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1 Nevlastni integral

Nevlastni integral je rozSifenim pojmu Riemannova integralu. Riemanndv integral
je definovany pouze pro ohrani¢ené funkce a konecné obory integrace.
Body, ve kterych funkce neni ohrani¢ena a nevlastni body +oo budeme souhrnné
nazyvat singularnimi body.

b

Integral / f(x) dx nazyvame nevlastni, pokud alespon jedno z &isel a, b je rovno

a
+00, nebo funkce f(x) neni ohrani¢ena na uzavieném intervalu [a, b] (ij. alespor
v jednom bodé intervalu funkce ma singularni bod - nemusi jit vzdy o body a nebo
b, ale singularni bod muze byt i uvnitf intervalu).
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/ e Mdx = Iim/ e ™ dx

1 u—oo -1

/ )
=X

-1 o

( Definice. Necht b € R U {+oo} a necht funkce 7(x) je integrovatelna na kazdém
intervalu [a, u], kde a < u < b. Déle necht bud’ plati b = co nebo necht’ f(x) neni
u

ohrani¢end v okoli bodu b. Existuje-li viastni limita Iirg / f(x)dx = B, fikame Ze
u—b- a
b

nevlastni integral konverguje a piSeme / f(x)dx = B. Pokud limita neexistuje,

a
b

nebo je nevlastni, fikame, Ze integral / f(x) dx diverguje.
a

Poznamka 1. Pokud je v pfedchozi definici b = co, nahradime v definici jednostran-
nou limitu oby&ejnou limitou.
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Definice. Necht a € R u {-oo} a necht funkce f(x) je integrovatelna na kazdém}
intervalu [u, b], kde a < u < b. Déle necht bud plati a = —oo nebo necht’ f(x)

b
neni ohraniCena v okoli bodu a. Existuje-li vlastni limita lim / f(x)dx = A,

u—at u
b
fikdme ze nevlastni integrdl konverguje a piSeme / f(x)dx = A. Pokud limita

a
b

neexistuje, nebo je nevlastni, fikame, Ze integral / f(x) dx diverguje.
a

Poznamka 2. Pokud je v predchozi definici a = —oo, nahradime v definici jedno-

strannou limitu oby¢ejnou limitou.
(<< <> o> | Nevlastni integral ©Robert Mafik, 2008 EJ



<

"/%
%/

>

U { 4 X
°° —X2 0 —X2 i —X2
e ™ dx = e™ dx + e™ dx
—00 o) 0
0 v
. —X2 . —X2
= lim / e ™ dx + Ilm/ e ™ dx
Uu——00 V—00 0

u

Pokud singularni bod lezi uvnitf intervalu (a, b), a, b € R u {£oo}, nebo pokud jsou
singularnimi body obé& meze, rozdélime interval pfes ktery integrujeme na nékolik
podintervald opakovanym vyuzitim aditivity Riemannova integralu vzheldem k
mezim a integrujeme na kazdém intervalu samostatné.
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Int it _
ntegruj e/1 PP

(<< <> o> | Nevlastni integral ©Robert Mafik, 2008 EJ



@ 1
Integruijte —— dx.
[ ordl /1 X(x2+1) ]

/= lim dx

u
U—*°°/1 x(x2 +1)

Pouzijeme definici nevlastniho integralu a rozepiSeme jej jako limitu Riemannova ]
integralu. ‘
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@ 1
Integruijte —— dx.
[ ord /1 X(x2+1) ]

Y 1
/= Iim/ —dx
u—oo J x(x2 + 1)

1
/—dx:/l— X dx =
xX(x2 +1) X x24+1

Pro vypocet neurgitého integralu rozlozime na parcialni zlomky.
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@ 1
Integruijte —— dx.
[ ord /1 X(x2+1) ]

Y 1
/= Iim/ —dx
u—oo J x(x2 + 1)

1 1 1
/—dx:/—— X dx =Inx - =In(x2 + 1)
x(x2+1) X x2+1 2

Uzijeme zakladni vzorce a pravidla pro integraci.
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@ 1
Integruijte —— dx.
[ ord /1 X(x2+1) ]

Y 1
/= Iim/ —dx
u—oo J x(x2 + 1)

1 1 1
/—dx:/—— X dx =Inx - =In(x2 +1)
x(x2+1) X x2+1 2

u 1 1 1
— dx=lhu-=In(?+1) +=In2
/1X(X2+1) 2 ( ) 2 @

Vypocteme Riemanniyv integral pomoci Newtonovy—Leibnizovy véty.
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@ 1
Integruijte —— dx.
[ ord /1 X(x2+1) ]

Y 1
/= Iim/ —dx
u—oo J x(x2 + 1)

1 1 1
/—dx:/—— X dx =Inx - =In(x2 +1)
x(x2+1) X x2+1 2

u 1 1 1
— dx=lhu-=In?+1) +=In(2
/1X(X2+1) SIn@? +1) + 3 In(2)

. 1 2 1
/ = uler;o[lnu - I + 1)+ 3 In(2)]

Nyni uZijeme limitni pfechod v — oo.
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@ 1
Integruijte —— dx.
[ ol /1 x(x2+1) ]

Y 1
/= Iim/ ——dx
u—oo J x(x2 + 1)

