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Monte Carlo Rendering
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Mass—Energy Equivalence

Albert Einstein >



Rendering Equation

L (X, @) = Lo(x, @) + f £.(x, @, @,)Li (x, ;)cos 6; dw,
Q

James Kajiya



Rendering Equation

L (X, 0,) = Lo(x, @) + f £.(x, @, @,)Li (x, ;)cos 6; dw,
Q

* L, is radiance NoN
« amount of light emitted from x in direction w, & N4

* L, is emitted radiance T Y /o,
* non-zero, if x is a light source /

L; is incoming radiance / \
&

« amount of light arriving to x from direction w;

f- is bidirectional reflectance distribution function (BRDF)
* material property at x
 itis aratio of the light reflected along w,- to the light incoming from w;

cos 0; = N - w;
» describes Lambert’s cosine law



Lambert’s Cosine Law

L (X, 0,) = Lo(x, @) + f £.(x, @, @,)Li (x, ;)cos 6; dw,
Q




Bidirectional Reflectance Distribution Function (BRDF)

e Light is measured in terms of energy per unit area (W /m?)
 Radiance: amount of light from a single direction (W /sr m?)
« Irradiance: amount of light from possibly all directions (W /m?)

dL,(w;,) - dL,(w;)

fr (%, @y, @2r) = dE;(w;) L;cos8 dw; N



Bidirectional Reflectance Distribution Function (BRDF)

* Properties of BRDF f,.(x, w;, w,.):
* Energy conservation: A surface cannot reflect more light than falls on it form w;
- For each w; we have [ f,(x, w;, w,) cos 6, dw, < 1
* (Helmholtz) Reciprocity principle: f,.(x, w;, w,) = f,(x, w,, ®;)
* Thevalue f,.(x, w;, w,) remains the same if we swap w; and w,

 Isotropic: The value f,.(x, w;, w,-) remains the same, if we rotate the surface about the
normal at x by any angle

« Example: smooth plastic

* Anisotropic: The value f,.(x, w;, w,) change, if we rotate the surface about the normal at x
by some angle ‘ :

« Example: Brushed metal, hair




Surface Appearance




Specular
Reflection

Distribution Functions

Diffuse,,,
Reﬂecnqns e
|

Incident

Light Beam , Reflected

% Scatter
% Distribution

*BRDF

 Bidirectional transmittance distribution function (BTDF)
 Like BRDF but for the opposite side of the surface. \\

- BSSRDF + BSSTDF .
« Like BRDF and BTDF but include subsurface scattering Seatrer

Distribution
BTDF

 Bidirectional Scattering Distribution Function (BSDF) T
» Superset and the generalization of the BSSRDF and BSSTDF
 When subsurface is omitted then BSDF = BRDF + BTDF
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Evaluating Rendering Function

L. (x, w;) = Lo(x, w,) + ffr(x: w;, W, )L;(x, w;)cos 0; dw;
Q

f(x)4

10



Trapezoid Rule

n
f F()dx ~ z f(xi- 1)+f(xl)b—a —aZ fliz1) + ()
n n 2
f(x)4
b—a /T/// ~~~~~~ S BN S
Ax = " i o
n :
Xg=a X1 xIZ X3 X4 =Db >x
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Rectangle Rule

a

f(x)4

be(x)dx zz

n

1=1

[f(xi)

b—a
n

]=

b—a
n

Zn: f(x)
i=1

12



Disadvantages

f(x) ¢4

« Computationally expensive and the complexity increases with dimensions
f(x) 4
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Random Sampling

f(x)4
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Random Sampling

f(x)4
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Random Sampling

f(x)4
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Random Sampling

f(x)4
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Random Sampli

+

f(x)4

ng
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Random Sampling

+

f(x)4

19



Random Sampling

X3 Xy

)/ 4
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Monte Carlo Estimator

1 n
MCE(X) = = f(X)(b - a)
=1

f(x)4
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Monte Carlo Estimator

1 n
MCE(X) = = f(X)(b - a) =
=1

f(x)4

n

n

WO
i=1
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Random Variable

« X; denotes it" realization of the random variable X
« x; denotes the actual value of the X;

