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Basis and Coordinate Systems .

* The basis vectors are mutually orthogonal and
unit length
— Unit length:
* Have a length of 1
— Mutually Orthogonal:
* Each vector is at a right angle to the others
* Basis vectors for 3 dimensions
— Use ‘x’ and ‘y’ for 2 dimensions
— Position in Cartesian coordinates specified by (x, y, z)
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Local Coordinate System

* Preferred system for

construction of object parts v

* 3D Cartesian system 2

* Object vertices centered //
about the local origin x

gﬂ;}mw
Basis and Coord

* In any scene, we need a
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inate Systems

way to be able to

position and orientate points, vectors, objects,

etc:
— We do this be defining a

basis

* The basis is defined by an origin and a number of

basis vectors
— Can think of the basis as

a ‘starting point’

* We employ a Cartesian basis

SHllo—

Left-handed vs. Right-Handed

left handed

OpenGL is right handed in
object space and world space

But in window space (screen
space) left handed

right handed

Z axis goes "into" the page Z axis goes "out" of the page

Gl

3D World Coordinate System

* 3D Cartesian coordinate
Y

system

 Arbitrary centre,
handedness and
orientation

* Used in the construction
stage

X

o |
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Camera Coordinate System

¢ Used to define the view onto the 3D world
that the user will see on the screen

« Centre (0,0,0) is located at the Imaginary
User’s eye

* Axes oriented such that:
— One indicates the direction in which the user looks
— The second indicates roughly the ‘up’ direction
— The third indicates the handedness

Boisoe— v

3D Camera Viewing

* Note that the following scenes should produce the
same image

/

==\

SCENE 1 SCENE 2

* In ‘Scene 2’, relative position of objects and camera
remain constant but the actually scene has been
changed

— It has been transformed

flossc— v

Vectors

* A quantity characterized by a magnitude and
direction
— Can be represented by an arrow, where magnitude
is the length of the arrow and the direction is given
by slope of the line

B

Y

A vector in 2D A vector in 3D
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Example of Camera Coordinate System

wp
v OpenGL: see gluLookAt VECTOR
2 I,
J DIRECTION
= VECTOR

e mp e
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Notation: Scalars, Vectors, Matrices

* Scalar a
— Lower case, italic
« Vector a=[a a ..a]
— Lower case, bold
* Matrix
— Upper case, bold a; 4, dag
A= A, 8,, ay
a31 a32 a33
S =

Vectors in 3D Co-ordinates

Right Handed
Co-ordinate System C

05 05
v=|0.7|=| 0.7
05| [-05
RHS LHS


https://www.opengl.org/sdk/docs/man2/xhtml/gluLookAt.xml
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Vector Subtraction Vector Magnitude

* The magnitude or “norm” of a vector of
dimension n is given by the standard
Euclidean distance metric:

T . Can be seen as an addition of "V” — \/VZ + V2 4.4 V2

o u+(-1v) 1 2 n
1] [5] [-4 ]
4 |2]7] 2 o

fiossce— \ Siosse— \=/
Vectors for Direction Example Vectors for Direction
¢ Vectors represent * Describing velocity (direction and speed) of
— Direction roller coaster and ball at different points in
— Magnitude time

* In games can be used for representing:
— Position

- e
— Velocity p \ ‘. .Q
— Forces / impulses ATN / J

L e \/ Slosoc— \/j
Other Vectors Vertices and Points
* Vectors can however [v] [V}
V= P=
communicate a position y Yy Yy
* Referred to as a point both vectors equal
or vertex T Lo

* Avertex is actually
represented by its
displacement from the
origin{0,0,0}

GRAVITY THRUST

The forees of flight

0

‘With the origin O, we can use this to
represent a unique position in space
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Unit Vectors

* Vectors of length 1 are often termed unit
vectors
— Normalised vectors

* When we only wish to describe direction we use
normalised vectors
— Often to avoid redundancy

* For this (and other reasons), we often need to

normalise a vector: o=V 1

= v
v YV VeV

GHRISSe— \*4

Dot Product Magnitude

* Therefore we can redefine magnitude in terms
of the dot-product operator:

u‘u:uf+u§+u§:HuH2 =) [u=vuu

* Note that the dot product operator is
commutative and associative

— Changing the order of the operands does not change
the result

—(x*y)*z=x*(y*z)

';-H‘lﬂlpc:-c-c— \"J

Angle Between Two Vectors

¢ So, if we know the vectors u and v, then the dot
product is useful for finding the angle between
two vectors:

uv=[ufveoss = 9{7}
F

* Note that if we had already normalised the
vectors u and v then it would simply be:

O=cos*[0e¥]

2/24/2019
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Dot Product Definition

* Dot product (inner product) is defined as:

u-v=yuy,
1

ul vl
u-v= =UV, +U,V,
u2 VZ

ul Vl
U-V=[U,y [V, [= UV, +UpV, +UgV,
u3 V3

"...Iiﬂlp-ccac* \74

Dot Product Using Angle

* The Dot Product can also be
obtained from the following
equation:

u-v=|ul|v|coso

* where @is the angle
between the two vectors

bisse— v

Dot Product Special Case

* If both vectors are normal, the dot product
defines the cosine of the angle between the
vectors:

it cirele™ v u-v=cosé

\ But in general:
u u-v = |Jufv|cosé

=0= cos’{ﬂ}
Jullv

if0 > 90 then the dot product is negative
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Projection Using Dot Product

¢ Can find length of projection of u onto v

Ue

Ju|cos@==—

v=|ufjvcose ”i |
Ue |\/ 0 . v

Ju|cosé

v

* As lines become perpendicular:

/

—t > *

L P————

Cross Product Examples

Plane defined by the I direction

y span of vectors u,v rotation
direction
»

Vector Class

class TVector {
public:

#endif

double _x, _y, _z;

// Constructors

TVector(double x, double y, double z, TStatus s) : _x(x),
_2(z), _Status(s) {}

TVector(double x, double y, double z) : _x(x), _y(y),
_Status(DEFAULT) {}

// Functions here

cross product

Right Handed Coordinate System

_yly),

_2(2),
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Cross Product

* Used for defining orientation and constructing
co-ordinate axes
* Cross product defined as:
U (Y UpVs —UgV,
UXV=|Uy [X|V, |=| UV, — UV,
u3 V3 u1V2 - u2vl

* The result is a vector, perpendicular to the
plane defined by u and v:
uxv=w|u[v|sind

[ ——— v
Cross Product Properties

* Cross product is anti-commutative:
uxv=—vxu)

* Itis not associative:
ux(vxw)# (Uxv)xw

* Direction of resulting vector defined by operand
order:

¥

Clockwise Rotation
z=xy

Anti-clockwise Rotation

r——— "/,
Vector Subtraction Example

TVector &TVector::subtract(const TVector &v1, const TVector
&v2, TVector &result)

{

if (v1.isValid() && v2.isValid())

{
result._x =vl._x-v2._x;
result._y =vl._y-v2._y;
result._z=vl._z-v2._z;
result._Status = DEFAULT;

}else
result = TVector();

return result;