1 1
/—dx:/—— X dx=|nx—%|n(x2+1)

x(x2 +1) X x2+1
/u L dx—Inu—1In(u2+1)+1In(2)
1 x(x2+1) 2 2

L I ’1 )
/_U|Ln;°ﬂ|nu 5 In(u +1)+2In(2)]_

2

=1|n2+1|n(|im )=1|n2+1|n1=1ln2.
2 B N\ By B 2 2

e Vyraz je typu oo — 0.

e Sectenim logaritm( pfevedeme na logaritmus podilu, se kterym se lépe za-
chazi.
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@ 1
Integruijte —— dx.
[ ol /1 x(x2+1) ]

Y 1
/= Iim/ —dx
u—oo J x(x2 + 1)

1 1 1
/—dx:/—— X dx =Inx - =In(x2 +1)
x(x2+1) X x2+1 2

u 1 1 1
— dx=lhu-=In?+1) +=In(2
/1X(X2+1) SIn@? +1) + 3 In(2)

. 1 2 1
/_U|Ln;°[|nu— S+ 1) + E|n(2)] -

2
=1|n2+1|n(|im u )=1|n2+1|n1
2 2 "\l zr1/) "2 2

]
Integral konverguije, jeho hodnota je / = > In2. ]
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A
Int it dx.
negrUje/2 Y x]

Rozepiseme

Neurgity integral splfiuje

/ L dx=/idx=ln|lnx|
xInx Inx

a proto

(e} 1 u 1
/=/ dx = Iim/ dx = lim [In||nu|—|n|ln2|]=oo
b xInx u—oo [, xInx u—0oo

a nevlastni integral tedy diverguje.
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Integrujte / ;dx.
1 Xxvx+1
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Integrujte / —— dx.
1 Xxvx+1

u
| = Ilm/ !
2

pouzijeme definici nevlastniho integralu.
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Integrujte / —— dx.
1 Xxvx+1

u 1
| = Ilm/
2

/;dx
xXvVx+1

Vypocteme neurdity integral.
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[Integrujte

/:DX\/X—?dX.]

u
| = Ilm/
2

/ 1
xXvx+1

dx

x+1=1¢?

Substituci odstranime odmocninu.

|

Nevlastni integral
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[Integrujte

LmNX—?dx.]

u 1
| = Ilm/
2

/ 1
——dx
xXvx +1

X+1=1t
x =1 -1

Vypocteme x. ..

Nevlastni integral
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[Integrujte

[ =]

u
| = Ilm/
2

/ 1
xXvx+1

dx

x+1=1t?
x=t -1
dx = 2tdt

.. a odsud nalezneme vztah mezi diferencidly.

Nevlastni integral
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Integrujte / —— dx.
1 Xxvx+1

u 1
| = Ilm/
2

1 X+1=1¢°
XVx+1 dx = 2t dt

= /;tht
(2 - 1)t

Dosadime substituci. . .

|

Nevlastni integral
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Integrujte / —— dx.
1 Xxvx+1

u 1
| = Ilm/
2

1 X+1=1¢° 1 2
/—dx x =11 =/2—2tdt=/2 dt
xXVx +1 dx = 2t dt (t _1)T e -1

. a upravime.
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Integrujte / —— dx.
1XVx+1

u 1
| = Ilm/
2

1 X+1=1¢ 1 2 1

o |62t | [ A [ n

xXvx+1 dx = 2t dt (t_1)t 2 -1 t+1
(Rozlozime na parcialni zlomky (zde pfesko€eno) a zintegrujeme. )

———dz‘-lnz‘—1—lnt 1
/12—1 /t—1 T [£= 1] =Injt +1]

|Z‘—1| t-1
=1In
[t + 1] t+1
. Y
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[Integrujte

[ =]

u
| = Ilm/
2

/ 1
xXvx+1

dx

x+1=1t?
x=t -1
dx = 2t dt

=/U21—m2tdt=/

In

vx+1-1
vx+1+1

2

2 -1

d1‘=lnu
t+1

Dosadime substituci a vratime se tak zpét k proménné x.

Nevlastni integral
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Integrujte / —— dx.
1 xvVx+1
X+1-
R 1 Vx+1-1
[ = lim ———dx=In —
U= f1 xvx + 1 XVx +1 vx+1+1
u
/;dx
1 xvx+1

Uzijeme primitivni funkci k vypoctu uréitého integralu.
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Integrujte / —— dx.
1 xvVx+1
v 1 Vx+1-1

[ = lim ———dx=In ——

U= f1 xvx + 1 XvVx +1 vx+1+1
‘ ari-1]"

——dx = |In —
1 xvx+1 vx+1+1

Newtonova—Leibnizova formule.

|

Nevlastni integral
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Integrujte / —— dx.
1 xvx+1
‘1 1 VX -1
T et XX VX1 +1
/u—dx— InLHu—n u+1_1—|n\/§_1
X VX1 +1 I+l V24

Urcity integral.
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Integrujte / —— dx.
1 xvVx +1
R 1 Vx+1-1
[ = lim ———dx=In—
U= )1 xvx +1 XvVx +1 vx+1+1
/“_dx_ VA=t ”_n\/u+1—1_n\/§—1
1 xvx+1 vx+1+1 vu+1+1 V2 + 1
v2-1 Vu+1-1
[ =-In + |lim In —
V2+1 U Vusl+1

Nevlastni integral je limitou uréitého integralu.
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Integrujte / —— dx.
1 xvVx +1
¢1 1 Vx+1-1
/I = lim ———dx=In ——
U= )1 xvx +1 XvVx +1 vx+1+1
/u—dx— InLHu—n u+1_1—|n\/§_1
1 xvx+1 vx+1+1 vu+1+1 V2 + 1
v2-1 Vu+1-1
[ =-In + lim In —