 Probability mass/density function (PMF/PDF) X~p(x) describes relative probability
that a random process chooses value x

« Example: unbiased die

« Allvalues are equally likely (uniform PMF)

+ p(1) =p(2) =pB3) =p#) =p(5) = p(6) ==
* Properties PMF:

K continuous PDF
* p(x)) = 0and ¥_;p(x;) =1
* Properties PDF: o)

* p(x)20and [, p(x)dx =1

N

X1 discrete PMF




Expected Value

 Intuition: what value does a random variable take, on average?

* Example:
e coin with heads =1, tails =0
« fair coin with probability ¥z for each outcome
« expectedvalue: %o*x1 + % x0 = %

number of possible outcomes
expected value of
random variable X /
\ Kk

=1
probability of ith outcome

value of ith outcome

PDF

|

E[X]=1| xp(x)dx

P\

values of the random variable over domain D
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Expected Value of Function

* Applying a function f: R = R to a random variable results in a new random variable

E[X] = f x p(x) dx E[f(X)] = f (O p(x) dx
D D
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Monte Carlo Estimator

1% b—ax
MCE (X) = Ez fX)(b—a) = Taz f(X:)
i=1 =1

f(x)4
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Monte Carlo Integration

1% b—ax
MCE(X) = Ez fX)(b—a) = Taz f (X
i=1 =1

n

E[MCE(X)] =

b _
E[MCE(X)] = az Elf(X;)]

S

E[MCE(X)] = b az
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Monte Carlo Integration

Assuming uniform distribution X~p(x)

b n
EIMCEQ)] = —— ) f FGO p(x) dx

n
=1

p(x) ¢

pr(x)dx =1
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Monte Carlo Integration

Assuming uniform distribution X~p(x)

EIMCE(X)] = ~— ai f £(x)

n
=1 a

p(x) ¢

pr(x)dx =1

dx
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Monte Carlo Integration

Assuming uniform distribution X~p(x)

E[MCE(X)] = 2= azn:

n
=1

b

n

1 b
— E[MCE(X)] = - ZJ f(x)dx
- i=1"¢
;A:A b
— E|MCE(X)] =J f(x)dx

S| =

faf(x)b_
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Monte Carlo Integration

Assuming uniform distribution X~p(x)

b b—ax —ax
| reodx = EmcEor = £ | 2 00| === D Bl
f(x)4
C i
a X X3 x!4 X2 b >x



Law of Large Numbers

« For any random variable, the average value of n trials approaches the expected
value as we increase n
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Monte Carlo Integration

Assuming uniform distribution X~p(x)
b
| reax~
a

f(x)4

b—a
n

zn: f(X:)
i=1
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Monte Carlo Integration
Assuming arbitrary distribution X~p(x)

——p(x)dx

jbf (x)
a P(x)

| f()dx =

f(x)4




Monte Carlo Integration
Assuming arbitrary distribution X~p(x)

b b
_ijMx=f£%%wwx
g(x)=£ﬁ—’8 )
- = [ gGopeodx
b a
vaﬂ=jfum@wx
) L, = E[g(X)]
_ fx)
Q(X)—m _E[@

p(X)



Monte Carlo Integration
Assuming arbitrary distribution X~p(x)

b n

IO fXD)
(x)dx =~ —

ja / n £ p(X;)

i=1

f(x)4
¢ E
a 9;1 X3 x.4 X
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Monte Carlo Integration
Assuming arbitrary distribution X~p(x)

f bf (x)dx =~

10 f(X)

n&ap(X;)
=1
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Evaluating Rendering Function
L.(x,w;) = L.(x, w,) + ffr(x: w;, ;) L;(x, w;)cos 0; dw;
Q)

n
2T
~ Lo(x, @)+ (% @5 0,)Li(x, @;)cos 6
=1

38



Evaluating Rendering Function

L. (x, w;) = Lo(x, @) + ffr(x: w;, W, )L;(x, w;)cos 0; dw;
Q

n
1 f(x, w;, w,)L;(x,w;) cos b,
~ LG @)+ )
n 4 p(w;)
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Evaluating Rendering Function

