MB102 Matematika II
domaci ukoly

DU 1

1. Najdéte polynom, ktery prochazi body [-1,2], [0,1], [1,0], [2,5].

f(x) = ax® + bx*> + cx + d

2=-a+b-c+d

1=d

O=a+b+c+d

5=8a+4b +2c+d dosazenim d = 1 (viz 2. rovnice) do zbyvajicich rovnic dostavame:
-11 -1 1) (1 1 1-1 b =

11 1-1|=[0 2 0 O gfl

8 4 2/ 4) (012 -6[12 d=1 f(x) = x> -2x + 1

nebo (Lagrangelv interpolaéni polynom):
f(x):ZD (x 0)(x 1x 2 1D(X ))(x 1) +00. SD(X x Ox 1)

F1-0)-1-1)f-1-2) 1)Jo - 1(0_2) Nl2-0)2-1)
:—%x(x -3x+2)+1{x* -1)x - 2)+gx(x 1) —;(x - 3x? +2x+1x —2x -x+2)+ 3% -x

f(x) = x> -2x +1

2. Najdéte polynom, pro ktery plati: P(2) = 5, P(4) = 21, P'(-2) = -7

P(x) = ax® + bx +c P'(x) = 2ax + b
5=4a+2b+c -7=-4a+b
21 =16a +4b + c
421542154215E=1
=-1
16 4 1/21|=|0 -4 -3 1|=0 -4 -3 1
6 0 3 0 3 a=3/2 f(x) = 3/2x> - x + 1

-4 1 0-7 0 3 1-2 0 0 -5-5

3. Rozlozte na parcialni zlomky
x> +4x +3

a) - 5
X-1)x*+3

2

X +4x+3 A Bx +C 2
- f = + /Ox-1)x°+3
(x-1)x2+3) x-1 x2+3 E( )( )
—x2—4x—3=A(x2+3)+(Bx+c)(x—1)
-x%2-4x-3=Ax? +3A +Bx%? -Bx +Cx -C
x*:-1=A+B
X: -4=-B+C
k: -3=3A-C

1 1 0o-1) (1 1 o-1) (1 1 o0-1) c=
3 0-1-3/=0 -3 -1 0|=/0 -1 -4 D=1
0 -1 1-4) (0 -1 1-4) 0 o -412) °7

- x? -4x -3 -2 + X -3
(x - 1)(x +3) x-1 x?+3




-2x2 +10x +13
x® +4x? -3x-18

b)

Nejprve je potfeba rozlozit jmenovatele. Na prvni pohled nelze nic vytknout. Jedna se o polynom
3. stupné - prvni kofen je potfeba prosté uhadnout :-).

Je to Cislo 2 (protoze po dosazeni Cisla dva vyjde 0). Z toho plyne, Ze jmenovatel je délitelny vyrazem
(x-2). Provedeme pisemné déleni:

(x3 +4x? —3x—18):(x—2):x2 +6X +9
- X3 -2x2
6x> -3x -18
-!6x2—12x’
9x -18
—(9x -18)
0

-2x* +10x+13 _ -2x® +10x+13 _-2x*+10x+13 __ A B C S - 2)x + 3)
x> +4x? -3x-18 (x—2)(x2+6x+9) (x-2)x+3)? x-2 x+3 (x+3)

-2x2 +10x +13 = A(x +3)* +B(x - 2)(x +3) + C(x - 2)
-2x% +10x +13 = Alx? + 6x +9)+ B[x? + x - 6)+ C(x - 2)
2:-2=A+B

: 10=6A+B+C

: 13=9A-6B-2C

1 1 0-2) (1 1 o0o-2) (1t 1 0 -2
[6 1 110|=|0 -5 122|=[0 -5 1 22

X
X
k

o 0
o
1
(6V)

9 -6 -2/13 0 -15 -2/31 0 0 -5-35

-2x*+10x+13 _ 1 3 7
x> +4x? -3x-18 Xx-2 Xx+3 (x+3)




1. Najdéte infimum a supremum mnozin

a)A =(-2,16] - {0
) A = (-2,16] - {0} b)s={“+1,nun}
G O ® nfA=-2 345 1001 infB=1
A=1 21_1_1_1" r r- B = 2
-7 0 16 2 3 4 1000 SUp b = £
2. Vypoctete limity
X +4 6 - T
a I| ——— — = | — pro obé jednostranné limity| = o
) M x -2y H+op . =2
b) lim—>x"1__ Oim—1  =20m—1 -
Xazx(x 2) x-2(x-2)° 2 x-2(x-2)°
5 1 - 5.1 - - L
= |= O— = +o pro limitu zprava, = — = -« pro limitu zleva| = limita neexistuje
2 +0 2 -0
<) limX_—6x+8 -6x+8 _ (x 4(x-2) _ x—2:4—2=g
x-4 X2 -5X +4 x 4(x 4)(x -1) xa4x—1 4-1 3

X + . . . . . .
d) |Im# ® — vydelime nejvyssi mocninou vyskytujici se ve jmenovateli(cili dole : -)| =
x-=x2 -5x+4 |o
1_§+§ -0+
- lim X ¢ 17040 _,
xew1-5+4  1-0+0 =
X X
0
. 3 _ 42 +1 0 2 _ 2 _ _
e)Ilmx 3x X 1:I X (x 1)-(x-1) _ - lim (x - 1)(x 1) - lim 2x 1 _ 1-1 _9:9
x-1 x> +X-2 X—>1(X_1)(X +x+2) X- 1(X 1)(X +X +2) X-1y2 x4 1+1+2 4 =
f lim COS X — sinx _"72—9_9 _ cosx —sinx cosx +sinx _ . cos?x-sin?x  _
x. X  €OS2X “ 0 Of ,.n cos2x  cosx+sinx ,_ncos2x(cosx +sinx)
4 4
_ oS 2X . 1 _ 1 1 2
Xﬂgcost(cosx+sinx) Xﬂ%cosx+sinx 2442 22