}
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What is a Matrix? Why Use Matrices?
* A matrix is a set of elements, organized into * Variety of engineering problems lead to the
rows (m) and columns (n) need to solve systems of linear equations
a1 &2 &3 v an AX:b
Rows, a1 ap a3 azn
i=1,.,m : b a1 a2 a3 v ap X by
am 8m2 @m3 --- 8mn A-|® 82 3 e 2| p - b:Z
Columns, ami amy’ @m3 .- amn Xn b
j=1,.,n
matrix

column vectors

GHRISSe— \*4 ".'.Iiﬂlg.cc=cf \=4
Row and Column Matrices (vectors) Square Matrix
* Row matrix (or row vector) is a matrix with * When the row and column dimensions of a
one row matrix are equal (m = n) then the matrix is
r=R L B - 1 called square
* Column vector is a matrix with only one
column &1 &2 - An
q Ao |1 @22 an
- 02 : .
IR 8l @2 - ann
Cm
';-H‘lﬂlpc:-c-c— \"J E iiﬂlp-oc{— \~J
Matrix Transpose Matrix Equality
* The transpose of the (m x n) matrix A is the (n x * Two (m x n) matrices A and B are equal if and
m) matrix formed by interchanging the rows only if each of their elements are equal
and columns such that row i becomes column i e That is when:
of the transposed matrix _A=B
&1 &2 - A&n aj1 a - am e Ifand 0n|y if:
A |21 a2 n | T _ |2 a2 am —a=by
: - : ’ —Fori=1,..m&j=1,.,n
a8mi @m2 --- 8mn &n Ay - amn
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Matrix Addition General Format

ay &, oA by b o by

Avpo|® B Bl 0 B D

aml amZ amn bml me bmn
a;+ b, a,+h, oA, +h
aZl + bZl a22 + bZZ a2r| + bZn

am1+bm1 amZ"’me amn+bmn

EHel S .. . . . \=4
““Matrix Multiplication with Matrix
General Format
Gij = Eaikbkj
k=1
a;1 ap o ap b1 b2 - b
C-AB= 3?1 a2 § al:p b§1 ) § blzn
ami @m2 --- amp bpl pr bpn
aypbig+o+agpbpr a2+ +arpbpy o @abin +-+agpbpn
_ aZle*""*aZpbpl aibyp +++azphp2 A aZlkln*“:*aZpbpn
amiby1+-+ampbpr  Amabl2+-+ampbpz .- @mabin ++-+ampbpn
:;-H.'ﬂlp-oc-c— \"J

Identity Matrix

* The identity matrix has the property that if A
is a square matrix, then:

IA=Al=A
1000
I_0100
“loo10
0001

EitIsse—

Scalar Matrix Multiplication

* Multiplication of a matrix A by a scalar is
defined as:

o] odjp - O
oAy oa o
oA = |2 @2 A
Bl @m2 ... Amp

EitIsse—

Diagonal Matrices

* Simple diagonal Matrix

ap 0 0 O
0 ap 0 0
A= .
6o o0 . 0
0 0 0 ap
3 iﬂlp-oc{—

Matrix Inverse

* If Ais an (n x n) square matrix and there is a

matrix X with the property that:
AX=1

* Xis defined to be the inverse of A and is
denoted A1

AAL=1  Ala-

2/24/2019
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Matrix Class

class TMatrix33
{
public:
double _MXx[3][3];

// Constructors

TMatrix33();

TMatrix33(double Phi, double Theta, double Psi);
TMatrix33(TVector& Axis,double Psi);

// Functions here
13
#endif

GHRISSe— \*4

Transformations

* Allow us to move, orientate and change the
primitives in our scene
— Move, Rotate, Stretch, Squash, Shear

* Represented as matrices, such as:
— We can store a translation and a rotation in a matrix

— When we apply this matrix to an object, it will be
translated and rotated as specified by the matrix

* Two ways of understanding a transformation:
— Object Transformation
— Coordinate Transformation

';-H‘lﬂlpc:-c-c— \"J

Examples

Object {4,2}
Transformation ::>

{1,1}

Coordinate
Transformation [ (1:1}<>

{1,1}

2/24/2019
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Matrix Addition

TMatrix33 &TMatrix33::add(const TMatrix33 &m1, const

TMatrix33 &m2, TMatrix33 &result) {
result._Mx[0][0] = m1._Mx[0][0] + m2._Mx[0][0];
result._Mx[0][1] = m1._Mx[0][1] + m2._Mx[0][1];
result._Mx[0][2] = m1._Mx[0][2] + m2._Mx[0][2];
result._Mx[1][0] = m1._Mx[1][0] + m2._Mx[1][0];
result._Mx[1][1] = m1._Mx[1][1] + m2._Mx[1][1];
result._Mx[1][2] = m1._Mx[1][2] + m2._Mx[1][2];
result._Mx[2][0] = m1._Mx[2][0] + m2._Mx[2][0];
result._Mx[2][1] = m1._Mx[2][1] + m2._Mx[2][1];
result._Mx[2][2] = m1._Mx[2][2] + m2._Mx[2][2];
return result;

Gosse— A4
Object vs Coordinate Transformations

* Object Transformation
— Alters the coordinates of each point according to
some rule
— The underlying coordinate system remains
unchanged
* Coordinate Transformation
— Produces a different coordinate system

— Then represents all original points in this new
system

T \74
Affine Transformations Definition

* An affine transformation is any transformation
that preserves:
— Collinearity
« i.e. All points lying on a line initially still lie on a line after
transformation
— Ratios of distances

* i.e. The midpoint of a line segment remains the midpoint
after transformation
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Elementary Transformations

[] Tansiation
[

|Q Shearing

Scaling

TEg

O

CHRISe—
Homogeneous Coordinates.

* Two points are equal if and only if:
-x/w’ =x/w and y/w’=y/w
* w=0: points at infinity
— Useful for projections and curve drawing
* Homogenize = divide by w

* Homogenized points: X
y
1

HEl e

Scaling with Homogeneous

! s, 0 0Ofx X_'_S X
y'|=|0 s, Ofy w X
wl Lo o 1w Y —g

w T Py w
X' =S,X
y'=s,y
w'=w

Mol

S —

X
y' |=|sin@ cos@ 0|y
w {

2/24/2019
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Homogeneous Coordinates

* Introduced in mathematics:

— For projections and drawings

— Used in artillery, architecture

— Used to be classified material (in the 1850s)
* Add a third coordinate, w
* A 2D point is a 3 coordinates vector:

v
Translations with Homogeneous

X 1 0 t|x L:'X-i—t
y =10 1 t |y w W
' A
wl [0 0 1]w )V’V_W+t
X' =X+Wt
y' =y+wt
W= w

Rotation with Homogeneous

cos@® -sin@ 0] x

W =C0s0Z% —singy
L’— -
w =SNG +cosdy

0 0 1w

X' =cosék —sin &y
y' =sin &K+ cosey
w'= w
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Composition of Transformations Rotation Around a Point Q
* To compose transformations, multiply the * Rotation about a point Q:
matrices: — translate Q to origin (Ty),
— Composition of a rotation and a translation: — rotate about origin (Re)
M =RT — translate back to Q (- Ty).

* All transformations can be expressed as
. '_
matrices > P ‘('TQ)R®TQ P
—Even transformations that are not
translations, rotations and scaling

GHRISSe— \*4 ".'.Iiﬂlg.cc=cf \=4
Beware! Matrices in OpenGL
* Matrix multiplication is not commutative A * To initialise a matrix in OpenGL:
* The order of the transformations is vital — glLoadldentity()
— Rotation followed by translation is very different — This clears the currently selected I L 49 |
from translation followed by rotation OpenGL matrix to the identity 13
. IL+)
— Careful with the order of the matrices! matrix ) )94
« Small commutativity: * To se'lect a matrix as the current 15
— Rotation commute with rotation, translation with matrix:
translation... — glMatrixMode(mode)
* GL_MODELVIEW, GL_PROJECTION,
GL_TEXTURE
';-H‘lﬂlpc:-c-c— \"J E iiﬂlp-oc{— \~J
How do we do this ? Translation
» OpenGL does most of it for us ! * Think of translations as ‘moving’ without rotating

* Translation only applies to points

- OpenGL keeps a current matrix that allows us to — Doesn’t apply to vectors, since vectors are just directions

orientate our primitives

* This is known as the model-view matrix '!L,
éx

0 /2y
0
1
0

1

— All primitives placed are altered by the s
transformation stored in the model-view matrix

oo o -
oo =0

Translate along y axis

— Model-view matrix acts as a state parameter; once
set it remains until altered positions of our OpenGL matrix