L-(x,w,;) =L,(x, w,) + ﬂ(x w;, w,)L;(x,w;) cos O;

NP l

‘p(w;)
1 n
L. (x', o) = Lo (X', w7) + 52 fi (¥, i}, w}) L;i(x', w}) cos 0; dw;

i=1

L.(x", w)) = L. (x", wy) +— Zf(x o, w;) Li(x", ") cos ' dw]’




Direct Illumination

L-(x,w,;) =L,(x,w,) +— Zfr(x w;, w,)L;(x, w;) cos O; ——
=1

‘(@)

1
L. (x', o) = Lo (X', w7) + 52 fi (', o}, w;) Li(x', w;) cos 0; dw;

i=1

n
1
L (x",w)) =L, (x", w)) + ZZ ' (x", w], w)) Li(x", w]") cos 0;' dw]’

n
1
Lr(xlll' w;ll) — Le(xlll' w;!l) +E2frlll(xlll' w;”' w;!l) Li(x’”, w;l’) cos gilll dw;”

1
'p(w))

p(w})

p(w;")
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Direct Illumination

1
L, (x; wr) = L, (x: wr) + E

Zn: fr(x, w;, @)
=1

l

Lr(xll w;‘) = Le (x/, (l);-) ;

L;(x,w;) cosB

‘p(w;)

42



Direct Illumination

n
1
Lo, 0,) = Le(x, @) + = f,(x, @0, ;)
-\(I)/- =1

cos O;
‘p(w;)
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Uniformly Sample Unit Circle

44



Rejection Technique

« Randomly generate (x, y)
« x € [0,1]
* y€[01]
- keepwhenx? +y2 <1

45



Polar Coordinates

6 uniform random angle between 0 and 2x

* r uniform random angle between 0 and 1

46



Polar Coordinates

6 uniform random angle between 0 and 2x

* r uniform random angle between 0 and 1

477



Sampling is NOT Uniform in Area!

« Samples closer to the center are more likely to be chosen

48



Cumulative Distribution Function (CDF)

For PMF: P(x;) = X}_; p(x;)

For PDF: P(x) = |, p(x) dx

Properties
e 0<Px)<1
e Pn)=1

« Sampling probability distributions
e Select X If P(xi—l) < 6 < P(Xi)

)

canonical uniform random variable € [0,1)

Probability that random variable X will take a value < x; p(x1)

PMF:

49



Cumulative Distribution Function (CDF)

Probability that random variable X will take a value < x p(x)

For PMF: P(x;) = X'_; p(x)) PDF:

- For PDF: P(x) = [, p(x) dx :
CDF:
* Properties 1
s 0<Px)<1
e Pn)=1
« Sampling probability distributions ¢
 Selectx = P71(§)

50



Better Sampling Using Inversion Method

https://www.pbr-book.org/3ed-2018/Monte_Carlo_Integration/Transforming_between_Distributions
https://www.pbr-book.org/3ed-2018/Monte_Carlo_Integration/2D_Sampling_with_Multidimensional_Transformations

* Area of the unit disk:

 Since we want uniform distribution over the disk and fD p(x,y) =1

1 r
py) = = p(r,0) == p(x,y) = 20

T

- p(r,0) =rplx,y)

 r,0 are independent —» p(r,0) = p(r)p(0)