]
ﬂ

Jx? +3x

g) lim XX 13X _ |

x-=32x3 -2x |

h) lim(WVx2 +x+1 -Vx? -4x +1) = oo ~ oo||-||m E

X 1 Vx2 +x +1+x? —4x +1

X% +x+1-(x% -4x+1) 5X 5 5
= lim = lim

X x?2

i) !(in:(x/xz +7 +4x% 1) = oo + oo =

.
j) lim 3x

H 2X _
= lim| SN6X p _INOx+1) 5 e -1 2 1 p_ 1@+1f=-1
x-0 6X 9x 2X 3 3 3

sin6x -In(9x +1) +e?* -1 _ i sin6x _ In(9x +1) e -1 _
x-0  3X 3x 3X

*”\/x x+1+4x2 —ax +1 X“°°\/x x+1+4x2 -ax +1 X*”\/1+1+ +\/1—i+1 141

VX2 +x+1-x? —4x+1 Ax2 +x+1+x? —4x +1 _

INTor



1. Najdéte body nespojitosti a urcete jejich druh.

a) fx) =X X =X )((X_‘ll)

20y —
MZ“I’TIIXZ =1

f(x) neni v bodé x, = 1 definovana a existuje vlastni limita, ktera se nerovna funkéni hodnoté =>

Xo.= 1 ... nespojitost odstranitelna

b) f(x) = %

lim f(x) = lim In(x+1) _4
X 0" x-0" X
In(x +1) _—

I 09 = i
f(x) neni v bodé x, = 0 definovana a neexistuje vlastni limita. Existuji pouze obé vlastni
jednostranné limity, které se v8ak nerovnaji => x, = 0 ... nespojitost 1. druhu

1
c) f(x) =ex3
1
el =¢e”

1

lim f(x) = lime*3 =
x-3" x-3"

= 0

1

lim f(x) = limex3 =
X 3" X -3

1
ef=e"=0

f(x) neni v bodé x, = 3 definovana a neexistuje vlastni limita. Jedna z jednostrannych limit je
.. n jitost 2. druh

dokonce nevlastni => x,

2. Naleznéte derivaci funkce

3 -
a) y=x®+—F-Inx =x%+3x" -Inx
X

y' =8x’ -15x7° “Logw —%—l
X x® X

b) y = (x* - 2x) (5inx
y' = (4x3 - 2)sinx + (x* - 2x) cos x

sin2x
c)y=—=
e
, _ 2€0S2x k3 - sin2x [Bx? _ 2x3 cos 2x - 3x? sin2x

(XB)Z 6

X
3 33
o v fEE (122
y = %G t zz J'3 x?(1 - x3()1—_(i3-l)r2x3)(—3x2) :%(1 - x3)§ 3x? - ?E>1<5_+X§;<22 +3x° _
(1+x%)3

N




1 1 6x2 _ 2x? _ 2x?
3(1+x3)§(1—x3)% (1+x3)§(1-x3)§ Y+ 3P -x3)?

o) y=1inX -t
4 x*+1
o1 1 x(x*+1)-(x*-1)2x _1 +1 2x3 +2x -2x3+2x _ 1 4x X
y'=-0 Ez 2 __DX Ez 2 2 =0 2 _ 2 T4 _
4 x*-1 (x* +1) 4 x*-1 (x° +1) 4 (x*-D(x*+1) x"-1
X2 +1

fly =\/sin«/_ [sm(x) J

- %(S'”*/_) ros x D%X ' 4%5?:3\5% ] 4&0;/5&

g) y = x (g(in(x))
v =1 tglind) + x 0w 5 = b)) +

cos?(In(x cos?(in(x))

h) y* + cotgy +sin®*5x =0

, 1
4y - sin’y

Oy’ +3sin? 5x [€os5x 5 =0

y' E€4y3 - — 12 j = -15sin? 5x [€0s 5x
sin?y

, _ _15sin? 5x [os5x _ _ 15sin? 5x [€os 5x [5in’ y

- 1 3 cim2 .\
4y3—,2 4y’ sin“y -1
sin“y

3) Napiste rovnici tecny funkce v daném bodé

a) f(x)=tgx+x>+2, A=[0,?] ... A=[0,.2]

r — 2
f(x)_coszx+3x t:y=kx+q tiy=x+2
k=f(0)= > +3007 =1 y=x*ad
1 =0+q
q=2
b) f(x)=sinx, A=[5,?].. A=[z1
f'(x) = cos x try=kx+qg tiy=LSx+(;-n3)
k:f’(g):@ y=§x+q
1=L+q
q=3-%57



1. Vypoctete limity

&

Inx [P X . sinx _ o]~ Cos X I
a) lim . 2= im ——X = im 222 == im =1
xao+ln‘smxi of x-0" 1 Tosx X-0 Xcosx O]  x-0"cosx-xsinX “1-00 =
sin x
- LP. _ LP.
b) lim —7" 2 im 227 1 im 2 =12l =0
x-ox3-15x+6 || x-=3x2-15 [of x-w6Xx |eof =
. (1 1 e*-1-x _|o|tF . e’ -1 of&P . eX 1
c) lim|—- = oo - oo||-||m == =lim—-—--—===lm—-——==
x-0(xX e*-1 xle* -1 O x-0eX-1+xe* [O0] x-0eX+eX+xe* 2
LU
- L.P. -
d) Iim(g—thgx =0 T = lim 2 - Hg = lim 1 = lim — 1 =limsin?x =1
X-3 2 X-7 i 0 xﬂg_%g% Xx-3 €cos® X 1 X-3 =
th tg°x cos” x sin? x cos? x
1
Inlim nn Iimln(nﬁ) Iimllnn
e) limYn = lim nn —Hoo “ =e "= =" =egnn
N-oo n-oo
LP. 1
I|m—Inn—||0E¢>o||— lim = Inn el Mo =limiz0 = lim¥n=e® =1
n o4} n- oo n-o N n- o =
f) Iing(cos x)cotgzx _ “100“ _ eln)l(im)(cosx)mtgzx _ e)l(ig"(n)ln(cosx)mtgz" _ e)l(im)cotgzx[lh(cosx)
X -
LP. (- sinx)
lim cot g?x On(cos x) = [ CO] = lim Infcosx) _ 0] 7 lim cos X =
X0 x-0 1 0| x-o >0 1 E( 1 j
cot g°x cotg®x | sin? x
cos? x
el 2 3 _S|n XD73 _ 2 _l
= ljm ZSINXSINT X FEOLG™X _ |1y Sin’ X _ |y 208X _ L1 Iim(cosx)COtgzx e 2=
X0 2 cos X x-0 2 cos X X0 2 2 x -0
. inx 0 Inllm(l cos x " lim In(1-cos x " I|m sinx(n(1-cos x)
g) Im(;(l—cosx)s =“O “ e x° =ex-o =exo
X -
1 [sinx
- L. T oo -
lim sinx On(1 - cos x) =j0 & = lim I(1—1cosx) 2 = lim 1=cosx = lim Vs sin” X H H
X0 ‘ 00 x-0 _ [0S X COSX COs X
sinx sin? x
~ lim sin® x Lp. lim 3sin? x [Xos X ~ lim 3sin® x[XosX _ i 3sinxeosx _ 0 _
x-0 —COoSX +COS2 X x-0sSinXx-2cosxBinX x- M Sinx Mt-2cosx) x-0 1-2cosx 1
= lim(l-cosx)™ =e® =1
X -0 =
2. Urcete, kde funkce klesa a roste, urcete jeji lokalni extrémy a defini¢ni obor.
a) y=e<12x  p(f)=R b) y=3x*+4x3®-36x%*-7 D(f)=R
y' = eX12x E(3x2 - 12): 3eX 73X [(XZ - 4): y' =12x3 +12x? - 72x = 12x(x2 +X - 6):
= 3¢ 3 {x ~2)(x +2) =12x(x - 2)(x + 3)
x-2 - - + « - )2( ~ ~ M i
Xx+2 - - o X+3 - + + +
M ) — 2 3
] -3 u] 2
y + - - + yr _ + _ +
7 max N min 2 N min /A max N\ min A