* Use calls such as gl/Translate() to modify the current + These correspond to the displacements in the x, y and z
model-view matrix directions

 The translation displacement is written in the 12th, 13t and 14t

— So 12t position is the translation in the x direction

10
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The Translation Matrix

* Example: Translate the point Transiation Displacemert
(x,y,z) by a displacement (a,b,c): :
— Gives us our translated point (x+a,
y+b, z+c) J
« glTranslate(dx, dy, dz) Rl
— Translates by a displacement (dx, o
dy, dz)
— Calling glTranslate() concatenates
the specified translation to the
current model-view matrix
— Any primitives drawn after this will

be modified by the specified
translation

o o ~
oo = o

Boisoe— v

Rotation

* Remember:
Sina=0pp /Hyp
Cos a = Adj / Hyp
Tana = Opp / Adj

rcosa
rsina

original v =

Hyp

rotated v = [r cos (a+ le

adi rsin(a+b)
¥ y v rotated
v original ) / v oniginal
/ | + r
=
" ; ]
rsina 7
= b
a a
X
rcosa rcos(a+b)
Sl — \74

The Rotation Matrix

* Rotations around the: x-axis (Rx), y-axis (Ry) and z-axis
(Rz)

1 0 0

0 cos# 0 sing 0 cosé -sing 0 0

_ 0 cosd -sing 0 r 1] 1 [} 0 sing cosg 0 0
"0 sing cosg 0 T |_ging 0 coss 0| 7| g LI
a ] 0 1 0 0 o 1 0 0 01

* glRotatef(angle, vx, vy, vz)
— Rotates around the axis (vx, vy, vz) by angle degrees
— Calling glRotate() concatenates the specified rotate to the
current model-view matrix
— Any primitives drawn after this will be modified by the
specified rotation

o~ o
|
3

2/24/2019
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Rotation

* Change the orientation of a primitive, without
affecting its position

* Rotation applies to both points and vectors
— Rotating a vector will change its direction

* Rotations are conducted anti-clockwise about

the origin L
‘\.. k,‘
9
rotation of 45° about the Z axis
-ifii‘nl,oc{— \~4
Rotation
* Derivation:

* Expanding (a + b) from log tables:

Rotation

— Rotated x=rcosacosb—rsinasinb
— Rotated y =rcos asin b +rsinacosb
* But:
— Originalx=rcosa
— Originaly=rsina
* So:
— Rotated x = original x cos b — original y sin b
— Rotated y = original x sin b + original y cos b
* Elements0,1,2,4,5,6,8,9, 10 define any
rotations in our transformation matrix

ftsse— v

Scaling

* Allows us to make primitives larger and smaller, without
changing the vertex positions of the original

. 1]- s, 00 X 5X
§ % %i\‘ 0s.0 Y - |8y

00 s, z SZ
Original scale all axes scale Y axis

* Elements 1, 6, 11 define scales in our transformation matrix:
* glScalef(sx, sy, sz)
— Scale a scene by sx in the y axis, sy in the y axis and sz in the z axis

— The default value for sx,sy,sz is (1.0,1.0,1.0), which doesn’t scale a
scene at all

— Any primitives drawn after this will be modified by the specified
scaling

11
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OpenGL Perspective Projection

¢ The call gIFrustum(l, r, b, t, n, f) generates R,

where:

2 r+d r-l r+l
a0 = ¢ 0
G t+b 1o tid
R= 0 t-b t-b and l= 0 In 0 n

(F+m) -Zfn
o o0 R [
R Sfem) fem
a0 10 00 e

* Risdefinedaslongas/xr,txb,andnxf

CHRISe— \*4

2D and 3D Lines

* |n 2D, two different lines can either be
— Parallel, meaning they never meet
— May intersect at one and only one point

* In 3D (or more dimensions), lines may also be
skew (meaning they don't meet) but also don't
define a plane

* Two distinct planes intersect in at most one line

* Three or more points that lie on the same line
are called collinear

e \74
Slope Definition

 Slope is often used to describe
the measurement of the
steepness, incline, gradient, or A
grade of a straight line
— A higher slope value indicates a
steeper incline Ay

* The slope is defined as the ratio

of the altitude change to the
horizontal distance between any
two points on the line

— Using calculus, one can calculate

the slope of the tangenttoacurve —— 3
at a point

Ax

EitIsse—

2/24/2019
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OpenGL Orthographic Projection

* The call glOrtho(l, 1, b, t, n, f ) generates R,

where:

ral
2
-k t+h
3 0
i}

o
-
+ o
o e
=R
N
=3
o

2
4

a
o
&
B
"
u

D
o -
| -
:
.
:

Fu fom 2z 0z
[ 0 1 0 0 0 1

* Risdefinedaslongas/xr,txb,andnxf

EitIsse—

2D Line Equation

* Linesin a Cartesian plane can be

described algebraically by
— Linear equations and functions

* In 2D the characteristic equation
is often given by the slope-
intercept form:

y=mx+b

* where:

— miis the slope of the line

— bis the y-intercept of the line
— xis the independent variable of
the functiony

e

Slope Calculation

* Slope is defined as the change in the y
coordinate divided by the corresponding
change in the x coordinate, between two
distinct points on the line

_ Ay

m=—=
Azx

* Given two points (x,, y;) and (x,, y,), the change
in x from one to the other is x, - x,, while the
changeinyisy, -y,

Yo =t
Ty — I

m

12



CHRISe— \*4

Slope Special Cases

The larger the absolute value of a slope, the
steeper the line
— A horizontal line has slope 0

* Note that a vertical line's slope is undefined
— A 45° rising line has a slope of +1
— A 45° falling line has a slope of -1
The angle 0 a line makes with the positive x axis
is closely related to the slope m via the tangent
function:

m = tan @ f = arctan m

CHRISe— \*4

Derivative

By moving the two points closer
together Ay and Ax decreases
— The line more closely

approximates a tangent line to

the curve |
— The slope of the secant [

approaches that of the tangent &
If y is dependent on x, then it is
sufficient to take the limit i
where only Ax approaches zero B

Therefore, the slope of the

tangent is the limit of Ay/Ax as m= %
Ax approaches zero ‘
e A

Differentiation and the Derivative .

This functional relationship is often denoted y =
f(x), where f denotes the function

The simplest case is when y is a linear function of x,
meaning that the graph of y against x is a straight
line

In this case, y = f(x) = m x + ¢, for real numbers m
and ¢, and the slope m is given by

changeiny Ay
™ hangeinz Az
where the symbol A is an abbreviation for ‘change
in’

'.I.Iiﬂlp-cch\:*
Slope Special Cases .

* Two lines are parallel if and only if

2/24/2019

— Their slopes are equal and they are not coincident or

if

— They both are vertical and therefore have undefined

slopes
* Two lines are perpendicular if and only if
— The product of their slopes is -1 or

— One has a slope of 0 (a horizontal line) and the other

has an undefined slope (a vertical line)

'.I.Iiﬂlp-cch\:*
Differentiation and the Derivative

Differentiation is a method to compute the rate

at which a quantity, y, changes with respect to

the change in another quantity, x, upon which it

is dependent

This rate of change is called the derivative of y

with respect to x

* In more precise language, the dependency of y
on x means that y is a function of x

* If xand y are real numbers, and if the graph of y

is plotted against x, the derivative measures the

slope of this graph at each point

e

Differentiation and the Derivative .