V2+1 7 o+t +1
V2 +1 . Vu+1-1
=1In +In{ lm ———
V2 -1 =+ 1+ 1

[Uiijeme vétu o limité funkce se spojitou vnéjsi slozkou.
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Integrujte / —— dx.
1 xvVx+1
R 1 Vx+1-1
/= lim ——dx=In—
U=l xvx + 1 XVx +1 vVx+1+1
/“_dx_ VA=t C VuEd-1 V2t
1T XVX+1 Vx+1+1 Vu+1+1 V2 +1
V2 - . Vu+1-1
/=-=In + lim In —
V2+1 U Vusl+1
V2 + 1 Vu+1-1 V2 +1 (Vu+1)
= +In{ lm ——— ] =1In +In{ lIm ——
V2 -1 U= w1+ 1 V2 -1 = (Vu+ 1y
[Vnitfm’ sloZka je neurcity vyraz typu g a |ze pouzit 'Hospitalovo pravidlo. ]

Nevlastni integral
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Integrujte / —— dx.
1 xvVx +1
v 1 Vx+1-1
/I = lim ———dx=In ——
S o XX VX1 +1
/u—dx— InL1_1 u—n u+1_1—|n\/§_1
1 xvx+1 vx+1+1 vu+1+1 V2 + 1
v2-1 Vu+1-1
[ =-In + lim In —
V2+1 U Vusl+1
V2 + 1 o+ 1-1 V2 +1 _ (Vu+ 1y
=1In +In{ M ——— ) =1In +In{ M ——
V2 -1 U= w1+ 1 V2 -1 U= (Vu+ 1y
V2 +1
= +In1
V2 -1

Citatel a jmenovatel se zkrati.

Nevlastni integral
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Integrujte / —— dx.
1 xvVx +1
v 1 Vx+1-1
[ = lim ———dx=In—

S o XX VX1 +1
/“_dx_ VA=t ”_n\/u+1—1_n\/§—1
X Vxri+t], Vuriet V24

v2-1 Vu+1-1
[ =-In + lim In —
V2+1 U Vusl+1

V2 + 1 o+ 1-1 V2 +1 _ (Vu+ 1y
=1In +In{ M ——— ) =1In +In{ M ——

V2 -1 U= w1+ 1 V2 -1 U= (Vu+ 1y

V2 + 1 V2 +1
=1n +In1=1n

V2 -1 V2 -1
[In1=0

|

Nevlastni integral
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Integrujte / —— dx.
1 xvVx+1
R 1 Vx+1-1
/= lim ——dx=In—
U=l xvx + 1 XvVx +1 vx+1+1
/u P P, S R LS R BN
1T XVX+1 vx+1+1], Vu+1+1 V2 +1
V2 - . Vu+1-1
/=-In + lim In —
V2+1 U Vusl+1
V2 +1 Vu+1-1 V2 + 1 (Va1
=1 +In{ lim ——— ) =1In +In{ lim ——
V2 -1 2R VU + 1+ 1 V2 -1 U= (Vu + 1)
V2 +1 V2 +1
= +In1=1In
V2 -1 V2 -1

[Problém je vyfeSen, integral konverguje.

Nevlastni integral
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Integrujte / =/ xe ™ dx
0
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Integrujte / =/ xe ™ dx
0

u—oo

& 2
/= lim / xe ™ dx

Pouzijeme definici nevlastniho integralu. Singularnim bodem je +oo.
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Integrujte / =/ xe ™ dx
0

u—oo

& 2
/= Iim/ xe ™ dx

/ xe~* dx

Nejdfive vypocteme neurdity integral.
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00

Integrujte / =/ xe ™ dx

0

& 2
/= Iim/ xe ™ dx

u—oo 0

/ xe™ dx

Slozena funkce “vola

”

po substituci (—x?).

[ << [ <1 > [ > |
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(o0}

[Integrujte /= /

2
xe ™ dx
0

& 2
/= lim / xe ™ dx

uU—oo 0

-x2 =t

/Xe‘X2 dx —2xdx = dt

1
xdx = _Edt

Nalezneme vztah mezi diferencidly. VSimnéme si, Ze diferencial nalevo vychazi
x dx, coz v integralu pfesné potfebujeme.
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00

[Integrujte /= /

2
xe ™ dx
0

& 2
/= Iim/ xe ™ dx

0
-x° =t
/Xe—x2 dx | —2xdx =1 dr | _ _%/efdt
dx = —~ dt
xdx = -2
Dosadime substituci. )
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00

[Integrujte /= /

2
xe ™ dx
0

& 2
/= Iim/ xe ™ dx

-x2 =t
/Xe_xzdx -2xdx = dt =_1/efdt=_%et

1
xdx = —Edz‘

Vypocteme integral.
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00

[Integrujte /= /

2
xe ™ dx
0

& 2
/= Iim/ xe ™ dx

-x° =t

/)(49"(2 apy | TEREESCE _1/e’dz‘ = —%et = %G_X

1
xdx = _Edt

Zpétnd substituce zafidi ndvrat k proménné x.
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00

[Integrujte /= /

2
xe ™ dx
0

& 2
| = Iim/ xe ™ dx

—X2=t
/xe-xzdx NS =1dt =_%/¢91‘dz‘=_%et=%e"(2
dx = ——dt
x dx 5
u
/ xe ™ dx
0

Vypoditame urgity integral.
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(o0}

[Integrujte /= /

2
xe ™ dx
0

& 2
[ = lim / xe ™ dx

-x2 =t
-2xdx = dt

1
xdx = _Edt

u u
/ xe™ dx = [—le‘xz]
0 2 0

1 1
eldt = ——el = —e™*
/ 2 2

Neucity integral zname a muzeme pouzit Newtonovu-Leibnizovu vétu.

