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David Šafránek
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Aproximace vstupńıch funkćı

• vzhledem k S-charakteru vstupńı funkce lze uplatnit jej́ı
aproximaci pomoćı schodové funkce
regulace aktivátorem X :

f +(X ) = βmax%+(X ) ≈ βmaxs+(X ,K )

regulace represorem X :

f −(X ) = βmax%−(X ) ≈ βmaxs−(X ,K )

s+(X ,K ) =

{
1, if X > K ,
0, if X < K ,

s−(X ,K ) = 1− s+(X ,K )

• spojitý model je aproximován náhradou Hillových funkćı
schodovými funkcemi (kinetická logika)
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Diskretizace vstupńı funkce (s+(X ) ≈ %+(X ))
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Diskretizace vstupńı funkce (s+(X ) ≈ %+(X ))

Step Function
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Př́ıklad modelu regulace

P2

Crp

Fis

P1 crp

Crp:S

Signal S

→ Crp → Crp;Fis,Crp,S Crp →

d [Crp]

dt
= β0

P1
+ βmax

P1
f −(Fis) + βmax

P2
f −(Fis)f +(Crp,S)− γ[Crp]
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Př́ıklad modelu regulace

P2

Crp

P1 crp

Crp:S

Signal S

K2
K1

Fis

→ Crp → Crp;Fis,Crp,S Crp →

d [Crp]

dt
≈ β0

P1
+βmax

P1
s−(Fis,K1)+β

max
P2

s−(Fis,K2)f
+(Crp,S)−γ[Crp]
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Př́ıklad modelu regulace

P2

Fis

P1 crp

K1
K2

Crp:S

Signal S

Crp

→ Crp → Crp;Fis,Crp,S Crp →

d [Crp]

dt
≈ β0

P1
+βmax

P1 s−(Fis,K1)+β
max
P2

s−(Fis,K2)f
+(Crp,S)−γ[Crp]
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Př́ıklad modelu regulace

P2

Fis

P1 crp

K1
K2

Crp:S

Signal S

Ks

K3
Crp

→ Crp → Crp;Fis,Crp,S Crp →

d [Crp]

dt
≈ β0

P1
+βmax

P1
s−(Fis,K1)+β

max
P2

s−(Fis,K2)s
+(Crp,K3)s

+(S ,Ks)−γ[Crp]
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Intervalově lineárńı model transkripčńı regulace

gene a gene b

protein A protein B

d [A]

dt
= βa s−(A, θ1

a) s−(B, θ1
b)− γa [A]

d [B]

dt
= βb s−(B, θ2

b)− γb [B]
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Koncentračńı prahy

• prahy na proměnné [A]
• vstup pro represńı funkci proteinu A, práh θ1

a

• intervalová charakteristika oboru hodnot:

0 < θ1
a < maxa

⇒ [A] ∈ {(0, θ1
a), θ

1
a , (θ

1
a ,maxa)}

• prahy na proměnné [B]
• vstup pro represńı funkci proteinu A, práh θ1

b
• vstup pro represńı funkci proteinu B, práh θ2

b
• intervalová charakteristika oboru hodnot:

0 < θ1
b < θ2

b < maxb

⇒ [B] ∈ {(0, θ1
b), θ

1
b, (θ

1
b, θ

2
b), θ

2
b, (θ

2
b,maxb)}
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Kvalitativńı charakteristika dA
dt ,

dB
dt

s−(A, θ1
a) s−(B, θ1

b) s−(B, θ2
b)

dA
dt

dB
dt ΦA ΦB

0 ∗ 1 −γa[A] βb − γb[B] 0 βb
γb

0 ∗ 0 −γa[A] −γb[B] 0 0

1 1 1 βa − γa[A] βb − γb[B] βa

γa

βb
γb

1 1 0 βa − γa[A] −γb[B] βa

γa
0

• pro každou kombinaci je soustava lineárńı
• množina domén lineárńı regulace (regulatorńı domény):