1 0
pO) = o= ——b P(O) =5 = PI(§) = 2mE,

p(r) = 2r === P(r) =7r? =P p-l(£)= \/5

51



Better Sampling Using Inversion Method

52



Uniform Hemisphere Sampling

— 2
X =1 sinf cos @ A = 2mr

y =71 sin @ sin @
Z=rcosf

p(r,6,9) = r*sinf p(x,y,z)

p(w) = 1 \—P p(6,p)

2T o

note that we ignore r

p(0) =sin@ =P P(O)=1—cosh =P P 1(&) =cos (1 —¢&) ==Pp cos ()

1
p(p) =5 =— P(¢p) =% m——lp  P7Y(E,) = 27,

53



Z A
HOMEWORK HELP

Uniform Hemisphere Sampling

— 2
x =rsinfcos = /1 —&f cos(2mé,) A =2nr
y=rsinfsing = /1 — &7 sin(2né,)

Z=1rcosf = ¢,

p(r,8,9) = r?sind p(x,y,z)

p(w)=i \—b p(6,p)

2T o

note that we ignore r

p(0) =sin@ =P P(O)=1—cosh =P P 1(&) =cos (1 —¢&) ==Pp cos ()

1
p(p) =5 =— P(¢p) =% m——lp  P7Y(E,) = 27,
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Transforming Samples

55



° HOMEWORK HELP
Transforming Samples
* We do not care about hemisphere rotation /O

« So for a local sample (x,y, z) and surface normal N
U {(0, 0,1) when [N.z| < 0.999

(0,1,0) otherwise assuming we want actual position
(O8] +c
e T=UX N\ cross products, order is important, \
« B=N X T/ do not forget to normalize
* wij=Tx +By+ Nz A

L= C

sample local coordinates

56



Direct Illumination

L.-(x,w,) =L,(x,w,) +— Zfr(x w;, w,)L,(x', w;) cos ; ——

Trace(

=1

) 1

radiance ¢« (0,0,0)

if(

Le

¢ ClosestHit( )

== miss) return radiance

for(i=0; i < samples; i++) {

, )

+ epsilon =*

sample ¢« GetNextSample(
next_ray ¢« Ray(
next_hit ¢ ClosestHit(next_ray);
if(next_hit == miss || sample.pdf == 0) continue

< ComputeBRDF( , hext_ray.direction,
emission ¢ next_hit.material.emission

radiance += * emission * (
}
radiance
return Le + ————
samples

‘(@)

, sample.direction)

)

, nhext_ray.direction) / sample.pdf

57



Direct Illumination

n
1
L, (x’ wr) = L, (x, (l)r) + E; fr(X; Wi, wr)Le (x ) wr) cos 0; p(a)l)

1
fr =1.0,n =100,p(w;) = -




Direct Illumination

n
1
L; (x» wr) = L, (x» wr) + Ez fr (x, Wi, wr)Le (x,: w;‘) COS Hi
(=1

p(w;)

1
fr =1.0,n =1000,p(w;) = oy




Lambert’s Cosine Law

n
1
L; (x» w'r) = L, (x» wr) + gz fr (x: Wi, wr)Le(x,: w;“) COS Hi
=1

p(w;)

60



Cosine-Weighted Sampling

n
1
L; (x» w'r) = L, (x» wr) + gz fr (x: Wi, wr)Le(x,: w;“) COS Hi

L p(w;)

p(w) < cosO

] p(@) do = 1- p(w) =
Q

cos@

TC

61



Cosine-Weighted Sampling

X =1 sin6 cos @

y =7rsinfsing

Z =71 cos@

- o e o m m = m om

p(r,0,¢9) = r?sind p(x,y,z)

cosf \ cos@sinf X

el (0, @) =
™.

note that we ignore r

p(w) = -
p(0) = 2 cosOsing === P() = 1—cos?§ ===Pp P-1(¢)=cost /1—¢

1 ¢ _
plo) = == Po) = - P71(E,) = 21E,
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!
Cosine-Weighted Sampling

x =rsinfcosg = /& cos(2mé,)
y=rsinf@sing = /& sin(21é,) ﬁs method
Z=1cosf :m:\/l_xz_yz

p(r; 9} (,0) — T‘ZSinQ p(x, y, Z)