Vysetrete priibéh funkci:

A) y =2x "
1) D(f) =R 2) Kladna, zaporna
f(—x)=-2x&™ = —2—1( = ani suda ani licha ... vzdy >0
e
2X - +
0
y - +
3) Rostouci, klesajici, extrémy 4) Konvexni, konkavni, inflexni body
y' =2e* +2xe* =2e*(x +1) y' =2eX(x +1) +2e* =2e*(x +2)
X+ 1 - + X+ 2 - +
1 2
- + - +
y' N min y" A inf O

5) Asymptoty

BS ... neexistuji

X
SS a=Ilim f(;() =lim 2>;e =lim2e* = “Ze“’ =« = asymptota bez smérnice pro « neexistuje
X - 0 X - 00 X — 00
X
a=lim @: lim 2x_e: lim 2e* :“Ze“” :ZEDH:O
X — —co X X — —co X X — =00

=
L.P

“1= lim —2 = lim(-2¢*) = |-200] =0

) X0 — @

b = Jim (f0x) - 2 1x) = lim 2xe = [ 0] = Jim 2% =

= asymptota se smérnici pro -« je y = 0 (tedy osa x)

0,8 1
0,4 -
T T T 14 D 1
4 3 -2 i 1
4
Bl
e
2
__________________ 2




1

B) y = x X

1) D(f) =R - {0} U S
1 2) Kladna, zaporna e*... vzdy >0
f(-x) = -x ™% = ani suda ani licha X _ n
0
% - +
3) Rostouci, klesajici, extrémy 4) Konvexni, konkavni, inflexni body
1 1 1 1 1 1 1
, = = 1 = 1 - x-1 PRI N T PR D DR S
y:eX + xex E{_Fj:ex(l_;j:ex < Y —e( X—Zj[l ; +e 7—6 7
3 _
x-1 - - + X *
X - + + L
. - +
, 0 L y" N O
y + - +
7 N min 7

5) Asymptoty

1
1 ex[- 1
: 2 . eX _oof . x> e
BS lim xex =“O e* =0Ebo“ =lim =— =|—| = lim ——% = lim e* = o = x = 0 asymptota BS
x 0" x-0" 1 0 X - 0" _i x-0*
X x?
1
lim xex =Ho e =om“ =0
X -0
l 1
X il
SS a= Iimwz lim X~ = limex =e® =1
X — *oo X X — *oo X X — *oo

1
= 1
LP. ex[—z 1
. X . = 0
= lim———~<=|limex=e" =1
X — +00 1 X — 00

X

0
l 00 —00 l o0 ; — )
b = lim (F(x) - a (%) = Iim[xex —x] = lim x[ex —1} = lim &21°

X — *oo X — oo| X — *co X = *00

1
X

= asymptota se smeérnici pro o jey = x + 1




C)y= arctgﬁ

1) D(f) =R - {2}

f(-x) = arctg—>— = ani sud4 ani licha
2 +X

2) Kladna, zaporna
y = arctgx ma takové znaménko jako x

X - + +
2 -X + + -
0 2

y' - + -

3) Rostouci, klesajici, extrémy 4) Konvexni, konkavni, inflexni body

y' = 1 -X-x(-1) _ 2 _ y'=—(x?-2x+2)?{(2x-2) = %

X 2 (2_X)2 (z_x)2+x2 (X —ZX + )
1+
2-X
_ 2 _ 1 1-x + _ -
2x*-4x +4  X* -2x+2 1
V- . . v r + -
Citatel i jmenovatel zlomku vzdy kladny = fce y" 0 inf .

poroste v kazdém bodé defini¢niho oboru

5) Asymptoty
arctg io = arctg(-)

BS Iim arctgL =
x-2 2-X

= asymptoty bez smérnice neexistuji

. X 2 _TI
Xllp;_ arctgﬂ = arctg+—0 = arctg(ew)| =
arctg _ _n
SS a=lim 1) = jim ——2=x _jarcta-l) _ 24 _ g _ .
Xogo X X X © 0 = asymptota SS pro o je y =_Z
b=1lim (f(x) -a D() = lim arctgL = arctg(-1) = L
X - %o X - %o 2-X 4
v . ... . oof LP- 1
pozn.: pri vypoctu a i b se vyuzije: |im ™ =|— = lim 3 =-1
X — Foo - 00 X - 10 —

2 4

0,54

o




V4

DU 6

1. Cislo 100 rozdélte na dvé &isla tak, aby souéet jejich druhych mocnin byl minimalni.

100=a+b

y = a’> + b?2 = a%? + (100 - a)? = 2a® - 200a + 10000
y' =0

4a-200=0 y' =4

a=50=b=50 y'"(50) =4 >0 = minimum

2. Do plilkruznice o poloméru 3 cm vepiste obdélnik o co nejvétsim obsahu.

y =0
iyt =1 1 5
1 18-4
ol 2009 %7 +2xE(9-%7) 2(-2x) =0  —p——=0
N 9-x
2o-x2-—2X - 18 -4x% = 0
¥ =19 - & V9 - x2 5
2x° =9
2(9 - x?) - 2x? -0 3
- b —_—= B
’ : Jo-x* X=r

S=2I[xly

y =2xv9 - x?