{(0, θ1
a), (θ

1
a ,maxa)} × {(0, θ1

b), (θ
1
b, θ

2
b), (θ

2
b,maxb)}

• řešeńı v doméně D smě̌ruj́ı ke stejnému ekvilibriu Φ(D)
• v p̌ŕıkladu celkem 6 regulatorńıch domén
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Rozděleńı prostoru řešeńı

θ1
a

maxa

maxb0 θ1
b θ2

b[B]

[A]



Intervalově lineárńı aproximace transkripčńı regulace Booleovské śıtě

Určeńı pozice ekvilibríı

θ1
a

maxa

βa

γa

maxb0 θ1
b θ2

b[B]

[A]

βb

γb
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Vývoj v regulatorńıch doménách

θ1
a

maxa

maxb0 θ1
b θ2

b[B]

[A]

βb

γb

βa

γa

(0, βb

γb
) (0, βb

γb
) (0, 0)

(0, βb

γb
) (0, 0)

(βa

γa
, βb

γb
)
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Stavový prostor

θ1
a

maxa

maxb0 θ1
b θ2

b[B]

[A]
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Chováńı v regulatorńıch doménách

θ1
a

maxa

maxb0 θ1
b θ2

b[B]

[A]
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Přechodové domény

• nadroviny dimenze striktně nižš́ı než počet proměnných

• alespoň jedna z proměnných p̌rechodová (rovna některému
prahu):

{θ1
a} × {(0, θ1

b), θ
1
b, (θ

1
b, θ

2
b), θ

2
b, (θ

2
b,maxb)}

∪{(0, θ1
a), (θ

1
a ,maxa)} × {θ1

b, θ
2
b}

• celkem 9 p̌rechodových domén

• právě všechny úseky nespojitosti (nedefinovanosti) step-funkćı

• řád domény – počet regulatorńıch (nep̌rechodových)
proměnných



Intervalově lineárńı aproximace transkripčńı regulace Booleovské śıtě

Aproximace systému (Filippov)

• aproximace systému rovnic systémem inkluźı [Filippov]:
systém tvaru d~x

dt = f (~x) aproximujeme systémem inkluźı H(~x):

d~x

dt
∈ H(~x) (1)

• pro lib. reg. doménu D je ∀~x ∈ D.H(~x) = {fD(~x)}, kde fD(~x)
je lineárńı funkce smě̌ruj́ıćı dynamiku do bodu Φ(D)

• pro lib. p̌rech. doménu D je:

∀~x ∈ D. H(~x) = co({fD′(~x) | D ′ reg . dom. sousedici s D})

co(E ) ... konvexńı obal množiny bodů E

Filippovova věta:

Spojitá funkce ~x(t) je pro iniciálńı problém x(0) = x0 řešeńım

systému (1) na 〈0, τ), τ > 0, pokud pro skoro všechna t ∈ 〈0, τ) plat́ı
d~x(t)

dt ∈ H(~x(t)).
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Aproximace systému (Filippov)

• aproximace systému rovnic systémem inkluźı [Filippov]:
systém tvaru d~x

dt = f (~x) aproximujeme systémem inkluźı H(~x):

d~x

dt
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∀~x ∈ D. H(~x) = co({fD′(~x) | D ′ reg . dom. sousedici s D})

co(E ) ... konvexńı obal množiny bodů E

Filippovova věta:

Spojitá funkce ~x(t) je pro iniciálńı problém x(0) = x0 řešeńım

systému (1) na 〈0, τ), τ > 0, pokud pro skoro všechna t ∈ 〈0, τ) plat́ı
d~x(t)

dt ∈ H(~x(t)).
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Chováńı v přechodových doménách

• pro p̌rechodovou doménu D řádu k vývoj definován množinou
ćılových ekvilibríı:

Φ(D) = C ∩ co({Φ(D ′)‖D′ sousedni reg. dom.})
C ... nadrovina dimenze (n − k) obsahuj́ıćı D

• Φ(D) = ∅ — okamžitý odskok
spojitost řešeńı zachována návaznost́ı domén
D tzv. transparentńı zeď