- e e o om Em m m om

cosf \ cos @ sin@ X

el D (0, @) =
™.

note that we ignore r

p(w) = -
p(68) = 2 cos O sin @ === P(0) =1 — cos* f mmmp p-1(&) = COS_l\/l——fl

1 ¢ _
plo) =7 == Po) = - P71(E,) = 21E,
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Cosine-Weighted Sampling (@) = cos 0;
/A

n
1
L-(x,w,) =L,(x,w,) + EZfr(x, w;, w,)L,(x', w;) cos 6,

L p(w;)

n
1
= L(x, @) + 521 fr(x @1, @)L 0) cos O
1=

n
1
— Le (x) wT) + gz f;”(x) wil wr)Le (x,) w;‘)n—
=1

Observation: We no longer care about the light direction, because we have more

samples around the normal, thus the contribution will be stronger from there
64



Comparison

cos 6

1
f‘r‘ — 10,n = 100,}9(0)0 — 2— fr — 1_O,n — 100:19(“’1) —
T




-
Energy Non-Conserving BRDF /(v o, w,) =1

n
1
L-(x,w,) =L,(x,w,) + ﬁz 1 L,(x', w;) cos 6;

£ p(w;)

« Sum of energy reflected in all directions:

20

ffr(x, w;, w,) cos b, dw, > 1 o

66



.
Lambertian BRDF £ (x, ;, ;) zg

p(w;)

n
1
L.(x,w,) =L,(x,w,) + EZ %Le (x', w;) cos 6,
i=1

« Sum of energy reflected in all directions:

X0
fﬁ(x, w;, w,.)cosl,.dw, <1 ?}
JACTIRT p—
X, Wi, wW,;) <
" v T [ cos B, de,
1
f;‘(xJ W, wr) < E

p —albedo [0,1] — defines how much light is absorbed by the surface .



Lambertian BRDF Comparison

cos@ cos@

1 =100,p(w;) = ,n=100,p(w;) =

T I




Lambertian BRDF Comparison

cosf cos@
,n=100,p(w;) =

,n=100,p(w;) =

T I




Gamma Correction

 Humans do not perceive luminance linearly
* much more sensitive to changes in dark tones

« We can use gamma correction to fix that
« Nonlinear operation used to encode and decode luminance
* output = input?

- -
> 5
o a
= =
= =
° o

OUTPUT

OUTPUT




Lambertian BRDF Comparison (with Gamma Correction)

cos6B cosb@
, N = 100,p(wl) —
T T

, N = 100,}9((1%) =

71



Lambertian BRDF Comparison

cosf cos@
,n=100,p(w;) =

,n=100,p(w;) =

T I




Evaluating Rendering Function

n
1
LT'(x’ w?") = Le (x, (I)T-) ~+ ;; f;‘(xi wii w‘l") COS 01: p(wl)

Trace(ray) {
radiance ¢« (0,0,0)
¢ ClosestHit( )
if( == miss) return radiance

Le =

for(i=0; i < samples; i++) {
sample ¢ GetNextSample(hit, )
next_ray ¢« Ray( + epsilon * , sample.direction)

¢« ComputeBRDF( , hext_ray.direction, )

radiance += * next_ray) * ( , hext_ray.direction) / sample.pdf

}

radiance
return Le +

samples




Recursion on GPU

* Not a good idea as GPU is heavy SIMD architecture
e Cache divergence
* Flow divergence

* OpenGL/GLSL does not support/allow it

* Solution:
* Rewrite using custom stack/queue
* Pain but it works (no dynamic allocation)
» Utilize properties of Monte Carlo integration
 Random samples can be accumulated over time

cs.emory.edu 74



Path Tracing

L.(x, @) = L,(x,,) +— z £.(x, g, 0,)L: (X, ;) cos f; ———

(@)

