to simulate new "bootstrap” datasets



Real world Bootstrap world
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Bootstrap in understanding the sample variation

@ Suppose we are considering choosing between two different estimators

pand 3
@ These may possess different qualities

@ The question is: Given that you have to pick only once, which one
would you choose??






Assume we are in some of the following situations

@ small data sample = Asymptotic approximations are unreliable (Ex:
n =15 in linear regression)

@ our estimator is complex and we can'’t even derive asymptotic
approximation (Ex: result of a numerical optimization)

@ asymptotic distribution depends on the unknown parameter (Ex:
X1, X2, ..., Xn ~ £(.), sample median s ~ N (m, 4nf(1—m)2))

@ traditional estimator is based on dubious assumptions (Ex: stock
returns may have fat tails)



*Example - Stamp thickness
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Bootstrap - some remarks

@ very general approach that makes few assumptions

@ bootstrapped distribution can be used to construct standard errors,
confidence intervals, bias correction



*Bootstrap may fail

@ Paradox: we wish to use it situations that are complex, but in these, it
may be also difficult to prove that it "works”

@ It may fail if the parameter lies on the boundary of the parameter space
(Ex: X N(u,1) where u € [0,c0] - Andrews, 2000)

@ If there is missing support information: Sample maximum: Fy has
support [07 90]. On - maX{X1 5 ...,Xn}. Tn - n(en - 6), T:; - n(e:; - On).
P:(T:=0)=1-(1—1/n)"—1—e " whereas P(T,=0) — 0.



*What if bootstrap fails?

Subsampling
@ we draw smaller bootstrap samples without replacement

@ intuition: we sample directly from the true distribution (F), not from
the estimated one (F,)

@ more general than bootstrap
@ less efficient if the regular bootstrap works
@ practical problem - how to choose subsample size?



Thank you for your attention!
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