Nevlastni integral
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00

[Integrujte /= /

2
xe ™ dx
0

& 2
| = Iim/ xe ™ dx

-x2 =t
-2xdx = dt

1
xdx = _Edt

Dosadime meze.

|

Nevlastni integral
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00

[Integrujte /= /

2
xe ™ dx
0

& 2
| = Iim/ xe ™ dx

-x2 =t
/XQXdX —2XdX=1df =—%/etdz‘=— et=—e"(2
dx = —=dt
xdx >
‘ 1Y 1 e 1 1 2 1
e dx=|-e*| =—ce¥ - (-2} = -2 + =
froros [z () 2 4
Upravime.
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(o0}

[Integrujte /= /
0

xe* dx]

& 2
/= lim / xe ™ dx

-x° =t
/Xe_Xz dx —2xdx = dt _ —1/91‘ df = —1et _ 16_)(2
xdx = 1d1‘ 2 2 2
)
‘ 1Y 1 e 1 1 2 1
e—xd — __e—x =__e—u _ __eo ___e-u _
[rosans[ge] =gt (-3¢0) =3+
[=—=—-lim =e™¥

Nevlastni integral je (podle definice) limitou urcitého integralu.
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00

[Integrujte /= /
0

xe* dx]

& 2
/= lim / xe ™ dx

—X2 =1
/)(49"(2 dhy | TEEEE | _1/e’dz‘ = —1et = 19_)(2
xdx = 1d1‘ 2 2 ?
)
u u
/ xePdx = |-te| = e _(Llgo) o gy ]
0 0 2 2 2
1 1 1
[ ===l —e =---e®
2 quTgo 29 2 e

00? = oo (pfi poéitani s limitami)
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(o0}

[Integrujte /= /
0

xe* dx]

& 2
/= lim / xe ™ dx

—X2 =§;
/)(49"(2 dhy | TEEEE | _1/e’dz‘ = —1et = 16’_)(2
xdx = 1d1‘ 2 2 ?
T2
u u
/ xePdx = |-te| = e _(Llgo) o gy ]
0 0 2 2 2
1 1 1 1
[=—=-1 eV =---e%=_
2 quTgo 29 2 29 2

| &= = 0 (pfi pogitani s limitami)
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(o0}

[Integrujte /= /
0

xe* dx]

& 2
/= lim / xe ™ dx

—X2 =§;
/)(49"(2 dhy | TEEEE | _1/e’dz‘ = —1et = 16’_)(2
xdx = ! dt 2 ? 2
)
u u
/ xe X dx=|-—eX| = _19‘“2 - —190 = —19_u2 + .
0 0 2 2 2
1 11 1
/| = — = | —eV = - ®=-
2 quTgo 29 2 29 2
VyfeSeno. ]‘
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Integrujte /=/ x2e ™ dx.
0
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Integrujte /=/ x2e ™ dx.
0

u
/ = lim / x2e X dx

u—oo 0

Pouzijeme definici nevlastniho integralu.
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[Integrujte /=/ x2e™* dx.]
0

u
/| = Iim/ x2e*dx

u—oo 0

/xze‘x dx

Nejprve budeme hledat primitivni funkci.

[ <1 > . > | Nevlastni integral
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Integrujte /=/ x2e ™ dx.
0

u
/| = Iim/ x2e*dx

u—oo 0

/xze‘x dx = —x%e™ + 2/xe‘X dx

u=x> U =2x

Pouzijeme integraci per partés pfi volbé | ™ _X y
vV i=e v=-e

(<< <> o> | Nevlastni integral ©Robert Marik, 2008 EJ



Integrujte /=/ x2e ™ dx.
0

u
/ = lim / x2e*dx

u—oo 0

/xze‘x dx = —x%e™ + 2/xe‘X dx = —x?e™ +2 (—Xe‘X + /e‘X dx)

Pouzijeme opét integraci per partés, nyni pfi volbé Vo v —eX
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00

Integrujte /=/ x2e ™ dx.
0

u
/| = Iim/ x2e*dx

u—oo 0

/xze‘x dx = —x%e™ + 2/)(9‘* dx = —x?e™ +2 <—xe‘X + /e‘X dx)

= -x?e™ +2(-xe™ - e7¥)

Zintegrujeme.

[ << I <[ > [ >0 |
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[Integrujte /=/ x2e™* dx.]
0

u
/ = lim / x2e*dx

u—oo 0

/xze‘x dx = —x%e™ + 2/xe‘X dx = —x?e™ +2 <—xe‘X + /e‘X dx)

= -x?e* +2(-xe™ —e7¥) = —e¥(x* +2x +2)

Vytkneme opakujici se ¢len —e™* pred zavorku.
[ << <[ > [ >0 |
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[Integrujte /=/ x2e™* dx.]