Trace(ray) {
radiance ¢« (0,0,0)
throughput « (1,1,1)

for(i=0; i < bounces; i++) {
¢ ClosestHit(ray)

}

return radiance

if( == miss) return radiance
if( )
radiance += * throughput
return radiance
}
sample ¢« GetNextSample( . )
< ComputeBRDF(hit, sample.direction, )
throughput *= * ( , sample.direction) / sample.pdf
<« Ray( + epsilon * , sample.direction)
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Path Tracing

n
1
L. (x,w,) = L,(x,w,) + E; fr(x, @;, @y )Li (X, @;) cos 6; p(w;)

(X
fr

/

N
I

,n=100,p(w;) = %,bounces =10

P
T
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Comparision

,bounces = 10

,bounces = 10

77



Surface Lighting Effects

¥~ Diffuse Reflection (-

/l\ /l\

Specular Reflection

Y
/l\

Refraction

78



. .
Reflection & Refraction |

« Described by Fresnel equations (S,P polarizations)

o _ | 11 cos(8) = xcos(8)) |°
Qi x cos(8) +m; * cos(8y)
o _ |G x cos(8) =, * cos(6))|’
P (11 * cos(8) + 1z * cos(6)))

1
Reff — E (Rs + Rp)

n1,M> — Indices of refraction

 Schlick’s approximation:
Fscntick (Ro, @i, N) = Ry + (1 — Ry)(1 — w; - N)®

0 1 1 1 1 1 1 1 1
\ 0 100 20 3 40 50 60 70 80 90
angle of incidence 0;
in GLSL you may want to clamp this to [0,1] == copper ==aluminum — iron = diamond — glass — water
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Microfacet Model

* Macrosurface (actual geometry)

 Microsurface (used for illumination)
* Mirrors smaller than ‘pixel’
* Not for displacement in geometry
* Not for normal mapping

* Multiple models exist

N, N, N,

80



.
Microfacet Model BRDF

Geometric Attenuation
Torrance—Sparrow Model

(l)r‘l‘(l)i

wh = . .
Fresnel | + ;] Normal Distribution Function

N /

F(w;, wp)G(w;, w,)D(wp)

- 4 cos 8; cos 0,

Normalization

f;‘(xl Wi, w‘l‘) —

81



Geometric Attenuation

« Shadowing: Facets occlude the light for other facets
« Masking: Facets cannot be seen due to other facets

 Interreflection: Facets reflect the light to other facets, and then the light is
reflected to the viewer

82



HOMEWORK HELP

Geometric Attenuation

« Multiple models for geometric attenuation exist (« stands for roughness)
. E.g., Smith GGX

* G(w;, w,) = (

2 cos 0 cos O,
cos 0, /a2 +(1-a?) cos? Oi))+(cos 0;J a?+(1—a?) cos? OT))

83



Normal Distribution Function

« Multiple NDFs exist a stands for roughness of the material
* Smith GGX

2

e D(wy) = =
(W) nt((a?2-1) cos? t9h+1)2
 Beckmann ge
sinfp _tan® 6
R — 2
D(Wh) ma? cos3 Oy, :
e Blinn

a+2

HOMEWORK HELP

e D(wy) = ;cos"ch1 6,, sin 6,

84



Microfacet Model BRDF

n
1
L (@) = Lo(x,@,) + E;ﬁ” 6 i 0Ll @) €001 e

n = 100, rougness = 0.2, gama = ON




Sampling BRDF fr(x, 01, @) =

n
1
Lr (x: wr) — Le (x» wr) + az fr (x: Wi, wr)Li(x; wi) cos 0,
i=1

F(wi, wp)G(w;, wr)D(wp)

4 cos 0; cos 0,

‘p(w;)
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Sampling BRDF

n
1
L.(x,w;) = Lo(x, w;) + ;Z fr(x, i, ) L;(x, w;) cos 6
=1

‘p(w;)
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Sampling Microfacet BRDF