¢ It follows that Ay = m Ax
— This gives an exact value for the slope of a straight line
 If the function f is not linear, then the change iny
divided by the change in x varies

\"J

A"

— Differentiation is a method to find an exact value for this rate

of change at any given value of x

* In Leibniz's notation, such an infinitesimal

change in x is denoted by dx, and the derivative

of y with respect to x is written:
dy
dr

13
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3D Line Parametric Equations Ray
* In 3D a line is often described by parametric equations: * In Euclidean geometry, a ray, or half-line, given
two distinct points A (the origin) and B on the

X=X +at ray, is the set of points C on the line containing
Y =Yo+bt points A and B such that A is not strictly
z=z*ct between C and B

« where: * In geometry, a ray starts at one point, then

— X, Y, and z are all functions of the independent variable t goes on forever in one direction

— Xo» Yo, and z, are the initial values of each respective variable

— a, b, and c are related to the slope of the line, such that the C . ).
vector (a, b, c) is a parallel to the line A B C

tESe— \ £ — A4
Example Class Tray.h Plane Definition
class TRay * Aplane can be uniquely
prlvat?r‘\/ector_l’; // Any point on the line determlned by any Of. the
TVector _V; // Direction of the line fO"OWlng (Sets Of) Objects:
public: — Three non-collinear points
// Constructor . . .
TRay() {} * i.e. not lying on the same line
// Line betwen two points OR point and a direction —Alineand a point not on the
TRay(const TVector &point1, const TVector &point2); line
// Adjacent points on both lines — Two lines with one point of

bool adjacentPoints(const TRay &ray, TVector &point1, TVector &point2) const; . .
' intersection
// Distances

double dist(const TRay &ray) const; — Two parallel lines
double dist(const TVector &point) const;

// More functions here

h
#endif
gﬁl}lpoc-ﬁ— V ; ;imlpo&‘c— \74
Plane Properties Standard Plane Equation
* Two planes are either parallel or they intersect in * The standard equation of a
aline plane in 3 space is:

{4.B,CY
* Aline is either parallel to a plane or intersects it

at a single point or is contained in the plane Ax+By+Cz+D=0

* Two lines normal (perpendicular) to the same

plane must be parallel to each other « The normal to the plane is

* Two planes normal to the same line must be the vector (A,B,C)
parallel to each other

14



Y“>PTane Definition with a Pointanda  ©

Normal Vector

* In a 3D space, another important way of
defining a plane is by specifying a point and a
normal vector to the plane

* Let p be the point we wish to lie in the plane,
and let n be a nonzero normal vector to the
plane

* The desired plane is the set of all points r such
that:

n-(r—p)=0

RIS \~4
Define a Plane using three Points

* The plane passing through three points p;=(x,,
Yur 21), Po=(%y, Yy, 2) and pa=(x3, v3, 2;3) can be
defined as the set of all points (x, y, z) that
satisfy the following determinant equations:

r—r Y-l z—=xn r—Tr Y—h -2
Tp—T1 Yo—Y1 —H|=|T—T2 Y—Yo z—2|=0
Ty —T1 Ya—Y1 Zm— A T—=Tyg Y—Yz z— 23

EHBl e "4

Dihedral Angle

* Given two intersecting planes described by
Miaiz+byt+eaztd =0
and
My:asz+ bey + oz +da =0
* the dihedral angle between them is defined to
be the angle a between their normal directions

ars +biby + cicp

2 2 2 [ 2 2 2"
\/{11 |- b7 4 ci\/ag F b5 + c3

COS = Tl - flg =

““>Pfane Definition with a Point and a
Normal Vector .

* If we write

a
i=|b r=(r,y,2)
C

* and d as the dot product
-p=—d
then the plane M is determined by the condition
ar+by+ecz+d=0
* where a, b, c and d are real numbers and a, b,
and c are not all zero

".I.Iiﬂlp-cca\:*
Determinant

* A determinant is a function depending on n
that associates a scalar, det(A), to every nxn
square matrix A

* The determinant of a matrix A is also
sometimes denoted by |A|

a b
A= |d e |A] =
g h

a b
d e
g h

[N

]

H==<Nlinimum Distance between
a Point and a Line

* Find the shortest
distance from a point to
aline or line segment

* The equation of a line
defined through two
points Py (xy, y;)and P,

(X5, Y,) is:

P=P,+u(P,-P,)

2/24/2019
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HRISSe—r . - . \74 Sitsseag,. . . \"/
"Minimum Distance between “"Minimum Distance between
a Point and a Line . a Point and a Line ..
* The point P, (X, y;) is closest to the line at the * Solving this gives the value of u
tangent to the line which passes through P3,
that is, the dot product of the tangent and line uoER ol gy g yUGE - 7]
is equal to zero, thus:
. Sﬁbstitutin this into the(equ)ati?nhof the line gives
the point of intersection (x, y) of the tangent as
(P,-P)o(P,-P;) =0 P Y :
X=X+ U (X5 - %)
* Substituting the equation of the line gives: y=y,+uly,-vy,)
p - _ _ - ¢ The distance therefore between the point P3 and
[P3-Py-u(P,-Py)]e(P,-Py) =0 the line is the distance between (x, y) above and P3
RIS - . \74 Sitssea,. . . \"/
"Minimum Distance between "Minimum Distance between
a Point and a Line ... a Point and a Plane
* Notes * LetP, =(x,, v, z,) be the
— The only special testing for a software point in question
implementation is to ensure that P, and P, are not * Aplane can be defined by
coincident (denominator in the equation for u is 0) its normal n = (A, B, C) and
— If the distance of the point to a line segment is any point on the plane Py, =
required then it is only necessary to test that u lies (X Yoo Zp)
between 0 and 1 * Any point P = (x, y, z) lies on
— The solution is similar in higher dimensions the plane if it satisfies the
following
Ax+By+Cz+D=0
sy - . \74 ] . 4
"Minimum Distance between “Minimum Distance between
a Point and a Plane.. a Point and a Plane ..
 Consider the projection of the line (P, - P,) onto the * Since point (x,, y,, Z,) is a point on the plane

normal of the plane n, that is just | |P, - P,| | cos®
— Where 8 is the angle between (P, - P,) and the normal n

* This projection is the minimum distance (D) of P, to the + + +D=
plane and can be written in terms of the dot proi:luct: Ax, + By, +Cz,+D =0

D=(P,-P,)en/|In]]| * Substituting gives:

* Thatis: D=(A(x,-x,)+B(y,-yy) +C(z,-2,))
B2+ ()

] sart(a> + (Ax, + By, + Cz, + D) / sqrt(A2 + B2 + C?)

16
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Point inside a Triangle

¢ Consider a triangle T defined by 3

points p(Xy, Y1), Po(X,, Y2), P3(Xs, V3)
and a single point p(x, y)

* Four solutions:

— Barycentric solution

P1 (X1, v1)

— Parametric solution Py
— Dot product solution

— Cross product solution

P, (% ¥2) P; (%5, 3)

flosse—

Barycentric Solution .