0

u

/ = lim / x2e X dx
u—00 O

/xze‘x dx = —x%e™ + 2/xe‘X dx = —x?e™ +2 <—xe‘X + /e‘X dx)

= -x?e* +2(-xe™ —e7¥) = —e¥(x* +2x +2)

u
/ x2e™ dx = [-e™(x® + 2x + 2)]5
0

Nyni budeme pog¢itat urgity integral. ProtoZze zname primitivni funkci, mizeme
vyuzit Newtonovu-Leibnizovu vétu. ‘
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[Integrujte /=/ x2e™* dx.]
0

u
/| = Iim/ x2e X dx

U—o0o O
/xze‘x dx = -x%e™ + 2/)(9‘* dx = -x%e* +2 <—xe‘X + /e‘X dx)
= -x?e* +2(-xe™ —e7¥) = —e¥(x* +2x +2)
u u
/ x?e~*dx = [-e™(x* + 2x + 2)|
)

=—e V(WP +2u+2)—[-e°(0+ 0 +2)]

Dosadime meze. ]\
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[Integrujte /=/ x2e™* dx.]
0

u
/ = lim / x2e X dx

U—o0o O
/xze‘x dx = -x%e™ + 2/xe‘X dx = -x%e* +2 <—xe‘X + /e‘X dx)
= -x?e* +2(-xe™ —e7¥) = —e¥(x* +2x +2)
u u
/ x?e~*dx = [-e™(x* + 2x + 2)|
0

=—e V(WP +2u+2)—[-6°(0+0+2)]=-e V(P +2u+2)+2

Upravime. Nyni je nutno vypocditat limitu.
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00

[Integrujte /= /

x2e™* dx.]
0

u
/ = lim / x2e X dx
u—oo 0
/xze‘x dx = -x%e™ + 2/xe‘X dx = -x%e* +2 <—xe‘X + /e‘X dx)
= -x?e* +2(-xe™ —e7¥) = —e¥(x* +2x +2)
u u
/ x?e~*dx = [-e™(x* + 2x + 2)|
0

=—e V(WP +2u+2)—[-6°(0+0+2)]=-e V(P +2u+2)+2

I =2— lim e7Y(u? +2u + 2)
u—oo

. =-u - 7 , TN 7 1
uILngo e~ = 0 a vychazi neurd¢ity vyraz typu . ]
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00

[Integrujte /= /

x2e™* dx.]
0

u
/ = lim / x2e X dx

u—oo 0
/xze‘x dx = -x%e™ + 2/xe‘X dx = -x%e* +2 <—xe‘X + /e‘X dx)
= -x?e* +2(-xe™ —e7¥) = —e¥(x* +2x +2)
u u
/ x?e~*dx = [-e™(x* + 2x + 2)|
0

=—e V(WP +2u+2)—[-6°(0+0+2)]=-e V(P +2u+2)+2

2
ou+2
[=2— lim e “(P+2u+2) =2 lim L X=4*<
U—oo U—oo ey

Pfevedeme soucin na podil, abychom mohli pouzit 'Hospitalovo pravidlo.
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[Integrujte /=/ x2e™* dx.]
0

u

/ = lim / x2e X dx
u—oo 0

/xze‘x dx = —x%e™ + 2/xe‘X dx = —x?e™ +2 <—xe‘X + /e‘X dx)

= -x?e* +2(-xe™ —e7¥) = —e¥(x* +2x +2)

u
/ x?e™dx = [-e™(x® + 2x + 2)]5
0

=—e V(WP +2u+2)—[-6°(0+0+2)]=-e V(P +2u+2)+2
2
I=2- lim e +2u+2)=2— lim L ¥2U*+2
u—oo U—oo ey
—2_ lim 2u+2
u—oo

Po aplikaci 'Hospitalova pravidla mame stéle neurdity vyraz

818

. PouzZijeme tedy
'Hospitalovo pravdlo jesté jednou.

(<< <> o> | Nevlastni integral ©Robert Marik, 2008 EJ



[Integrujte /=/ x2e™* dx.]
0

u

/ = lim / x2e X dx
u—oo 0

/xze‘x dx = —x%e™ + 2/xe‘X dx = —x?e™ +2 <—xe‘X + /e‘X dx)

= -x?e* +2(-xe™ —e7¥) = —e¥(x* +2x +2)

u
/ x?e™dx = [-e™(x® + 2x + 2)]5
0

=—e V(WP +2u+2)—[-6°(0+0+2)]=-e V(P +2u+2)+2
2

I=2- lim e +2u+2)=2— lim L ¥2U*+2

u—oo U—oo ey

—o-im 22 o im 2

u—oo e u—oo e“

Nyni dostavame lim 2 = 2 = 2 =0. ]
u—co @Y @*® oo
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[Integrujte /=/ x2e™* dx.]
0

u
/ = lim / x2e X dx
U—00o 0

/xze‘x dx = —x%e™ + 2/xe‘X dx = —x?e™ +2 <—xe‘X + /e‘X dx)

= -x?e* +2(-xe™ —e7¥) = —e¥(x* +2x +2)

u
/ x?e™dx = [-e™(x® + 2x + 2)]5
0
=—e V(WP +2u+2)—[-6°(0+0+2)]=-e V(P +2u+2)+2
2
I=2- lim e +2u+2)=2— lim L ¥2U*+2
u—oo U—oo ey
—o-im 22 o im 222 0
u—oco @ u—oo @
Nyni dostavame lim 2 = 2 = 2 =0. ]
u—co @Y @*® oo
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[Integrujte /=/ x2e™* dx.]
0

u

/ = lim / x2e X dx
u—oo 0

/xze‘x dx = —x%e™ + 2/xe‘X dx = —x?e™ +2 <—xe‘X + /e‘X dx)