* The D(wy,) has the largest influence on the result
Flw;, wp)G(w;, w,)D(wp)
4 cos 6; cos O,

fT'(xl w;, (1)7-) —

« We can use the inversion method to compute sampling according to D (wy,)
1. Express p(w) < D(wy)

Convert p(w) to p(8, @) and separate to p(0) p(p)

Compute P(8) and P(¢p) by integrating p(8) an p(¢p), respectively

Compute P71(8) and P71 (p)

Use canonical uniform distribution to sample hemisphere NT

Convert back to Cartesian coordinates “r

o0k W

N\



Example GGX

https://agraphicsguynotes.com/posts/sample_microfacet_brdf

(12
D(wp) = >
PDF respecting solid angle T[((az o 1) COSZ Hh + 1)
\azw;s 6, a? cos @y, sin 6,

p(wp) = m—] p(On, o) =

n((az — 1) cos? 6, + 1)2 n((az — 1) cos? 6, + 1)2

do not forget to convert the
sample to world coordinates

1— fl ) /
— X = 1 Sin 84 cos
0, = arccos \/ f(2—1)+1 h h Ph

yVn = T Sin 0y, sin @y
Zp =T COos 0Oy

Qp = 21$;

39



Example GGX

https://agraphicsguynotes.com/posts/sample_microfacet_brdf

« To compute w; we need to reflect —w,- along wy,

« Assuming w;, = —w,
* wW; = a);. — th(w;. . a)h) < in GLSL you may want to use reflect (w,.,w},)

« We need to express the probability with respect to w;

D(wp) cos By,

* plw;) =

4(wr-wp)

HOMEWORK HELP

920



Microfacet Model BRDF

https://agraphicsguynotes.com/posts/sample_microfacet_brdf

n
1
L. (x,w,) = L,(x,w,) + E; fr(x, @;, @y )Li (X, @;) cos 6; p(w;)

n = 100, rougness = 0.2, gama = OFF
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Combining BRDFs

1
L ) =L ) _z ) ) L; ) J 0;
(0,) = L) + 1) 6 0,01, 0 08By

« Sampling BRDF converges faster for specular surfaces

« Sampling according to cos 6; converges faster for diffuse surfaces

W
M
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Comparison

cosf@

fr — %»P(wi) =—,n=100,b = 10,gama = ON

n = 100,b = 10,rougness = 1.0, gama = OFF

n = 100,b = 10,rougness = 1.0, gama = OFF
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Combining BRDFs

* Mixing two unbiased estimators produces unbiased estimator

- Z E[X;]

E

>

i




Combining BRDFs

* Mixing two unbiased estimators produces unbiased estimator

E ZXi — ZE[Xi]

i

Algorithm
Draw random number & from uniform distribution
If rougness > ¢
Compute diffuse sample and corresponding PDF,
Set specular PDF, = 1
Else
Compute specular (e.g, GGX) sample and corresponding PDF,
Set diffuse PDF; = 1
Mix the PDFs based on rougness
p(w) = (rougness)PDF; + (1 — rougness)PDEF;

HOMEWORK HELP
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Comparison

GGX Only,n = 100,b = 10,g = ON

GGX + Cosine,n = 100,b = 10, g = OFF
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Light Importance Sampling

cos 6; cos 0;
f fr(x; Wi, wr)Li(x; wi)COS Qi dwi f Lo (x” wO)V(x, xl) l — l
{ A |x — x“
¥oN
%
(@) o~
w) X —
P A
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Uniform Sphere Sampling

X =1sinfcos@
y =71sinfsing
Z =71 cos0

p(r,8,9) = r?sind p(x,y,z)

no
p(w) = L \—P p(6,p) = S

note that we ignore r

p(0) = sin@ =P P(O)=1—cosO =P P 1(&) =cos (1 —¢&) ==Pp cos (&)