* The way to compute a, b, c is not difficult :

—a=((y, - ya)*(x - x3) + (X3 - ) *(y - ya)) / ((y, - ya)*(x, -
Xa) + (X3 - Xz)*(Y1 - Y3))

= b =((ys - y)*(x - x3) + (x - x3)*(y - y3)) / (v - y3)*(xq -
X3) + (X3 - X,)*(y1 - ¥3))
—c=1-a-b
* Then p lies in T if and only if:
—0<=a<=land0O<=b<=1and0<=c<=1

Parametric Solution

* Consider the parametric expressions
of the 2 edges [p,, p,] and [p,, p5]inT:
— X(t1) = t1*(x, - X,)

—y(tl) =t1¥*(y, - y,)
— X(t2) = 12*(x5 - X,)
—y(t2) =t2%(y; - v4)

Then express p(x, y) as a linear

combination of them:

P2 (%21 2) Ps (X3, ¥3)

— X=X, +X(t1) + x(t2)

-y =y, +y(tl) +y(t2)

P1 X1, Y1)

o p(xy)

flassc—

Barycentric Solution

* Barycentric coordinate allows to express new p
coordinates as a linear combination of p;, p,, ps

More precisely, it defines 3 scalars a, b, ¢ such
that:

—x=a*x;+b*x, +c*x; P (X1, va)
—y=a*y;+b*y,+c*y;

—a+b+c=1 oY)

P, (X3, ¥2)

flassc—

Barycentric Code Sample

function pointinTriangle(x1, y1, x2, y2, x3, y3, X, y: Number):
Boolean

{

var denominator:Number = ((y2 - y3)*(x1 - x3) + (x3 - x2)*(y1 - y3));
var a:Number = ((y2 - y3)*(x - x3) + (x3 - x2)*(y - y3)) / denominator;

var b:Number = ((y3 - y1)*(x - x3) + (x1 - x3)*(y - y3)) / denominator;
var c:Number=1-a-b;

return 0<=a && a<=1&&0<=b && b<=1&&0<=c&& ¢
<=1;

}

‘:;i““po&c—

Parametric Solution .

* Solving the system:
=11 = (x*(y3 - ya) + Y*(Xq - X3) - X *Y3 + y1*x3) / (% *(y, -
V3) + V15 (X5 - %) + X,%Y5 - ¥,%x3)

—12= (x*(y; - y1) + V¥ (X1 - %) - X*Y, +¥1*%0) /(% *(y,
- ¥3) + V1 (%3 - %) + X%y3 - vox3)

* Then p lies in T if and only if:
—0<=tl<=1land0<=t2<=1landtl+t2<=1

Ps (X3, v3)

2/24/2019
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Parametric Code Sample

function pointinTriangle(x1, y1, x2, y2, x3, y3, X, y: Number):

Boolean
{
var denominator:Number = (x1*(y2 - y3) + y1*(x3 - x2) + x2*y3
-y2*x3);
var t1:Number = (x*(y3 - y1) + y*(x1 - x3) - x1*y3 + y1*x3) /
denominator;
var t2:Number = (x*(y2 - y1) + y*(x1 - x2) - x1*y2 + y1*x2) / -
denominator;
var s:Number = t1 + t2;
return0<=11 && t1<=1&& 0<=t2 &&t2<=18&&s<=1;
}
- =/

Dot Product Solution .

Compute the 3 dot products:

—dotl=vl.vl" = (y,-yy)*(x-x;) + (-x; + %) *(y - 1)
—dot2=v1.v2' = (y3-y,)*(x-X,) + (%3 + X,)*(y - ¥,)
—dot3=v3.v3" = (y; - y3)*(x - x3) + (-x; + X3)*(y - v3)
* Checkif p liesin Tif and only if

—0<=dotl and 0 <= dot2 and 0 <= dot3

- e—— \4]

Cross Product Solution

* Calculate:
—cl=p;xp
—C2=p,xp
—Cc3=p3xp
e Pisinside triangle if:
— Clockwise order if
*c1>0&&c2>08&&c3>0
— Counterclockwise if
* c1l<0&&c2<0&&c3<0
— No information if
* (c1>0&&c2>08&&c3>0) || (c1<0&&c2<0&&c3<0)

bt

2/24/2019

I"“poC( \74

Dot Product Solution

Assume that p,, p,, p; are ordered in counterclockwise
and check if p lies at left of the 3 oriented edges

= [Py Pal, [P, 3], [Py, p4]

First consider the 3 vectors v,, v, and v, that are left-
orthogonal to [p,, p,], [P, p3] and [ps, p,] :

T V1=E<Yy Yy Xy %>

T V2 =<Y3m Yy Xyt Xp>

— V3 =<Y;-Ys3 Xt Xg>
* Then we get the 3 following vectors :
=V = XX, Y-y
-V = XXy, Y - Y,>

— V3 = <X-Xg, ¥ - Y5> P2 (%2, v2) v
2

P (X3, ¥3)

I"“poC( \74

Dot Product Sample Code

function side(x1, y1, x2, y2, x, y:Number):Number
{

return (y2 - y1)*(x - x1) + (-x2 + x1)*(y - y1);
}

function pointinTriangle(x1, y1, x2, y2, x3, y3, X, y:
Number): Boolean

{
var checkSidel:Boolean = side(x1, y1, X2, y2, x, y) >= 0;
var checkSide2:Boolean = side(x2, y2, x3, y3, x, y) >=0;
var checkSide3:Boolean = side(x3, y3, x1, y1, x, y) >= 0;
return checkSidel && checkSide2 && checkSide3;

blogspot

b

ftsse— \74

Conic Sections

* A conic sectionis a
curve obtained as
the intersection of a
cone (more precisely,
a right circular
conical surface) with
a plane

18
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Circle

* The circumference of a circle
means the length of the circle

* The interior of the circle is called
a disk

* An arc is any continuous portion
of a circle

¢ Adiameter is a straight line
through the center and
terminating in both directions on
the circumference

GHRISSe— \*4

Circle at Origin

* If the circle is centred at the origin (0, 0), then
the above formula can be simplified:

TQ + y? _ ?"?
* and its tangent will be:
Try gy =717

* where x,, y, are the coordinates of the
common point

';-H‘lﬂlpc:-c-c— \"J

Circle Parametric Equations

* When expressed in parametric equations (x, y)
can be written using the trigonometric functions
sine and cosine as:

X =a+rcost
y=b+rsint

* where t is a parametric variable

— Understood as the angle the ray to (x, y) makes with
the x-axis

2/24/2019

"...Iiﬂlp-cchc* \~4
Equation of a Circle

* In an x-y coordinate system, the circle with
centre (a, b) and radius r is the set of all points
(x, y) such that:

(z—a) + (y—b)’ =1

* The equation of the circle follows from the
Pythagorean theorem applied to any point on
the circle

"...Iiﬂlp-cchc* \~4
Tangent and Secant Lines

* Aline is tangent to a curve, at
some point, if both line and
curve pass through the point
with the same direction
— This is called the tangent line
— Tangent line is the best straight-

line approximation to the curve at
that point

* The slope of a tangent line can
be approximated by a secant line
— It is a mistake to think of tangents

as lines which intersect a curve at
only one single point

T \74
Definition of

* 1t symbolizes the ratio

— The relationship with respect to relative
size of the circumference of circle to its
diameter, whatever that relationship
might be

— So when we say that t = 3.14, we mean
that the circumference of circle is a little
more than three times longer than the
diameter:

C/D =n=3.14

— mindicates the ratio of a curved line to a
straight

19



GHRISSe—
Circumference of a Circle
¢ Since:C/D =n1
* Can use that as a formula for calculating the
circumference of a circle:
C=nD
* Or,since D =2r
C=m 2r=2nr
GHRISSe— \*4

Calculation of Area Enclosed .

* Using a square with side lengths equal to the
diameter of the circle, then dividing the square
into four squares with side lengths equal to the
radius of the circle, take the area of the smaller
square and multiply by rt

[4
d=2r=2-v’:~1.1284-\/ﬁ

— approximately 79% of the circumscribing square

';-H‘lﬂlpc:-c-c— \"J

Circle Properties

* The circle is the shape with the highest area for a
given length of perimeter
* The circle is a highly symmetric shape
— Every line through the centre forms a line of reflection
symmetry and it has rotational symmetry around the
centre for every angle
« All circles are similar:
— Acircle's circumference and radius are proportional
— The area enclosed and the square of its radius are
proportional
— The constants of proportionality are 2mand m,
respectively

2/24/2019
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Calculation of Area Enclosed

* The area enclosed by a circle
is the radius squared,
multiplied by t e

A=?"2-""' | Area=r*

T

"...Iiﬂlp-ccac* \74

Unit Circle

* Aunitcircle is a circle with a unit
radius
— This is a circle whose radius is 1
* Often, the unit circle is the circle of
radius 1 centered at the origin (0, 0) in
the Cartesian coordinate system in the
Euclidean plane
— If (x, y) is a point on the unit circle in the
first quadrant, then x and y are the
lengths of the legs of a right triangle
whose hypotenuse has length 1, then:

(cost,sint)

x2+y?=1

bisse— v

Calculate x, y of Segment

d = 2sqrt(r2-x?)