= -x?e* +2(-xe™ —e7¥) = —e¥(x* +2x +2)

u
/ x?e™dx = [-e™(x® + 2x + 2)]5
0

=—e V(WP +2u+2)—[-6°(0+0+2)]=-e V(P +2u+2)+2
2
I=2- lim e +2u+2)=2— lim L ¥2U*+2
U—0o0 u—oo ev
—o-im 22 o im 25 0=2
u—oco @ u—oo @Y

Hotovo, integral konveruje a jeho hodnota je 2.
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© arct
Find/=/ arcl9X 4x
1 X2 +1
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[Find/: / arCthdx]
1 X2 +1

/“ arctg x
;

/= lim dx

u—oo

X2 +1

We start with the definition of the improper integral.
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[Find/: / arctg X ix
1

X2 +1

|

/= lim
u—oo

/“ arctg x
1 X2+ 1

/ arctg x
dx
X2 + 1

dx

We evaluate the indefinite integral first.

Nevlastni integral
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[Find/: / arCthdx]
1 X2 +1

/“ arctg x
;

/= lim dx

u—oo

X2 +1

/ arctg x arctgx =t
dx
X2 +1

We use the substitution arctg x = .
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[Find/:/ arctgde]
1 X2 +1

u
t
| = Iim/ ATIX dx
1

u—oo

X2 +1

/ arctg x
dx
X2 +1

arctgx =t

1 dx = dt
X2 + 1

With this substitution we have

in the integral.

X2

+1

dx = dt and the term

X2

+1

dx is present

Nevlastni integral
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[Find/: / arCthdx]
1 X2 +1

Y arctg x
/=Iim/ 9X ax
u—oo Jy - x2 4 1

! dx = dt
X2 +1

/ arctg x arctgx =t
dx
X2 +1

=/z‘dz‘

[We substitute,. . .

Nevlastni integral
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[Find/:/ arctgde]
1 X2 +1

Y arctg x
/=Iim/ 9X ax
u—oo Jy - x2 4 1

! dx = dt
X2 +1

/ arctg x arctgx =t
dx
X2 +1

12
= [tdt = —
Jrac-3

. evaluate the integral ...

Nevlastni integral
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[Find/:/ arctgde]
1 X2 +1

u
t
| = Iim/ ATIX dx
1

u—oo fi x2 4+ 1
/arctgx dx a1rctgx =t ~ /tdz‘ _? arctg®x
2 dx = dt | = —2 -
XE 4 X% +1 2 2
. and return to the variable x. ]\

(<< <> o> | Nevlastni integral ©Robert Marik, 2008 EJ



[Find/: / arctgde]
1 X2 +1

Y arctg x
/=Iim/ 9X ax
u—oo [1 x2 4+ 1

2 2
arctg” x
tdt=%= g

/arctgx dx a1rctgx =t /
2 dx = dt | —
X2 +1 21

dx

/” arctg x
1 X2 +1

We continue with the definite integral.

[ << 1 <1 > [ >0 | Nevlastni integral

©Robert Mafik, 2008



[Find/: / arCthdx]
1 X2 +1

u
t
| = Iim/ ATIX dx
1

u—oo Jy - x2 4 1

arctg x arctgx =t 2 arctg® x
/ zg1dX 1 dx = df =/fdf=%= 29

Xo X2 +1

u 2 u
/ arctg x dx = arctg” x
1 X2 +1 B 2 ]
The antiderivative is known. ]\
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[Find/:/ arctgde]
1 X2 +1

u
t
| = Iim/ ATIX dx
1

u—oo [1 x2 4+ 1

/arctgxdx a1rctgx =t ~ /tdz‘ _? arctg®x
2 dx = dt | = -2 "
ke X2 +1 2 2

/“ arctg x| [arctg2 xl ! _arctg’u  arctg® 1
A

X2+l 2 2 2

Newton-Leibniz formula yields the value of the integral.
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[Fmd/=/ arctg X ix
1

|

X2 +1
Y arctg x
Hﬁm/ 9X dx
u—oo [1 x2 4+ 1
/arctgx dx a1rctgx =t ~ /tdz‘ _? arctg®x
2 dx =dt | = -2 "
X=+1 X2 +1 z z

X2 +1

2 2 2 2

/“ arctg x| [arctgle ! _arctg®u  arctg® 1 arctg®u  (m/4)°
A

Simplifications can be made.
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[Find/:/ arctg X ix
1

|

= [tdf = —
Jrar-3

_arctg®u  arctg® 1 arctg®u  (m/4)°

2

~

arctg® x

2

X2 +1
Y arctg x
/= lim / 9% ax
u—e fy x2 4+ 1
/arctgx i a;rctgx = 1
2 dx = df
S X2 + 1
/” arctgx | _ arctg? x 1"
1 X2 +1 - 2 . -
_ arctg?u 72
2 32

2

2

Nevlastni integral

2
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[Find/:/ arctgde]
1 X2 +1

Y arct
/ = Iim/ 9X dx
u—oo f1 x2 4+ 1
arctg x arctgx =t 2 arctg® x
/zg1dX 1 dx = df =/fdf=%= 29
Xe X2 +1