_1
. —8XI9-x* —(18-4x*) L (9-x%) 2(-2x) _ —-8x(9 - x?)+18x -4x> _ x(4x? -54)
= = - =

y — 2 3 3
9-x (9—X2)2 (9—X2)2
3 (a(af -54) 2(-36) 2(-36
y"(i)zﬁ((ﬁ 3)=ﬁ(3 )=ﬁg(3)=—?=—8<03maximum
V2 (9—(% )2 (5) 25 2
3. Zintegrujte
1 1
1 ) 1
a)j%xz%j %—SYX+§ x:%j(x_2—5+§}jx=% %—5x+|n|x| +c=
2

=%(2\/;—5x +In|x|)+c

- 2 _ 2
b) de = —2.[33)(—+12dx = |derivace spodku = vrch| = - 2|n‘x3 +12x +7|+¢c
x> +12x +7 X> +12x +7

u = 5x u=>5
V' =sinxX Vv =-cosx

=—5xcosx—j—5cosxdx =-5xcosx+5sinx +c

c) ISx sinxdx =

u=x>-3 U =2x u=2x u=2|_

= (x* ~3)e" - [2xe*dx =

d) j(x2 -3)e*dx =

V' =e* v =e¥ V' =e* v=g*

=(x% - 3)e* - (erX —j2ex)= (x? -3)e* —2xe* +2e* +c=eX(x? -2x-1)+c

10



5|_x°
e) jx4lnxdx= 51=X J'——dx-—lnx— jx4dx——lnx——+c
v =Inx v'-1 > 2
X
u=e* u =e* _ « - u=e* u =e*
=e smx—je sinxdx =" =
V' =sinx Vv =-cosX

f) [e*cosxdx =" .
V'=cosx v =sinx

= e~ sinx—(—eX cosx—J'—eX cosxdx)zex sinx + e~ cosx—J'eX cos xdx =
:J'eX cos xdx = e* sinx + e* cosx—J'eX cos xdx

ZJ'eX cos xdx = e* sinx + e* cos x

X

e
J'eX cos xdx =7(smx+cosx)+c

t=x3
g) J‘zee"adx =|dt = 3x%dx | = jetZdt =2e' +c=2e¥ +c
2dt = 6x%dx

t = arcsint + ¢ = arcsinx® + ¢

_[t=x = [—L—d
~|dt = 3x2dx Ji-t2

i Iv1 x°

(1+mx) 1 t=1+Inx
= [=@ +Inx)°dx = t5dt— +c-—1+|nx6+c
)-[ J.x( ) dt=Ldx| " j 6 ( )
» B —
E 3
. : t =sinx t2 2 3
cos x+/sin xdx = tdt = t2dt =— =Zsin2x+c
J)I ‘dt=cosxdx J‘\/_ j § 3
2

11



Zintegrujte:

2x2 +11x +32
1 dx =
) jx3+3x2+6x—10

2x% +11x +32 _ 2x% +11x +32 _ A . Bx +C
x> +3x2+6x-10 (x-1)(x* +4x+10) x-1 x*+4x+10
2x2 +11x +32 = A(x?* +4x +10) + (Bx + C)(x - 1)

2x2 +11x +32 = A(x? +4x +10) +B(x? - x) + C(x - 1)

x>: 2=A+B

Xx: 11=4A-B+C

k: 32=10A-C

A=3B=-1,C=-2

JO(x - 1)(x* +4x +10)

:J'[ 3 . 2—x—2 jdx=3ln|x—1|—'[2)(;2dx=3|n|x—1|—lj'22)(—+4
Xx-1 x?+4x+10 X° +4x +10 27 x*+4x+10

=31Inx - 1| In(x +4x +10) + ¢

) I 3x® +2x>-68x -8
(x +2)*(x* -6x +12)

3x° +2x* -68x -8 _ A ., B . Cx+D
(x+2)?(x* -6x+12) x+2 (x+2)* x?>-6x+12
3 +2x? -68x -8 = A(x +2)(x? -6x +12) +B(x? - 6% +12) + (Cx + D)(x + 2)?

3x3 +2x? -68x -8 = A(X® - 4x? +24) +B(x? - 6X +12) + C(X> + 4x? + 4x) + D(x? + 4x + 4)
x*: 3=A+C

x>: 2=-4A+B+4C+D

X: -68=-6B+4C+4D

k: -8=24A+12B+4D

A=0,B=4,C=3,D=-14

_ 4 3x-14 d t=x+2 _
_J >t 2 _ X=
(x+2)" x°-6x+12 dt=d

JO(X +2)*(x? -6x +12)

j—dt J’de

6x +12
i} 3 2x -6 5 tt 3 1
=4t2dt+S | —"——dx- [ ————dx=4—+ZIn(x* -6x+12)-5| —————dx =
j 2-[x2—6x+12 Ix2—6x+12 -1 2 ( ) j(x—3)2+3
S=x—3
-4, En(x —6x+12)——j;2dx: V3 =
t 2 X_3 _ 1 —
‘1 ds = ——dx - +/3ds = dx
3 V3
4 .3 _ _ 4 30 - -5 =
= T2 2In(x 6x +12) = +2+2In(x 6x +12) ﬁarctgs+c-
4 3 5 x—3
- +=In -6x+12)-—=arctg———+cC
2 13 (x* - 6x ) N r g\/5




3x3+x2+4x -6
3) I x3 -2x? -3x

2 _ 2 _ 2 -
7x* +13x-6 _ 7x* +13x-6 _ 7x’+13x-6 _A B C  ox+1)(x-3)

2 _
dx =|vydelime| = .[(3 +%de =

3 =2x2 =3x  x(x?-2x-3) x(x+1)(x-3) x m+x—3
7x? +13x -6 = A(x +1)(x = 3) + Bx(x - 3) + Cx(x +1)