• Φ(D) 6= ∅ — mód skluzu
D tzv. černá zeď (docháźı ke zlomu)

• pokud nav́ıc Φ(D) ∩ D 6= ∅, existuje na D stabilńı bod

• dále (nad)aproximujeme Φ(D) v ψ(D):

ψ(D) = C ∩ rect({Φ(D ′)‖D′ sousedni reg. dom.})
rect(E ) w co(E ) ... nejmenš́ı (hyper)obdélńık zahrnuj́ıćı E
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Chováńı v přechodových doménách
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Chováńı v přechodových doménách – skluz

θ1
a

maxa

maxb0 θ1
b θ2

b[B]

[A]

βb

γb

βa

γa

(0, βb

γb
)

(βa

γa
, βb

γb
)
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Chováńı v přechodových doménách – ekvilibrium

(0, βb

γb
) (0, 0)

θ1
a

maxa

maxb0 θ1
b θ2

b[B]

[A]

βb

γb

βa

γa
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Chováńı v přechodových doménách – odskok

θ1
a

maxa

maxb0 θ1
b θ2

b[B]

[A]

βb

γb

βa

γa

(βa

γa
, βb

γb
)

(0, βb

γb
)
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Konstrukce diskrétńı (kvalitativńı) simulace

Uvažme systém d〈x1,...,xn〉
dt = f (〈x1, ..., xn〉) kde na každé proměnné

xi (t) ∈ R+ je definována množina prahů Tri = {θ1
i , θ

2
i , ..., θ

ki
i },

ki ≥ 0, t.ž. 0 < θ1
i < θ2

i < ... < θn
i < maxi .

Definujeme p̌rechodový systém QS ≡ 〈S ,T ,S0〉 kde

• S je konečná množina všech domén systému (stav p̌ŕıslušný k
doméně D znač́ıme DS)

• T ⊆ S × S je p̌rechodová relace (def. viz dále)

• S0 ⊆ S je neprázdná množina iniciálńıch stav̊u
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Konstrukce diskrétńı (kvalitativńı) simulace

Nechť D,D ′ domény a nechť ~w ∈ {−1, 0, 1}n vektor určuj́ıćı
vzájemnou pozici D a D ′.

• Pokud D vyš̌śıho řádu než D ′ pak 〈DS ,DS ′〉 ∈ T ⇔
1. ψ(D) 6= ∅
2. Pro každou xi p̌rechodovou proměnnou v D ′, p̌ritom

regulatorńı v D, existuj́ı body p ∈ D a p′ ∈ ψ(D) t.ž.
∀i . (p′ − p)i · wi > 0.

• Pokud D nižš́ıho řádu než D ′ pak 〈DS ,DS ′〉 ∈ T ⇔
1. ψ(D ′) 6= ∅
2. Pro každou xi p̌rechodovou proměnnou v D ′, p̌ritom

regulatorńı v D, existuj́ı body p ∈ D ′ a p′ ∈ ψ(D ′) t.ž.
∀i . (p′ − p)i · wi ≥ 0.
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Přechod z domény nǐzš́ıho do vyšš́ıho řádu

θ1
a

maxa

maxb0 θ1
b θ2

b[B]

[A]

βb

γb

βa

γa

(βa

γa
, βb

γb
)

(0, βb

γb
)

(βa

γa
, 0) (βa

γa
, 0)
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Diskrétńı (kvalitativńı) simulace

θ1
a

maxa

maxb0 θ1
b θ2

b[B]

[A]
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Vlastnosti kvalitativńı simulace

Nechť M je intervalově lineárńı model daný systémem rovnic
d〈x1,...,xn〉

dt = f (~x). Pro iniciálńı podḿınku ~x(0) = ~x0 definujeme
spojitou sémantiku modelu M, JMKc : R+

0 →
∏n

i=1 R+
0 ,

JMKc(t) =
∏n

i=1 xi (t).