/“ arctg x| [arctgle ! _arctg®u  arctg® 1 arctg®u  (m/4)°
A

X2 +1 2 2 2 2 2
B arctg2 u
T2 32
arctg?v

=i
P 2 32

We continue with the improper integral. It is a limit of the definite integral.
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[Find/:/ arctgde]
1 X2 +1

Y arct
/ = Iim/ 9X dx
u—oo f1 x2 4+ 1
arctg x arctgx =t 2 arctg® x
/zg1dX 1 dx = df =/fdf=%= 29
Xe X2 +1

- 2 2 2 2 2
B arctg?u
-2 32

/“ arctg x| arctg? x 1" _arctg®u  arctg® 1 arctg®u  (m/4)°
1 X2 +1 -

2

arcctg’v  m  (1/2° o

[ = i -
Pkl 32 2 32

The function y = arctg x has an horizontal asymptote y = g in +oo. This is the
value of the limit ulim arctgu.
— 00
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[Find/:/ arctg X ix
1

|

X2 +1
u
t
/= Iim/ ATIX dx
u—oo f1 x2 4+ 1
arctg x arctgx =t 2 arctg® x
/291dX 1 dx = df =/fdf=%= 29
Xo X2 +1
/“ arctgx | _ arctg? x 1" _arctg®u  arctg® 1 arctg®u  (m/4)°
T ox2+1 2 1 T2 2 2 2
_arctg’u 7°
T2 32
/— im arctg®u  7° ~ (m/2? 7w 7 7
Cu—e 2 32 2 32 8 32
We simplify.
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[Find/:/ arctgde]
1 X2 +1

/“ arctg x
1 X2 +1

/= lim dx

uU—oo

arctgx =t 2

1 =/z‘dz‘=—
dx = dt
X2 +1 2

~

/ arctg x
dx
X2 +1

2

arctg® x

2
2
_arctg'u
-2 32

X2 + 1 2 2

/” arctg x| [arctgle ! _arctg®u  arctg® 1 arctg®u  (m/4)°
A

2

/| = | - — = - — =

u—oco 2 32 2 32

arctg?v 7  (m/2° 71_2 T
8 32

Nevlastni integral

3
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[Find/:/ arctgde]
1 X2 +1

/“ arctg x
1 X2 +1

/= lim dx

uU—oo

arctgx =t

/ arctg x
dx
X2 +1

X2 +1

2

~

! dx = dt =/tdt=2

2

arctg® x

2

2
_arctg'u
-2 32

X2 +1 2

/“ arctg x| [arctgle ! _arctg®u  arctg® 1 arctg®u  (m/4)°
A

2

arctg’v  w  (1/2° o

[ = i -
Pkl 32 2 32

2
8

2

71,2

32

312

32

2

2

The integral is evaluated.
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e 1
Find / = ——
ind /00 e
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: e 1
[Flnd/=/_oomd)(]

© 1
/ g dx
o +e

We start with the integral.
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e 1
Find / = ——
ind /oo e

{e9) 1 0 1
/ ﬁdx-/ oo X
L +e we X +e

© 1
+ | ——dx
o e¥+eX

There are two singularities: +oo.

[ << I <[ > [ >0 |

Nevlastni integral
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feo €T+ X
00 1 0 00 1
o €7+ 6 0 @7+ 6 o e¥+eX
0 u 1
= |lim dx + lim
u—-oo |, e7% + eX u—o Jo e7% + e¥

We divide into two integrals on half-lines.
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feo €T+ X
(&) 1 0 0 1
/_ooe-x+ex /_ooe-x+ex /0 e + e
0 u 1
= lim dx + lim
u—-oo |, 7% + eX u—oo Jo @7% + e¥
1
X
e~ +ex

We evaluate the indefinite integral.

(<< <> o> | Nevlastni integral ©Robert Marik, 2008 EJ




We simplify the integrand. ..
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...and substitute. ]\
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The substitution gives this integral. . .
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... which can be integrated by direct formula.
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1l
Q
=
Q
—

«
©
>

Finally we return to the original variable.
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° 1
—00
0 1 0 1 00 1
——dx = v Ea—] —_—
/_ooe-x+ex /_ooe-X+eXdX+/0 e-X+eXdX
0 u
. . 1
-u'ifl‘m/umd“u'mo/o v

/;dx—/ & 4y e =t —/ 1 _dt = arctgt
ex+eX [ 1+ (e¥)? edx=dt | [ Tel AN

= arctg e*

o 1
/ 1 o dx
; +e
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@ 1
—00
00 1 0 1 00 1
/ —dx:/ —dx+/ 1
—eo @7 + X o @7 + X o e X+eX
0 u
= lim / —dx + Iim/ ;dx
u—-oo |, 7% + eX u—oo Jo @7% + e¥

/;dx—/e—xdx e =t —/ 14t = arctgt
ex+eX [ 1+ (e¥)? edx=dt | [ Tel AN

= arctg e*

0
1 0
/u = dx = [arctg e*],
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@ 1
—00
00 1 0 1 00 1
/ —dx:/ —dx+/ 1
—eo @7 + X o @7 + X o e X+eX
0 u
= lim / —dx + Iim/ ;dx
u—-oo |, 7% + eX u—oo Jo @7% + e¥

/;dx—/e—xdx e =t —/ 14t = arctgt
ex+eX [ 1+ (e¥)? edx=dt | [ Tel AN

= arctg e*

0
1 0 0
/u = dx = [arctge*];, = arctge” — arctge”
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@ 1
—00
00 1 0 1 00 1
/ —dx:/ —dx+/ 1
—eo @7 + X o @7 + X o e X+eX
0 u
= lim / —dx + Iim/ ;dx
u—-oo |, 7% + eX u—oo Jo @7% + e¥