7x% +13x -6 = A(x*> - 2x - 3) + B(x? - 3x) + C(x? + X)

x*: 7=A+B+C

Xx: 13=-2A-3B+C

k: -6=-3A

A=2,B=-3,C=8

=j(3+£+ -3, 8 jdx=3x+2|n|x|—3In|x+1|+8|n|x—3|+c
X x+1 x-3

x*-x3-7x*>+15x +4
4)[

. 4
dx =|vydelime| = [| x> +3x + ————|dx =
x> -4x +5 vy | I[ x2—4x+5]

3 2 3 2
:X—+3L+4J‘#dt:X—+3L+4arctgt+c:
3 t?+1 3 2

3 2 — oy —

:X_+3X_+4J.;2dx:t X -2
3 72 (x-2)° +1

X

3

3 2
=X +4arctg(x -2) +c

2




DU 8
1. Vypoctete obsah plochy ohranicené krivkami

1
a)y=x, y=;l y=0,x=2

1
21 y:% o= X:; /D(
x?-1=0
iz
> 4 x=-1 C x=1
1 2 1
X 1 1
S;=|(x-0)dx=|—| ==-0==
11 : 1 j( ) {2} 2 2
i 0 0
5 5 [Frmmss 2
1o 52=jcl—omx=ﬁqﬂf=m2—m1=m2—o=m2
' ' ' X
0 1 > 3 1
stl+82=%+|n2

b) y=x2-5, y=-x2+3, y =3x -1 (tu éast, ktera obsahuje po&atek soufadnic)

41 x> -5=-x>+3 x?-5=3x-1 -x?+3=3x-1
2x% =8 x?-3x-4=0 x?+3x-4=0
x2 =4 x=-1 0 x=4 x=1 0 x=-4
X =+2

-1 -1
SlzIKﬂ@+3)—&2—ﬂhxzICQXZ+&dx=

2 2
s T -1 -8
=|-2% 18x =[—2———8]—[—2———16j=
3 S 3 3
_2 g 16, _2-24-16+48 _10
3 3 3 3

1 1
52=ju«2+a—@x—nmx=jox2<w+4mx=
-1 -1

x> _x2 ' 1 3 -1 3
g ==X 3% ax =(————+4 —fn—-———4j=
3 L U372 32
10 22 32
S=S,+S,=—+25=22-102 -1 3,41, 3,411,422
T3 33 2 BT R R R T e

2. Zintegrujte

lich i t =si
a)j 1 dx:'c a VUuci cosx = sin xdx :J-cosx dx:I Cos X dx:I 1 dt =
cos X dt = cos xdx cos? x 1-sin? x 1-t2
1 1 A B

T2 @-pa+n I-t 1+t /Hl-t)1+t)

1

1=A(l+t)+B(l-t)
t: 0=A-B
k

1+t

1 1 -1 -1 1+sinx
- 2 2 =1 1 =-1 - 1 =1 —
'J[l—t+1+£kt_ ;j _tdt+;jl+tdt Linl -t/ + 3Nt +t/+c 3Ing

1-sinx

=1
+c-2In

+C

14



b)j

licha vucisinx = t =cosx

sin? x sin x
dx =

(1 - cos? x)sinx

1-cos’x

-1 —
dt:j_igiia__

t2 +t+1

4

.3
lsm—);dx= dt = -sinxdx =I
-cosTXx - dt = sinxdx
=I1_t2(—dt)=—j (1-t)(1+t) __[ t-1
1-t3 (1-t)(1+t+t2) t2+t+1
2t+1
=-1|_="- dt-1|——dt=-1Int® +t+1]-
It2+t+1 zjt2+t+1 2 ‘ ‘
) s=t\+§=2\t/i1
_ 2 _ J3 3
=3 +t+1) -4 [—S—dt=| G

—Lin(t® +t+1) -

) -
2

arctg(s) +C=

1
1l - 4t =
s

1-cos’x
1
2 dt =

—_1 2 _2
sIn(te +t+1)-<

ds=2dt=3ds=dt

V3

~Lin(t® +t+1)-

_1 _ 1 2cosx+1
2In(cos x+cosx+1) ﬁarctg—ﬁ +C

arctg Zjil +Cc=

dx =

3
2

I+

sz+1

15
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DU 9

3¢
1. Vypoétete délku kiivky x =e*, y=2e e?' pro tO(In3,In8).

In8
woet L= j\/X)2+(y)2dt—j +e3tdt—I\/e)(1+e)dt-je 1+etdt =
5 In3 In3 In3
.

_ls=1+e' t=In3 - s=4
ds=zefdt t=In8 - s=9

1

jfds_j sid %{SSE -2]sVs), =2(27-8)=% =123

2. Vypoctete délku kfFivky y =Inx v intervalu x0O <«/§, «/§> .

y' =+
t=vx2 +1 tdt=X2%dX x:\/§_>t=2
L= f 1+(y)2dx-j 1+1dx-fiVX +ldx =|t? =x? +1 tdt=(t* -1)fdx x =8 - t=3=
2tdt = 2xdx

St-dt =1dx
-1 x

3
=.[ 2_1 dt =|vydelime] =j(1+

- [t—%ln|t+1|+%m|t—1|]§ -

ol =B+ 1n2)-f+din)=1+

3. Vypoctéte objem télesa vzniklého rotaci kFivky y = Vx cos x kolem osy x v intervalu <O,§>.

% [
V=njf2(x)dx=njxcosxdx ‘ _Xl v SCESX
=1 v =sinx
0

=n [xsinx]O sinxdx -n[xsmx+cosx]0 =
a

O'—;N"”

= n[(% sinZ + cosg)— (0.sin0 + cosO)] = n(% - 1) =22

4. Uréete pramér funkce y = sinx na intervalu (0, ).
b

av, plf(x) = g1 j f(x)dx
a

av[o,|(sinx) = ﬁjsin xdx =%[— cos x]g =-L(cosn-cos0)=-1(-1-1)
0

1= I

16



DU 10
1. Vypoctete obsah plochy pod kFivkou
a) y =e™ v intervalu (0, )

S= .[:e‘xdx = —[e‘X]:; = —(e‘°° —e°)= -(0-1)=1

b) y = % v intervalu (0,1)

S = j:%dx = J:x_%dx = [2\/;]:) =2

o)y =x—14 v intervalu (0,1)

