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Transition Matrices

We want to apply this method of computing A* to the analysis of a certain type of
physical system that can be described by means of the following kind of mathemat-
ical model. Suppose that the sequence

Ko X1 Koy s Kk @
of n-vectors is defined by its initial vector xp and an n x n transition matrix A in
the following manner:

X =Ax,  foreachk> 0. ©)

We envision a physical system—such as a population with » specified subpopula-
tions—that evolve through a sequence of successive states described by the vectors
in (4). Then our goal is to calculate the kth state vector x;. But using () repeatedly,
we find that

X =Axg, x=Ax; =A%, x3=Ax; =A%,
and in general that
x = Afxg. ®
‘Thus our task amounts to calculating the k power A* of the transition matrix A.
Consider a metropolitan area with a constant total population of 1 million individu-
als, This area consists of a city and its suburbs, and we want to analyze the changing
wurban and suburban populations. Let Cy denote the city population and Sy the sub-
urban population after k years. Suppose that each year 15% of the people in the city

move to the suburbs, whereas 0% of the people in the suburbs move to the <ity.
Then it follows that

Cayt = 0.85C; +0.105;

@
St = 0.15C; + 0.908;
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