Nechť pro každé xi je definována množina prahů
Tri = {θ1

i , θ
2
i , ..., θ

ki
i }, ki ≥ 0, t.ž. 0 < θ1

i < θ2
i < ... < θki

i < maxi ,

θ0
i = 0 a θki+1

i = maxi . Označme:
Ni = {(θp

i , θ
q
i ) ⊂ R | p, q ∈ N, 0 ≤ p ≤ ki , q = p + 1} ∪ {θp

i | 0 < p ≤ ki}.

Nechť QS = 〈S ,T , {DS0}〉 kvalitativńı p̌rechodový systém. Pro
iniciálńı doménu D0 definujeme diskrétńı sémantiku modelu M,
JMKd : N →

∏n
i=1 Ni ,

• JMKd(0) = D0

• JMKd(i) = D ′, kde 〈DS ,DS ′〉 ∈ T ,D = JMKd(i − 1).
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Vlastnosti kvalitativńı simulace

Konzervativnost

Nechť ~x(0) = ~x0 iniciálńı podḿınka a D0 doména t.ž. ~x0 ∈ D0.
Pro libovolné τ ∈ R+, τ > 0 existuje δ ∈ N, δ ≥ 0 a posloupnost
stav̊u

∏δ
i=0JMKd(i) (s itým členem značeným π(i)), tak že plat́ı

∀t ∈ 〈0, τ). JMKc(t) ∈ π(j) kde j ≤ δ.

Neúplnost

Existuje simulačńı posloupnost
∏k

i=0JMKd(i), iniciálńı podḿınka
~x0 ∈ D0 a τ > 0 pro něž JMKc(t) neńı řešeńım systému pro
t ∈ 〈0, τ).
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Nástroj GNA (Genetic Network Analyzer)

• nástroj Genetic Network Analyzer (GNA)
http://www.genostar.com/en/genostar-software/
gnasim.html

• umožňuje kvalitativńı simulaci kinetiky

• využit́ı aproximace pomoćı schodových funkćı (represe,
aktivace)

• prostor řešeńı lze diskretizovat na konečný počet oblast́ı, v
nichž chováńı degraduje v lineárńı rovnice

• umožňuje abstrahovat od konkrétńıch hodnot
• ḿısto p̌resné hodnoty koncentrace rozlǐsujeme několik

diskrétńıch úrovńı
• úrovně určeny pozicemi prahových hodnot a pozicemi v

rozmeźı mezi bezprosťredně následuj́ıćımi prahovými
hodnotami schodových funkćı

• r̊uzná chováńı pro r̊uzné uspǒrádáńı prahových hodnot
schodových funkćı

http://www.genostar.com/en/genostar-software/gnasim.html
http://www.genostar.com/en/genostar-software/gnasim.html
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Simulace v GNA (Model nutričńıho stresu E. coli)
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Simulace v GNA – vlastnosti

• abstrakce od kvantitativńı znalosti kinetiky
• ztráćıme informaci o čase
• zachováváme však informaci o tranzientnosti všech diskrétńıch

domén

Doména D je tranzientńı pokud pro libovolný bod v ∈ D
existuje trajektorie, která v konečném čase opust́ı D.

• algoritmus kvalitativńı simulace GNA nadaproximuje
(konzervativnost) znalost o tranzientńıch stavech
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Simulace v GNA – neúplnost

• da
dt = βa(1− s+(a, θ1

a)s
+(b, θ1

b))− γaa

• db
dt = βb(1− s+(a, θ1

a)s
+(b, θ1

b))− γbb

• rozsah exprese genu a: 0 < θ1
a < maxa

• rozsah exprese genu b: 0 < θ1
b < maxb
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Simulace v GNA – neúplnost

• da
dt = βa(1− s+(a, θ1

a)s
+(b, θ1

b))− γaa

• db
dt = βb(1− s+(a, θ1

a)s
+(b, θ1

b))− γbb

• dynamika genu a: θ1
a <

βa

γa
< maxa

• dynamika genu b: θ1
b <

βb
γb
< maxb
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Simulace v GNA – neúplnost
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Simulace v GNA – neúplnost