1 1
S= [ ax=[xtax= -3 =31 im )= -10-e)=e

X

2. Vypoctete rovnici
x/x_sEﬁ/X_3E§/x_3D1§/x_3D..=8 x=z0
X3 X7 OX° x5 0. = 8
=8

34343
+243+ 3+

x
Njw
+
EN[®)
+
®|w
+
&lw
+
1
L
N|w
L1
TN
=1
1
| |N\w
1
w

N[~

3
2
3

3
1l
o

8

L

X X

3. Urcete soucet iFad

1 1 2
n=0 n=0 n=0 n=0 n=0 3 6 —
°7(1\" _ & _Z

7 47 47 7 7 = = =4 _-4_-7
b) 2+s*ie*t3ztea” 24(2j 1-1 1 2

n=0 2 2 =
) n 12 12
12 p12 p12 12 . _N12(1V 5
€) o *ty7tgrtaast _29(3 _1_;_;_£
n=0 3 3

sCitame stale vétsi ¢leny => rada diverguje

L.P.
neni spInéna nutnd podminka konvergence, nebot lim & =||=| = |im 303 = £0
n g 1
Nn- oo

e) i(\/ﬁ—zmh/n+2)

sn = W1 -2v2 +43)+ V2 - 243 +4)+ (V3 - 244 +V5)+ (V4 - 245 + V6 ) +... +
+n=2-2dn-T+vn)+[n-T-2vn+vn+1)+n-2/n+1+Vn+2)=1-v2-vn+1+sn+2

szrlimo(l—\/f—«/n+1 +\/n+2):1—«/§+rl1i£11(«/n+2—Jn+1)=||w—w||:1—ﬁ+lim%:
4 . 1 il =1 4 - _ 4
=1 \/5+rl1|£11—_n+2+ —n+1_"°1°"_1 JV2+0=1-2 = r;(«/ﬁ 2«/n+1+«/n+2)-1 V2



f z:n(n+2)

2 AL B mne
nn+2) n n+2
2=A(n+2)+Bn
Nt O=A+Bl a-1, B=-1
k: 2=2A
o " Xl )
nZ:;‘n(n+2) ;n n+2
o= -3 G-t e R R o) -
. > 2 3
S=rl|l'\1(%_n}rl_n12)=%_o_0=%:> Zn(n+2)=5
n=1 =
4n% +12n+6
g)z
(n? +n)(n? +5n + 6)
2
4n’>+12n+6 _  4n*+12n+6 __A B C D Jth(n + 1)(n + 2)(n + 3)
(n?> +n)(n®> +5n+6) n(n+1)(n+2)(n+3) n n+l n+2 n+3

4n® +12n+6 = A(n +1)(n +2)(n + 3) +Bn(n + 2)(n + 3) + Cn(n + 1)(n + 3) + Dn(n + 1)(n + 2)
4n? +12n+6 = A(n® +6n2 +11n+6) +B(n® +5n% +6n) + C(n> + 4n? + 3n) + D(n3 + 3n? +2n)

n: 0=A+B+C+D
2. 4=6A+5B+4C+3D

n =A=1B=1,C=-1,D=-1
n: 12=11A+6B+3C+2D
k: 6=6A
i 4n* +12n+6 i( 1 1]
~(n?+n)(n® +5n+6) = n+1 "n+2 n+3
e R AL At B S i e R b R s R AT
1 1 1 _1 1 1 _1__1 1 4,11 1 1,1 _
+(ﬁ+ﬁ n-1 ;)*(ﬁ*ﬁ n m)’“(ﬁ”'ﬁ ne n+z)+(ﬁ+n+1
témeér kazdé Cislo se v s, vyskytuje dvakrat se znaménkem - a dvakrat se znaménkem +
— 1,141 1 2 1 -7__1 __ 2 __1
:Sn_1+3+5+§ n+tl n+2 n+3 ~ 3 n+l n+2 n+3
o 2
s=lim(- -2 - )=2-0-0-0=3 = Y IO 7
o oo n n n (n +n)(n? +5n +6) 3

18



1. Vypoététe soucty Fad

a) Z—

=5410 415420 +3(-1) | 5n
(1) Shn=yta tegtiet 2n1+n /E%
1 = 5410 415 4+35(n-1) | 5n
(2) 5Sn = ZrgtiEteee o e
(1)-(2) %sn=%+%+%+%+ '+2_5n_25nT1 /T2

2n-1 2n
545454 5 _5n) = 54545 —1i 5n = |l»ff = 5 — 5 = -0 =
s=lims, =lm(S+5 4343+, 4 2o =543+ 5+ 5+ -lim B =fe] = 5 - lim 8- =10-0=10
= n
b) > on
n=13
-1 2 3 4 n-1 n
(1) Sh=3+g*tster t =L /g
1 — 1 2 3 n-1 n
(2) 3Sn T g FoT gL Trereeeeeens ot g
- 2¢ =141, 1 1 1l __n
(1)-(2) 3Sn_3+9+27+81+'“+3n 3+t /D%
-1 1 1 1 3 n
Shn=3ts gt t >3 33
LP. 1
_ — lip(l a1l 1 1 3 _ ny-1,21,1,1 _ =L_ _
S'A'Tosn'J]'To(§+€+ﬁ+§+"'+z_3n-l 23n)'2+6+18+54+ A'Tomn ” ” 1-1 rLITo23"|n3
-3_0=3
=3-0 3
2. Rozhodnéte o konvergenci ¢i divergenci Fad
) 3 n+1 3 3
n . . . n+1) . 1 . 1 1 y
a)Z— lim 2t = fipn D (DI e Y i L1 Z 0 <1 = Fada K
— | n! Noo &  n.w (g)3 n-ol nOn+1)! n-ol N nwn3 |
n=1 nl
= Vn+1 Vn+1 +
b) z >— prodn=1 0O Z— diverguje = tada n*+lp
n n - n
n1 n=1
o 2n 2n 2nﬁ 2 2
n+1 . + . + . +2n+
)Y lim gfa = lim o 22 = gim| [P = gim DS fim AN
~\5n-6 5n-6 n-o | 5N -6 n-o\ 5N -6 n-®25n° -60n + 36
LP L.P.
:— = |lim ﬁ—f :|imi:i<1:> rada K
00 naw50n 60 || n-o50 50
J =2 .2 o .2
in“n in“n 1 in“n
d) Zs = > —<— O Z— konverguje = rada ZS—S K
n n n n1 n=1 n