20
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Calculate x, y of Segment .

d = 2sqrt(r>-x?) > z = sqrt(r?- x?) >
z = sqrt(r?- r2/(1 + tan6?) >
z=rsqrt(1-1/(1+tanB?)

z=sqrt(r>-x?) - z2 = r>-x?
But tan® = z/x, so:

x*tan®? = r2-x2 > x(1+ tan@?) = r2 >
X = r/sqrt(1 + tan?)

ipisoc—

TGround Class

class TGround

public:
TVector _points[37]; // points in the surface of the
ground

TVector _normal; // normal of the ground

public:
// Default constructor
TGround();

// Function that draws the ground
void DrawGround();

3

T
Draw Ground Function

void TGround::DrawGround()
int i=0.0;
glPushMatrix();
glPushAttrib(GL_ENABLE_BIT);
glCallList(50);

glBegin(GL_POLYGON);
for(i=0; i<=36; i++)

gINormal3f(0.0, 1.0, 0.0);
glVertex3f(_points[i].X(), _points[il.Y(), _points[i].Z());

}
glEnd();

glPopAttrib();
glPopMatrix();

Gt —

Ground Implementation in C++

* TGround Class
— Variables

« Define 37 points in the surface of the ground
* Define the normal of the ground
— Functions
* Ground Constructor
* Draw Ground

Gt —

Constructor

for(i=0; i<=36; i++)
{

J/ Transform degrees in rads

rad_angle={pi*angle)/180.0;

11 Caleatethe xand  co-ondinatesof e ground

= radius/(sqri{1.0 + tan(rad_angle)*tanrad_angle])

= radus™(art(L0- (10/10+ taniad_snge's L —

angle:

1/ Check the co-ordinates in all the quadrants of the circle ground
i£((>=0) 8& (i<10)) 1/ First quadrant

#=29)(_poitsl)= Ivecar00,00,1.0) )
intsi] = TVector(x, y, 2);

1

1((>=10) 88 (19) J/second quadrant
) _points{i] = TVector(, v, 2;

if ((>=19) 8& (i<28)) 1/ Third quadrant

=27 1_poins] = ecor0.0,00,1.05 )
_points[f] < TVector(-x,

io=27) 88 (<-36) 1/ Fourth quadrant
) _points[i] = Tvector(x, v, -2);
}

/] Construct the vector for the normal of the ground
_normal = TVector(0.0, 1.0,0.0);

"...Iiﬂlp-ccxc—

Ellipse

* Anellipseis a curve on a
plane surrounding two focal
points such that the sum of
the distances to the two focal

2/24/2019

\"J

points is constant for every ‘

point on the curve

T v
a2+b2=1

* You can think of an ellipse as
an oval

2 2 v
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Parabola

* The standard form of a parabola's equation is
generally expressed: y= ad+bxto
—y=ax?+bx+c

* The role of 'a‘ i
— If a> 0, the parabola opens upwards <

—Ifa< 0, it opens downwards y=af+bx+c

¢ The axis of symmetry
— The axis of symmetry is the line x = —b/2a§

Boisoe— v

Hyperbola

* The equation of the hyperbola
can be written as:

II 2

!

* If cis the distance from the
center to either focus, then:

a%+b?=c?

fiosoe— v
Equation of a Sphere

 Pythagoras theorem generalises to 3D giving:
—a2+h2+c2=d?

 Based on that we can easily prove that the
general equation of a sphere is:
- (X' Xc)2 + (y' yc)2 + (Z' Zc)2 =r?

* and at origin:
Xy + 2=
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Vertex Form of Parabola

* The vertex form of a parabola's y = alx-hy+k
equation is generally expressed as:
— vy =a(x-h)2+k where (h,k) is the vertex

* If ais + then the parabola opens
upwards like a regular "U"

* Ifais - then the graph opens i
downwards like an upside down "U"

* If |a| <1, the graph of the parabola
widens

* If |]a| > 1, the graph of the graph
becomes narrower
— The effect is the opposite of |a| <1

y = a(x-h@+k

-ifii‘nl,oc{— \~4

Parametric surfaces

* Atorus with major radius R
and minor radius r may be
defined parametrically as

x = cos(t)(R + r cos(u))
y =sin(t)(R + r cos(u))

z=rsin(u)
* where the two parameters t
and u both vary between 0
and 2n

ftsse— v

Ray-Sphere Intersection

Ray: P =P, +tV
Sphere: (x-c)? +(y-¢,)?+(z-c)>=r2 or |P-C]2-r2=0

Substituting for P, we get: [Py +tV - C]2-r2=0

Solve quadratic equation: at? + bt + ¢ =0

where: :
a=|VP=1 2
b=2V+(P,-C) w
c=|Py-C]2-r2 Y
P=P,+tV Po
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Advanced Methods of Rotation

« Different advanced methods exist including:
— Euler angles
— Quaternions

fitisce—
Euler Angles .

* We can simulate any arbitrary rotation with
one rotation about the x-axis, one about the
y-axis, and then one about the z-axis

—i.e. consider an airplane pointing along the x-axis
with the z-axis pointing up

T
Disadvantages

* No universal standard for Euler rotations
— Different fields use different sequences
* i.e. some use z-y-z as opposed to the x-y-z system
* Although any rotation can be represented by
either a set of Euler angles or a matrix
— Computing the required angles is expensive and
can introduce errors

* Interpolation does not work well!

2/24/2019
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Euler Angles

* In many fields Euler
angles are used to
represent rotations

* Any rotation can be
broken down into a
series of three rotations
about the major axes

HE I \74

Roll, Pitch, Yaw

* Can represent any pose
as a vector (roll, pitch,
yaw)

— The "roll" about the x-axis
along the plane

— The "pitch" about the y-
axis which extends along
the wings of the plane

— The "yaw" or "heading"
about the z-axis

Pitch Axis

bisse— v

Standard Rotations
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Angles to Axis

* Can combine the separate axis rotations into
one matrix by multiplying standard rotational
matrices together
— Multiplication of matrices is not commutative

« Different order of matrix multiplication results in a
different outcome

* 6 different combinations are possible;
—RRR, RRR, RRR, RRR, RRR, and RR R,

2y

.I:Ipoc»_r,

R,R,R, & R R,R, Rotations

Ry RxRz

cosB 0 snB\ (10 0 cosC —sinC 0
= o 1 0 0 cosA —sind| |sinC  cosC 0

—sinB 0 cosB) \0 sinA  cosA 0 01

cosB  sinBsinA sinBeosA\ feosC —sinC 0
= o cos / / sinC cosC 0

—sinB cos BsinA  cos Beos A, 0 01

cos Beos C 4 BsinAcosC sinBeos A
= cos o sinA

sinBeos C + BsinAcos ¢ cos Beos A
Ry RzRx

cosB 0 sinB\ feosC —sinC 0\ (1 0 0
={ 0o 1 0 sinC cosC 0] |0 cosA —sinA

sinB 0 cosB, 0 0 1) \0 sinA cosA

cosBeosC —cosBsinC sinB\ (1 0 0
= sinC cosC 0 0 cosA —sinA
—sinBeosC sinBsinC cosB) \0 sinA  cosA