1
p@) =7 = P)=- = PTN(E) =g,

98



Uniform Sphere Sampling A = dry?

x =rsinfcosg = /1 —&f cos(4né,) = /1 — & cos(2mé,)
y=rsinfsing =./1— &/ sin(4né,) = /1 —&f sin(2né,)

Z=1rcosl = ¢,

p(r,8,9) = r?sind p(x,y,z)

. 6
p(w) =ﬁ e P(Q»Q=%

note that we ignore r

p(0) = sin@ =P P(O)=1—cosO =P P 1(&) =cos (1 —¢&) ==Pp cos (&)

1
P =7 = Plp) =5 = PTAE) =g,
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Sampling Spherical Lights

* Pick a random light and obtain its [position, radius] with some probability p(1)
* [p,r] « PickRandomLight()

« Compute a random sample on a sphere using canonical uniform distribution
¢ s « UniformSampleSphere(é,é,)

« Compute a sample ray w; to integrate

e X' =p+s*r 5%
cw;=x" —x 2

« Compute probability the given ray to be selected\x\N

jx—x'|”
p(l)

* plw;) =

4112
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Comparison

GGX + Cosine,n = 100,b = 10,g = ON GGX+Cosine+Lights,n = 100,b = 10,g = OFF
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Light Importance Sampling

 In each step, we can sample both towards the light and BRDF spikes
« Sample light to get direct illumination
« Sample BRDF to get indirect illumination
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Example

https://www.shadertoy.com/view/4sSXWt




Combining BRDFs
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Snell’s Law

N.. — N whenN:—-w,<0
7 —N otherwise

(1 _

T]_Z When N = fo
n =1 n2
77_1 otherwise
\

w, = —nw, + (NN - @,) —/T=n2(1 = (N- @,)?) )N

N

in GLSL you may use refract(—~w,, N¢¢, 1)

sin O¢

sin 0;

N1

=h_y

N2

N1, — Indices of refraction

hitps://pixelandpoly.com/ior.html
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Transmission

when we hit transparent surface
we choose w; or w; based
on a probability

\Z

%
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Transmission
A bit hacky solution.

N.. — N whenN:—-w,<0
7 —N otherwise

(1
77_2 when N = Ng¢s

if (K< 0.0 || prob > &){ M=\ n2 ,

return SampleReflection(Chit, ray) LET otherwise
} else {

dir « normalize(refract(-w,, N¢r, 1)) F(Ro) = Ro + (1 = Rp)(1 — (@, - Ng5))®

pdf « 1.0

return BSDFSample(dir , pdf) N — 15\
} prob = F < )

N+

K =10 —n?« (1-0 — (- fo)Z)

¢ = random number [0 — 1]
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Result

GGX+Cosine,n = 1000,r = 0.2 b = 10, gama = ON GGX+Cosine,n = 1000,b = 10,r = 0.8, gama = ON

108



Problems with Transmission

n
1
L(x®,) = L,(x,®,) + 52 £.(x, ;, @,)L; (x, ;) cos 6,

l

p(w;)

 When computing new ray, we need to correctly offset the origin

= Ray/( + ( ? —-EPSILON =* : EPSILON =* ), sample.direction)

« Rendering equation is not really build for BTDF
* cosf; = N - w; will be always negative I\
* you may invert w; or better ignore it completely
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Problems with Transmission

n
1
L ) =L ) __'ZZE:: ) ) L; ) ] 69'
((607) = Lot 07) + 1D ) 0 cos B

l

 When computing new ray, we need to correctly offset the origin

ray = Ray(hit.intersection + (hit.glass ? —-EPSILON * hit.ffnormal : EPSILON * hit.ffnormal), sample.direction)

« Rendering equation is not really designed for BTDF
* cosf; = N - w; will be always negative
 Solution:

« you may invert w; (produces dark edges)
« betterignore it completely

110



More Reading

www.pbr-book.org/3ed-2018/contents

docs.unrealengine.com
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