t—X +1 X = 1—>t—

Cldt =2xdx X = - t=oo Jt

O S SR SN e
e) .;ﬁ jm _i t—it dt = 2Vt
o 2n

:2(00—\5):00 D = fada 2— D

n=1 \/nz +1

2

w 1) 1 n 1) 1"
f) Z(1+—) Iimﬁzlimn[1+ﬁj = lim [1+Hj =rli£11[1+ﬁj =e>1= fada D

1
n

n=1 n n-o n- o n-o
(n+1)?
w0 2 2 LP.
n . . n+1)°nl . n+1 1
g) z — lim 2oL = fim DL = i ( M _ i 5 = lim=—=0<1= fada K
~ n! Noo an n-o nil n-on (n+]_)nl n-o n 0 n-o 2N
n:

19



00

3. Dokazte, ze Fada Z% konverguje.
n

n=1
[ -0 __liw__l -1 - 1
-!xlodx -!X dx = 9{x91_ 9(0 1)_9 K :radar;nlo K
sre Yo Yada o (1) .

4. Dokazte, ze rada z 5 — konverguje.

{#} je nerostouci posloupnost 4

- = fada ) &)

n=1
lima, = lim -1 5 "A” -0 vV
n- n- ool ©

5. Rozhodnéte, zda Fada konverguje relativné, absolutné nebo nekonverguje.

(-1)"
a
)Z n-Inn
n>Innprodn=1=n-Innroste =

= {n mn} je nerostouci posloupnost v

[

rada G K
n>|nnproDn>1:> Inn>0 v = ;n—lnn
I|ma || ||—0 v
-0 n
E L >l O Ew—dlvergwe = fada E—D
“~n-Inn n-inn n ~n nlnlnn

L n
celkem: rada z 1) K relativné
on

1

] ] nerostouci posloupnost 4

eL> prodn=>1 4 = Fada i(‘%)n
lima, = rI1|rroloe—1n = ||%|| =0 v

1 1 1 -
Z—n Ilmd_—llmr{/e:n-llm—<1:> fada e_l” K

n:1e n- o n - o n-o @

3

——

© r_q4\N
celkem: rada Z( ln) K absolutné
n=1 €

20



DU 12

1. Pro ktera x konverguji mocninné rady:

a) 3 n(x-3)"

b)

c)

. |a . . n
r=Ilim—"- =lim = lim =1
rMoan+1 n-en+1] n-en+1
X=2.. n(2 3)" =>'n(-1)" ... nekonverguje
n=1 n=1
X =4..>n4-3)=>n .. diverguje
n=1

11
oy

n

celkem: fada konverguje pro x 0(2,4)

[ n
= n
n=1 n!
5 n I
r = lim-21 = |im Nl = IimM = Iimn+1 = o = fada konverguje pro x [J (-, )
n-ola ~ol 8 nee pl(B[E" n-» 5 —_—
n+1 (n+1)! .
o n3
I1Z;F(x+4)“
e la, | ”*_ nPr" _ . 2n®
r=lim—- =lim—2— =lim———— =lim 3
neela | n- °°(nz:11) nqwz (n+1) n-»(n+1)
0 n n 0 n3 n n 3 .
X = - Z? -6 +4) :Z? -2) Z( 1)'n® ... nekonverguje
n=1 n=1
_ °°n 24n_oon32n_003 d 5
X = — 22_ +4) _Z? =>'n’ ... diverguje
n=1 n=1 n=1

celkem: fada konverguje pro x 0(-6,-2)

2) Urcete obor konvergence a soucet rady an Pomoci vysledku pak urcete soucet Z

n=1 ol'l ]
F = lim2o| = lim—"—| = 1
n-e 3, ~on+1
X =-1.. > n(-1)" ... nekonverguje

1l
g

X
Il
[ay

.. diverguje

1
-

n

obor konvergence je tedy x 0(-1,1)

1

1-x

inx”:x nl—XDZ(X)—X ij —x[(x+x2+x3+...)':xE€ X ]:XE;E(I_X)_XE(_I):

(1-x)?
> nx" =X pro xO(-1,1)

n=1 (1_X)2

v i % _ 10
—— = |predchozi vypocetprox = 4| = —3190 _ =10 — ——

2o 7P YPoOCetProX = | = Y < B Tt

21



o n+3

3) Urcete obor konvergence a soucet Fady Z 1 Pomoci vysledku pak urcete soucet Z
n=1 n=2

n+2 "

. | a
r=lim-—=
naooa

n+1 n+2

o (_4\n+3
x=-1.. Z% ... konverguje (dle Leibnitzova kritéria)
n=1

x=1.. Zﬁ ... diverguje (podle napf. integralniho kritéria)
n=1

obor konvergence je tedy x 0(-1, 1)

Xn+3 ®

ir”l:xzmz 17X DZI x"dx = x? Dij”dx—x Djx+x +x3 +. )dx=x2Dj1)_(

n=1

= |vydelime| = x* O ( )dx = xz(— x =1 - x|)+ c= —xz(x +Inf1 - x|)+ c pro xO(-1,1)

Ze zadani je vidét, ze soucet fady pro x = 0 je 0 (dostaneme totiZz fadu samych nul). Dosazenim do
pravé ziskaného vysledku dostavame:

n+3

0:—02(0+In|1—0|)+c = ¢c=0 = i:+1:—x2(x+ln|1—x|) pro x 0(-1,1)
=]

zadana rada vsak konverguje jesté v bodé x = - 1:

nz; (n].-‘)-"]TB _ X|1rrll+[— XZ(X + |n|1 - X|)] = —(—1 + |n|1 _ (_1)| =1-In2

celkem tedy:
0 Xn+3

n:1n+1

= -x?(x +Injt - x|) pro x 0(-1,1)

> 1 °° 1
=|pozor naspodni"mez"| = ———M—
2 P P RPN

=-1(z+Int)=-1(t+2In21) = -1 (t-2In2) = 1 (2In2 - 1) = 20221 = 0,0483

= jpredchozi vypocet pro x = 4| = ~{1) (b + In1 -%|) =

2

4. Funkci cosx rozvinte do mocninné rady se stfredem v 0.
0=0
f(x) = cosx f(x)=-sinx f'(x)=-cosx f"(x)=sinx fé(x)=cosx fEl(x)=-sinx f&(x)=-cosx
f(xg) =1  f(x,) =0 fixo) = -1  f"(x)=0 fUx)=1  f(x,)=0 f)(x,) = -1

y ()

) = F0x0) + -0 (x )+ E00d (2 L+ BB oy 4

cosx=1+i(x—0)+5(x—0)2+§(x—0)3+Z(x—0)4+%(x—0)5+_a1(x—0)6+
X2 X4 X6 _ 0 (_1)n N

cosx=1-2+2_-Z_4+ = x2
20 4 6l ~"(2n)!