BsinAsin(
G

2 sin Asin

cos Beos € cos BsinCsinA 4 sinBsin A cos BsinCsinA + sin Beos A
= sin ¢ » —cosC'sinA
sinBeosC sinl osBsinA - —sinBsinCsinA + cos Beos A

Code Example

void anglesToAxes(const Vector3 angles, Vector3& left, Vector3& up, Vector3& forward)

const float DEG2RAD = 3.141593f / 180;
float sx, sy, sz, cx, cy, cz, theta;

// rotation angle about X-axis (pitch)
theta = angles.x * DEG2RAD;

sx = sinf{theta);

cx = cosfitheta);

// rotation angle about Y-axis (yaw)
theta = angles.y * DEG2RAD;

sy = sinf(theta);

cy = cosf(theta);

// rotation angle about Z-axis (roll)
theta = angles.z * DEG2RAD;

sz = sinf{theta);

cz= cosf(theta);

Ll

RyR,R; & R,R,R, Rotations

RxRyRz

o cosB 0 sinB
=[0 cosa —sina 1o
—sinB 0 cosB,

cos C'

sinC

0

Asin B cos C + cos Asin( sinAsin B

os AsinBeos C 4 sinAsinC  cos Asin |

Ry RzRy

o 0 cosC —sinC 0
=[0 cosA —sind] |sinC  cosC 0
0 sind cosA 0 01

= [ cos Asinc +sinAsin B cos Acos (
sinAsinCeos B —cos Asin B sinAcos €

| [HEC

osC —s

sinC'

sin AsinC

sinC
cosC

0

sB 0
01
sinB 0

0

sinC 0 cosB 0 sinB
Leos O 01
LeosC cos A —sinB 0 cos B,

inC 0
cwsC 0
0 [

sinB
0
cos B

o5 Asin

B —sinAcos B
sinB + cos Acos B

R.RR, & R,R R, Rotations

RzRxly

cosC —sinC 0\ (10 0
={sinC csC 0] {0 cosA —sina
0 01 s cos A

cosC —sinCeos A ?sin / wsB 0 sinB
= [sinC  cosCeos A c A 01
0 sinA cos A —sinB 0 cosB

cos C cos B — sinCsin Asin B nC co
= [sinCeos B+ cosCsinAsinB  cos Ccos A

cos Asin B n A

RzRyRyx

1

cosB

) sinl
010
—sinB 0 cosB,

cos Csin

0

sinC'sin B — cos Csin A cos B

cosC —sinC 0\ [cosB 0 smB\ (10
= [sinC  csC 0 0o 10 0 cosA
0 01 sinB 0 cosB) \0 sinA

0

1

cosCeos B —sinC cosCsinB\ (1 0
= [sinCeos B cosC  sinCsinB | [0 cos
—sinB 0 cos B
cos Ceos B nCcos A ¢ in B
= [sinCeos B cosc sin Csin Bsin A
sinB3 s BsinA

0

sinC'si
—cos

.ﬂﬁ

0 sind  cosA

03+ sinC sin 11'()~lf>

cos Acos I

0
—sinA
cos A

inA 4+ cos Csin B cos A
sinA +sinC sin cos A
cos Beos A

Code Example .

left.x = cy*cz;
left.y = sx*sy*cz + cx*sz;
left.z = -cx*sy*cz + sx*sz;

up.x = -cy*sz;
up.y = -sx*sy*sz + cx*cz;
up.z = cx*sy*sz + sx*cz;

forward.x = sy;
forward.y = -sx*cy;
forward.z = cx*cy;

determine left axis

determine up axis

determine forward axis

2/24/2019

24



2/24/2019

'f‘H‘ﬂIp-cCc* "4 ".:Iiﬂlp-ccac* \74
Rotation About Arbitrary Axis 3x3 Matrix Representing Axis
* In addition to the set of three Euler angles and » We can express the 3x3 rotation matrix in
the rotation matrix, a rotation can also be terms of a 3x3 matrix representing the axis:

represented by a vector specifying the

— [R] = [I] + s*[~axis] + t*[~axis]?
rotation axis and the angle of rotation around [R] =01 [raxis] + t*[axis]

this axis
* The problem of rotation about an arbitrary * orequivalently:
axis in three dimensions arises in many fields — [R] = c*[1] + s*[~axis] + t*([~axis]? + [I])
including computer graphics and computer
games
'f‘H‘l’:Ip-cC-c* "4 ".‘“‘ﬂlp-ccac* \74
Matrix Expansion Code Example
t*X*X +cC t*X*y _ Z*S t*X*Z + y*S public void matrixFromAxisAngle(AxisAngledd al)
[R] - t*x*y + Z*S t*y*y +C t*y*z - X*S L’EZE:E:zitﬁiﬁfffn"gﬁ)
doublet=1.0-c;
t*x*z - y*s t*y*z + x*s t*z*z+c m00=c+alxtalatt
mil=c+aly*aly*t;
m22 =c+alz*alz*t;
¢ where: double tmp1 = alx*aly*t;
double tmp2 = al.z*s;
— c=cos(angle) m10= tmp1 + tmp2;
— s=sin(angle) e
—t=1-c e
— x =normalised axis x coordinate oy TP e Ty
— y = normalised axis y coordinate e

— z=normalised axis z coordinate

';-H‘lﬂlpc:-c-c— \"J E iiﬂlp-oc{— \~J
Quaternions Quaternion Definition
* Complex numbers were discovered in 1800’s * A quaternion is based on three different
and had the characteristic property to be numbers that are all square roots of —1 and
defined in terms of i, where i is the square root are labeled i, j and k, where:
of -1

1= @1,%,23,5) = (Z5)
* In 1843, sir William Rowan Hamilton discovered Lo
a number called the quaternion, which has a 4= 121 J22 5t K23t

very similar form to complex numbers

ij=k ji=—k
P=pP=F=-1 k=i kj=—i
ki=j ik=—j

25



ipisoc—

Quaternion Properties

Muttiplication natural consequence of defn.

g p= (z{/Sp A Z,5, = Zp XZg , SpSq—1Zp- Z‘/)

Conjugate
q = (—2,s)
Magnitude

o> =2z-2+5*=q-q"

Bosce—
Quaternion Representation

* Defined like complex numbers but with 4
coordinates

—qlw, (x, y, z)] also written g[w, v] where v = (x, y, z)
—g=w+Xxi+yj+zk
* Here, wis real part, and (x,y,z) are imaginary parts
 Think of w as angle in an angle-axis representation
* Think of (x, y, z) as axis in an axis-angle representation
* Based on three different roots of -1:
_i2=j2=k2:_1

Hl: | e
Quaternion Toolbox

* Addition
— gqleql=[wltw? viev?
¢ Multiplication
— q'g?= [wiw? —vi.v2, vixv2 + wivZ + wiv!] (note: q’g? I= g?q?)
* Magnitude
— | a|=sart(w? +x2+y2+22)
* Normalisation
- N)=a/lal
* Conjugate
- g*=lw,v]
¢ Inverse
- q'=q*/lql?
* Unit quternion
— qisunitif| g|=1andg!=qg*
* Identity
— qg'dentity = [1,(0,0,0)] for multiplication, g'9etity = [0,(0,0,0)] for addition

Gt —
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Quaternion Rotations

Vectors as quaternions

v= (VO)

Rotations as quaternions
0 0

= (rsm—.cosz)

Rotating a vector
/ *

X =r-x-r

Composing rotations

r—=r1-rp <@== Compare to Exp. Map

Quaternion Representation .