Φ(D6) ∈ D6 Ψ(D6) ∈
9⋃

i=1

Di

γa

κa

κb

γb
>
θ1
b

θ1
a
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Simulace v GNA – neúplnost

Φ(D6) ∈ D6 Ψ(D6) ∈
9⋃

i=1

Di

γa

κa

κb

γb
>
θ1
b

θ1
a
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Simulace v GNA – neúplnost

Φ(D6) ∈ D5 Ψ(D6) ∈
9⋃

i=1

Di
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Simulace v GNA – neúplnost

Φ(D6) ∈ D5 Ψ(D6) ∈
9⋃

i=1

Di

γa

κa

κb

γb
=
θ1
b

θ1
a
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Simulace v GNA – neúplnost

Φ(D6) ∈ D5 Ψ(D6) ∈
9⋃

i=1

Di

Φ(D5) ∈ D5 Ψ(D5) ∈
9⋃

i=1

Di
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Simulace v GNA – neúplnost

Φ(D6) ∈ D4 Ψ(D6) ∈
9⋃

i=1

Di
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Simulace v GNA – neúplnost

Φ(D6) ∈ D4 Ψ(D6) ∈
9⋃

i=1

Di

γa

κa

κb

γb
<
θ1
b

θ1
a
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Simulace v GNA – neúplnost

Φ(D6) ∈ D4 Ψ(D6) ∈
9⋃

i=1

Di

Φ(D5) ∈ D4 Ψ(D5) ∈
9⋃

i=1

Di
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Př́ıklad modelu – autoregulace

gene a

protein A
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Př́ıklad modelu – autoregulace

gene a

protein A

0 1 2 3 4

• identifikace diskrétńıch úrovńı exprese
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Př́ıklad modelu – autoregulace

gene a

protein A

0 1 2 3 4

• spontánńı (tzv. bázová) transkripce: A → 4
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Př́ıklad modelu – autoregulace

gene a

protein A

0 1 2 3 4

• ḿısto projevu regulace (A ∈ {3, 4} ⇒ regulace aktivńı)
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Př́ıklad modelu – autoregulace

gene a

protein A

0 1 2 3 4

• ćılový bod regulace (A ∈ {3, 4} ⇒ A → 0)
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Stavový prostor – autoregulace

• p̌rechodový systém 〈S ,T ,S0〉
• S množina stav̊u, S ≡ {0, 1, 2, 3, 4}
• S0 ⊆ S množina počátečńıch stav̊u
• T ⊆ S × S p̌rechodová relace:

zdrojový stav aktivńı regulace ćılový stav

0 ∅; [A → 4] 1
1 ∅; [A → 4] 2
2 ∅; [A → 4] 3
3 A →− A; [A → 0] 2
4 A →− A; [A → 0] 3
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Stavový prostor – autoregulace

p̌rechodový systém pro negativńı autoregulaci 〈S ,T ,S0 = S〉 :

4

3

2

1

0
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Př́ıklad modelu složené regulace

gene a gene b

protein A protein B
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Diskrétńı charakteristika dynamiky

protein A protein B

gene a gene b

0 1 20 1

• identifikace diskrétńıch úrovńı exprese
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Diskrétńı charakteristika dynamiky

protein A protein B

gene a gene b

0 1 20 1

• spontánńı (tzv. bázová) transkripce: A → 1, B → 2
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Charakteristika regulace – autoregulace

protein A protein B

gene a gene b

0 1 20 1

• ḿısto projevu regulace B →− B (B = 2 ⇒ regulace aktivńı)
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Charakteristika regulace – autoregulace

protein A protein B

gene a gene b

0 1 20 1

• ćılový bod regulace B →− B (B = 2 ⇒ B → 0)
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Charakteristika regulace – vstupńı funkce

protein A protein B

gene a gene b

0 1 20 1

• ḿısto projevu regulace B →− A (B ∈ {1, 2} ⇒ reg. aktivńı)
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Charakteristika regulace – vstupńı funkce