(pozn. : platipro x O (-, «))

22



DU 13
1. Reste diferencialni rovnice:

a) 1+y% =xy

11 dy
X 1+y?dx

1 1
—dx = d
.[X .[1+y2 Y

Inlx| = arctgy +c;
arctgy =Inx| +c
y = tglnix + c)

b) eV(y'-1)=1

y' -1=¢"

dy _ 1 t=ev+1 dE=(t-1dy dt
F=el+1 [—av= dt = [t==
dx e¥ +1 dt:eydy ﬁ:dy tt-1
I 1 dy = Idx 1

el +1 = Imdt = [rozklad na parc. zlomky| =

:j(-l+ IZFt:—Wd+mh—q:

—In(e¥ +1)+y=x+c, /-1 t t-

In(e¥ +1) -y =-x+¢, = —In‘ey + 1‘ + In‘ey +1- 1‘ =-In(e¥ +1) +In(eY) =
In(e¥ +1)=y-x+c; =-In(e¥ +1)+y

eIn(e‘/+1) = ¥ X*G

e’ +1=ce’™

ey =ce¥ X -1

c) y* +x%y’ = xyy’

xyy' = x%y' =y? yo1 )
y’(xy —x2)= v j - du= I;dx
2
Y 1 _r1
y = Xy—XZ I[l_ajdu—j;dx
, (%)2 u = Inju| = Injx| + ¢,
y_%—l %—In‘%‘zln|x|+c1
u=2X L —Inly| +Inlx = Injx| + ¢,
- Xl =c
ux+u=y y
Y = .
u'x+u= -1 eInM _ e{+cz
u'x = o v =c e
u-1 >
u,X=u2—u2+u y = cex
u-1
EX = u /Du;l
dx u-1 u

Rovnici jsme nasobili vyrazem u-1:

’ v _ v ’ o ré .
Neni y = x resenim puvodni rovnice?
X% + x%(x) = xx(x)'
2x? = x?

Ne, y = x neni feSenim dané rovnice.

Rovnici jsme délili vyrazem u:
uzr0 ~u#0-X#0-y#0

Neni y = 0 Fedenim plvodni rovnice?

02 +x2(0) = x.0.(0)'
0=0

Ano, y = 0 je reSenim a je obsazeno
v obecném Feseni pro c = 0.
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Rovnici jsme délili vyrazem u-1:

Y
Inu_l

Y’:(%)z e u e|n‘x‘+cl u_1¢0—>u5t1—>%¢1_>y¢x

u:% u-1f Neni v = x fegeni Svodni fan

] c2|x| eni y = x resenim puvodni rovnicex
ux =y u ,
Ux+U =y u-1 x?(x)' = x?
-y — =C3X 2 _ 2
u'x +u=u? u X=X
Y _q G i MM s . v
UxX = U2 —u X - cux Ano, y = x je FeSenim a je obsaZeno
q Y 3 v obecném feseni pro c = 0.
d—ix =u(u-1) /:u(u-1) v f x
y =C3X Rovnici jsme dé&lili také vyrazem u:
Iu(u 1) I dx y_X:C3xy U%‘:O—»U#O—»%#:O—»yrﬁo
I(_l + jdu = I dx y Xy =X Neni y = 0 feSenim pdvodni rovnice?
u u-1 y(l +cx) =X 20y < 02
~1nlu] +Inju = 1) = Injx| + ¢ ) _ x“(0y =
1 » ¥y=0 0=0

u- +CX

In =Inx| + ¢, Ano, y = 0 je Feenim, ale neni obsazeno
v obecném feseni. Proto jej musime dopsat.

e) y=y+x

Jedna se o rovnici linearni; nejprve

vyreSime prisluSnou homogenni rovnici:

y'-y=0
d—y y

I dx = J-dx
In|y| =X +Cy
elnM = eX*ta
V= ce”

y =ce*

v v Ve o Ve - 7
reseni puvodni rovnice ma pak tvar:
y = ce* +c(x).e*

f) (x +1)y' -2y = (x +1)*

y' - 2 y =(x+1)* .. linearni rovnice
X+1
y' - y =0 ... pfislusna homogenni
X+1
dy 2
x+1

.[ dy = .[x+1 X

Inly| = 2Injx +1] + ¢,
Inly| = Inx + 1|2 +cy
eInM - eln(x+1)2+c1
|Y| =Cy(x +1)°

y =c.(x +1)?

samotné c(x).e* je feenim plvodni rovnice:

(c(x).ex)' =c(x).e* +x
c'(x).e* +c(x).e* =c(x).e* +x
c'(x).e* =

c'(x) =xe™
_ u=x v =e*¥
c(x) = .[x.e *dx =

=X

) = -xe™™ —j—e"xdx =
u=1 v=-

=-—xe-e*=e ¥ (x-1)

celkem tedy:
y=ce*+eX(-x-1).e*
y=ce’*-x-1

FeSeni pdvodni rovnice ma pak tvar:

y = (x +1)% +c(x).(x +1)?

samotné c(x).(x +1)? je feSenim plvodni rovnice:

(x + 1).[c00.(x +1)2) =2c(x).(x + )2 = (x +1)* /1 (x +1)
c'(X).(x +1)% +c(x).2(x +1) = 2¢(x).(x +1) = (x +1)3
c'(x).(x +1)% = (x +1)3

c(x)=x+1
c(x) = j (x +1)dx
o(x) =% +x

celkem tedy:
y=c(x+1)2 +(X +x).(x+1)? =y = (x+1)2( +x+c)
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