* For aright-hand rotation of fradians about
unit vector v, quaternion is:

g = (cos(6/2); v sin(6/2))
— Note how the 3 imaginary coordinates
are noted as a vector

— Only unit quaternions represent rotations
* Such a quaternion describes a point on the 4D unit
hyper-sphere

Important note: g and —q represent the exact same
orientation

‘-;wﬁﬂ I, e e V

Transforming a Point or Vector

* To transform a vector P by the rotation
specified by the quaternion g, there are two
options:

— Multiply conj(q) by (0, Px, Py, Pz)
* See next slide

— Convert g to matrix and use matrix transformation
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First Method

* Rotate vector P angle #around unit axis R:

— Form the quaternion representing the vector P
* q1=(0,Px,Py,Pz)

— Form the rotation quaternion from the axis R and
angle 6

* g2 =(cos(8/2),Rxsin(8/2),Ry sin(6/2),Rz sin(6/2))

— The rotated vector is given by v entry of the
quaternion:

*93=02qlq2*

— g2 must be of unit magnitude for this to work properly

CHRISe—
Quaternion to Matrix

* From quaternion to a 3x3 rotation matrix:

1-2y>-27% 2yz+H2wx 2xz-2wy
2xy—2wz 1-2x2-27> 2yz-2wx
2xz+2wy 2yz-2wx 1-2x%-2y?

I
Quaternion Code Example

* Three functions:
— Convert an axis and angle rotation to a quaternion
— Convert a quaternion to a rotation matrix
— Rotate the quaternion

".I.Iiﬂlp-cCH:*
Quaternion and Axis-Angle

* From axis-angle to quaternion:
— g =(cos(6/2); vsin(6/2))
— where:
* vis the axis
* Oisthe angle

* From quaternion to axis-angle:
— Axis v = (x, Y, ) / sqrt(x? + y2 + z2)
— Angle 0 = acos(w) * 2

EitIsse—

Euler Angles to Quaternion

* From Euler angles (pitch, yaw, roll)
— Create three quaternions
— One for each of pitch, roll, yaw
— Then multiply them together

* Here, P = pitch/2, Y =yaw/2, R =roll/2
— w = cos(R)*cos(P)*cos(Y) + sin(R)*sin(P)*sin(Y)
— x = sin(R)*cos(P)*cos(Y) — cos(R)*sin(P)*sin(Y)
—y = cos(R)*sin(P)*cos(Y) + sin(R)*cos(P)*sin(Y)
— z = cos(R)*cos(P)*sin(Y) — sin(R)*sin(P)*cos(Y)

S _ . . v
€onvert an axis and angle rotation to a

quaternion
void Tquaternion::CreateFromAxisAngle(float X,
float Y, float Z, float degree)
{
float angle = float((degree / 180.0f) * PI);
float result = (float)sin( angle / 2.0f );
w = (float)cos( angle / 2.0f );
x = float(X * result);
y = float(Y * result);
z = float(Z * result);

2/24/2019
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onvert a quaternion to a rotation .
matrix Rotate the Quaternion

void Tquaternion::CreateMatrix(float *pMatrix) void Tquaternion::quaternionRotation(double x, double y, double z)

pMatrix[ 0] = 1.0f - 2.0F * (y *y + 2 * z);
pMatrix[ 1] = 2.0f * (x * y +2 * w);
pMatrix[ 2] = 2.0F * (x * z-y * w);
pMatrix[ 3] = 0.0f;
pMatrix[ 4] = 2.0 * (x *y -z * w);
pMatrix[ 5] = 1.0f - 2.0F * (x * x+2 * 2);
pMatrix[ 6] = 2.0F * (2 *y +x *w );
pMatrix[ 7] = 0.0f;
pMatrix[ 8] = 2.0f* (x *z +y * w);
pMatrix[ 9] = 2.0f * (y *z-x * w);
pMatrix[10] = 1.0f - 2.0F * (x * x +y *y );
pMatrix[11] = 0.0f;

pMatrix[12] = 0;

pMatrix[13] = 0;

pMatrix[14] = 0;

pMatrix[15] = 1.0f;

.I:Ipocscf \74

Quaternion Interpolation

* One of the most important reasons for using
quaternions is that they are very good at
representing rotations in space

Quaternions overcome the issues that plague
other methods of rotating points in 3D space
such as Gimbal lock

— An issue when you represent your rotation with
Euler angles

Examples

float matrixX[16), matrixY[16], matrixZ[16];
static float rotation = 0;

Tquaternion qRotationX;
Tquaternion qRotationY;
Tquaternion qRotationZ;
qRotationX CreateFromAxisAngle(1, 0, 0, x);
qRotationY.CreateFromAxisAngle(0, 1, 0, y);
qRotationZ.CreateFromAxisAngle(0, 0, 1, 2);

qRotationX CreateMatrix(matrixX);
qRotationY CreateMatrix(matrixY);
qRotationZ CreateMatrix(matrixZ);

gMultMatrixf(matrixX);
gMultMatrixf(matrixY);
gMultMatrixf(matrix2);

Hllooc—

Quaternion Interpolation Methods
* Using quaternions can define several methods
that represents a rotational interpolation in

3D space:
— SLERP
* Used to smoothly interpolate a point between two
orientations
— SQAD (extension of SLERP)
* Used to interpolate through a sequence of orientations
that define a path

SLERP

* SLERP provides a method to smoothly

interpolate a point about two orientations

— SLERP stands for Spherical Linear Interpolation
Represent the first orientation as g, and the
second orientation as q,

The point that is interpolated will be
represented by P and the interpolated point will
be represented by P’

The interpolation parameter t will interpolate P
from g, when t=0 to g, when t=1

\"J
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SLERP Interpolation

The standard linear interpolation formula is:
p’=py+t(p—py)

The general steps to apply this equation are:

— Compute the difference between p, and p,

— Take the fractional part of that difference

— Adjust the original value by the fractional difference
between the two points

Can use the same principle to interpolate

between two quaternion orientations

CHRISe— \*4

SQAD Representation

* And we also define the “helper” quaternion
(s;) which we can consider an intermediate
control point:

5; =exp

( log (gi+1a7") + log (%—10{]))
- 3 )=

L r——— \74

Quaternion Advantages

Quaternion interpolation using SLERP and SQUAD
provide a way to interpolate smoothly between
orientations in space

Rotation concatenation using quaternions is faster
than combining rotations expressed in matrix form
Converting quaternions to matrices is slightly faster
than for Euler angles

Quaternions only require 4 numbers

— 3if they are normalized

— The Real part can be computed at run-time

« To represent a rotation where a matrix requires at least 9
values

2/24/2019
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SQAD

* SQUAD (Spherical and Quadrangle) can be
used to smoothly interpolate over a path of
rotations

— Just as a SLERP can be used to compute an
interpolation between two quaternions

* If we have the sequence of quaternions:

q1.G2.43: """ 2Gn—2:Gn-1.Gn

".I.Iiﬂlp-cca\:* \74

SQAD Orientation

* Then the orientation along the sub-curve
defined by:
i1, i, dit+1. Gi+2

* at time tis given by:

squad(gi, i+1, i, si+1,£) = slerp(slerp(gi, gi+1, t).slerp(si, sira,t), 26(1 — 1))

fbissc— v
Quaternion Disadvantages

* Very hard to understand

* Can become invalid because of floating-point
round-off error

— This can be resolved by re-normalizing the
quaternion
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Questions
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Programming Links

http://pages.cs.wisc.edu/~cs368-
2/CppTutorial/NOTES/CLASSES-INTRO.html
http://www.quantstart.com/articles/Matrix-Classes-in-C-
The-Header-File
http://www.programiz.com/article/c%2B%2B-
programming-pattern
http://stackoverflow.com/questions/564877/point-and-
Tine-class-in-c

http://www.seasite.niu.edu/CS240/0ld CPP_Notes/lines
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Ettplz//www‘linuxfocus.org/Eninsh/March1998/article28.
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http://www.cs.stanford.edu/~acoates/quaternion.h
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