protein A protein B

gene a gene b

0 1 20 1

• ḿısto projevu regulace A →− A (A = 1 ⇒ reg. aktivńı)
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Charakteristika regulace – vstupńı funkce

protein A protein B

gene a gene b

0 1 20 1

AND

• AND-kompozice regulaćı A →− A ∧ B →− A:
A = 1 ∧ B ∈ {1, 2} ⇒ regulace aktivńı
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Charakteristika regulace – vstupńı funkce

protein A protein B

gene a gene b

0 1 20 1

AND

• ćılový bod složené regulace A →− A ∧ B →− A:
A = 1 ∧ B ∈ {1, 2} ⇒ A → 0
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Stavový prostor – synchronńı sémantika

• p̌rechodový systém 〈S ,T ,S0〉
• S ≡ {0, 1} × {0, 1, 2}
• S0 ⊆ S , uvažujeme S0 = S
• T ⊆ S × S p̌rechodová relace (zobrazeńı):

zdrojový stav aktivńı regulace ćılový stav

[0, 0] ∅; [A → 1,B → 2] [1, 1]
[0, 1] B →− A; [A → 0,B → 2] [0, 2]
[0, 2] B →− B ∧ B →− A; [A → 0,B → 0] [0, 1]
[1, 0] A →− A; [A → 0,B → 2] [0, 1]
[1, 1] A →− A ∧ B →− A; [A → 0,B → 2] [0, 2]
[1, 2] A →− A ∧ B →− A ∧ B →− B; [A → 0,B → 0] [0, 1]
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Stavový prostor – synchronńı sémantika

p̌rechodový systém 〈S ,T ,S0 = S〉 :
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Stavový prostor – asynchronńı sémantika

• p̌rechodový systém 〈S ,T ,S0〉
• S ≡ {0, 1} × {0, 1, 2}
• S0 ⊆ S , uvažujeme S0 = S
• T ⊆ S × S p̌rechodová relace:

zdroj. stav aktivńı regulace ćılové stavy

[0, 0] ∅; [A → 1,B → 2] [1, 0], [0, 1]
[0, 1] B →− A; [A → 0,B → 2] [0, 2]
[0, 2] B →− B ∧ B →− A; [A → 0,B → 0] [0, 1]
[1, 0] A →− A; [A → 0,B → 2] [0, 0], [1, 1]
[1, 1] A →− A ∧ B →− A; [A → 0,B → 2] [0, 1], [1, 2]
[1, 2] A →− A ∧ B →− A ∧ B →− B; [A → 0,B → 0] [0, 2], [1, 1]
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Stavový prostor – asynchronńı sémantika

p̌rechodový systém 〈S ,T ,S0 = S〉 :
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Vlastnosti diskrétńıch sémantik

• synchronńı sémantika
• efekt aktivńıch regulaćı uplatněn pro všechny proteiny ve

stejný okamžik
• nerealistická approximace, dává však deterministický

p̌rechodový systém

• asynchronńı sémantika
• efekt aktivńıch regulaćı uplatněn pro každý protein individuálně

(interleaving)
• nutno uvažovat všechny možné souběhy
• věrněǰśı aproximace, dává však nedeterministický p̌rechodový

systém
• možnost definovat priority
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Nástroj GINsim

• nástroj Gene Interaction Network simulation (GINsim)
http://gin.univ-mrs.fr/GINsim/accueil.html

• umožňuje asynchronńı i synchronńı simulaci transkripčńı
regulace

• inherentně diskrétńı model (v́ıcehodnotová logika)
• ḿısto p̌resné hodnoty koncentrace rozlǐsujeme několik

diskrétńıch úrovńı
• s každou regulaćı spjat aktivačńı interval diskrétńıch úrovńı

specifikuj́ıćı kdy je reguluj́ıćı protein aktivńı
• u každého proteinu je specifikován individuálńı/kompozitińı

projev vstupńıch regulaćı
• možnost neregulované (bázové) transkripce

• grafové algoritmy pro transkripčńı śı̌t i p̌rechodový systém

http://gin.univ-mrs.fr/GINsim/accueil.html
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