/;dx—/e—xdx e =t —/ 14t = arctgt
ex+eX [ 1+ (e¥)? edx=dt | [ Tel AN

= arctg e*

0
1
/ = dx = [arctge*]° = arctge® — arctge’ = arctg 1 — arctg e
u
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@ 1
—00
00 1 0 1 00 1
/ —dx:/ —dx+/ 1
—eo @7 + X o @7 + X o e X+eX
0 u
= lim / —dx + Iim/ ;dx
u—-oo |, 7% + eX u—oo Jo @7% + e¥

/;dx—/e—xdx e =t —/ 14t = arctgt
ex+eX [ 1+ (e¥)? edx=dt | [ Tel AN

= arctg e*

0
1
/ = dx = [arctge*]° = arctge® — arctge’ = arctg 1 — arctg e
u

T
= — —arctge”
7 g
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@ 1
—00
00 1 0 1 00 1
/ —dx:/ —dx+/ 1
—eo @7 + X o @7 + X o e X+eX
0 u
= lim / —dx + Iim/ ;dx
u—-oo |, 7% + eX u—oo Jo @7% + e¥

/;dx—/e—xdx e =t —/ 14t = arctgt
ex+eX [ 1+ (e¥)? edx=dt | [ Tel AN

= arctg e*

0
1
/ = dx = [arctge*]° = arctge® — arctge’ = arctg 1 — arctg e
u

T
= — —arctge”
2 g

0 1
/ 1
feo €7+ X
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@ 1
—00
00 1 0 1 00 1
/ —dx:/ —dx+/ 1
—eo @7 + X o @7 + X o e X+eX
0 u
= lim / —dx + Iim/ ;dx
u—-oo |, 7% + eX u—oo Jo @7% + e¥

/;dx—/e—xdx e =t —/ 14t = arctgt
ex+eX [ 1+ (e¥)? edx=dt | [ Tel AN

= arctg e*

0
1
/ = dx = [arctge*]° = arctge® — arctge’ = arctg 1 — arctg e
u

1
= — —arctge"
2 g
0
1 :
/ ————dx = Iim (z - arctg e“)
o @7+ 6% u—-oo \ 4
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@ 1
—00
00 1 0 1 00 1
/ —dx:/ —dx+/ 1
o €Y+ 6 0 @7+ 6 o e¥+eX
0 u
= lim / —dx + Iim/ ;dx
u—-oo |, 7% + eX u—oo Jo @7% + e¥

/;dx—/e—xdx e =t —/ 14t = arctgt
ex+eX [ 1+ (e¥)? edx=dt | [ Tel AN

= arctg e*

0
1
/ = dx = [arctge*]° = arctge® — arctge’ = arctg 1 — arctg e
u
T
= — —arctge”
2 g

0
1 . T u T —00
/ ———dx = lim (Z—arctge>_z—arctge

_o @7X + e u—-00
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@ 1
—00
00 1 0 1 00 1
/ —dx:/ —dx+/ 1
o €Y+ 6 0 @7+ 6 o e¥+eX
0 u
= lim / —dx + Iim/ ;dx
u—-oo |, 7% + eX u—oo Jo @7% + e¥

/;dx—/e—xdx e =t —/ 14t = arctgt
ex+eX [ 1+ (e¥)? edx=dt | [ Tel AN

= arctg e*

0
1
/ = dx = [arctge*]° = arctge® — arctge’ = arctg 1 — arctg e
u
T
= — —arctge”
2 g

0
/ ;dx = lim (% — arctg e“) = % —arctge™® = % —arctg0

_o @7X + e u—-00
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@ 1
—00
00 1 0 1 00 1
/ —dx:/ —dx+/ 1
—eo @7 + X o @7 + X o e X+eX
0 u
= lim / —dx + Iim/ ;dx
u—-oo |, 7% + eX u—oo Jo @7% + e¥

/;dx—/e—xdx e =t —/ 14t = arctgt
ex+eX [ 1+ (e¥)? edx=dt | [ Tel AN

= arctg e*

0
1
/ = dx = [arctge*]° = arctge® — arctge’ = arctg 1 — arctg e
u
T
= — —arctge”
2 g

0
1 . T u m —00_7[
/mmdx_uﬂrpoo (Z —arctge ) = Z—arctge =7 —arctg0
T

4

(<< <> o> | Nevlastni integral ©Robert Mafik, 2008 EJ



e 1
Find / = ——
ind /oo e

00 1 0 1 00 1
/—_X de:/ — de+/ — de
o €Xt+e o & X+e , eX+e
0 u 1
= lim —— dx + lim —dx
u—-oo |, e X + eX u—oo |y X + eX

1 0 1 T
/—dx:arctge* / ——dx=-
e* +eX o €7 + 68X 4

¢ 1
| s o
o e X +e”
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e 1
Find / = ——
ind /Oo e

00 1 0 1 00 1
/—_X de:/ — de+/ — de
o €Xt+e o & X+e , eX+e
0 u 1
= lim —— dx + lim —dx
u—-oo |, e X + eX u—oo |y X + eX

1 0 1 T
/—dx:arctge* / ——dx=-
e* +eX e 4

u
1
/0 e dx = [arctg e*];
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« 1
Find / = =
ind /oo e
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