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Ontologie TIL: rozvétvena hierarchie typu




Zakladni pojmy

Konstrukce

o Promenneé x, y, p, w, t, ... v-konstruuji

o Trivializace °X doda objekt X

o Kompozice [FA, ... A] aplikace funkce

n Uzaver [Ax,...x, X] konstrukce funkce

o Provedeni X, Dvoji provedeni 2X

Jednoducha teorie typu
o Baze: {o, 1, 1, ©}
o Funkcionalni typy: (af¢...3,)

Parcialni funkce (B4 x... x B,) = a



Z.akladni pojmy

Denotat chapeme vzdy jako funkci, vCetne nularnich
funkci (atomické entity jako Cisla, individua)

Denotat muze byt:

a (PWS-)intense: (aw), nejCastéji ((at)w), zkracené a.,,

o Extense: funkce, jejiz doména neni ®

o Konstrukce

o nic (parcialita)

Typickeé extense:

o Mnoziny jsou extense typu (o)

o Relace jsou extense typu (oaf3)

Typické intense:

o Vlastnosti individui/(ot).,, individuove urady (role)/i.,,
propozice/o_,, vztahy mezi individui/(ou),,, atributy/(af),, ---



/.akladni pojmy, notace

Vyrokove-logicke spojky implikace (o), konjunkce (A),
disjunkce (v) a ekvivalence (=) jsou funkce typu (000),
negace (—) je typu (00).
o Pro spojky uzivame infixni notaci bez Trivializace.
o Tak napf. misto [°A [YD p g] [°—qg]] mUzeme psat
[[p > q] A —q].
Pro a-identity, tj. relace =_/(oc.a), budeme rovnez
pouzivat infixni notaci bez vyznacCeni indexu typu o.
o Napr. necht =/(ou) je identita individui, =,/(00,,0.,)
identita propozic; a, b -, 1, P —, (o1),. Pak misto
a P2 [%=, a b] [°=(or)0) [AWAL [P, al] [AWAL [P, b]]]]
budeme vétsSinou psat proste
[[a = b] o [AWAL[P,,, a] = AWAL [P, b]]].



/.akladni pojmy, notace

Kvantifikatory (totalni funkce) v<, 4%/ (o(oa)).

a Je-lix—>, o, B—, o, tedy Ax B(x) -, (oa), pak

a [0V Ax B(x)] konstruuje T, pokud Ax B(x) konstruuje
cely typ a, jinak F,

a [93*Ax B(x)] konstruuje T, pokud Ax B(x) konstruuje
neprazdnou mnozinu prvku typu o, jinak F.

o Notace: Vx B(x), 3x B(x)

Singularizatory (parcialni funkce) 1¢/ (a(oa)).

o [Y1* Ax B(x)] konstruuje jediny a-prvek mnoziny
konstruovane Ax B(x), pokud je to jednoprvkova
mnozina (singleton), jinak nedefinovan.

o Notace: ix B(x) Cteme ,to jedine x, ze B"



‘ Priklad

= ten jediny Clovek, ktery zabehl 100 m pod 9 s*

a0 Man/(ov)..,, Timel(t(ot)): délka Casového intervalu,
Runl/(ot),,, I/(1(o1)): ten jediny..., cely vyraz ozn. 1_,.

At [Pl Ax [[°Man ; x] A [°Time At [°Run,, x °100]] < °9]]
(o1) 1 (o) v T
(t(o7)) (01) 0
T (otT) T
(1(o1)) o (000) 0
(o1)

L

0




Rozvetvena teorie typu

T, (typy rfadu 1) — neproceduralni objekty, jednoducha teorie typu
C, (konstrukce radu n)

Necht x je promenna, ktera v-konstruuje objekty typu radu n. Pak x je
konstrukce radu n nad B.

Necht X je prvek typu fadu n. Pak °X, X, 2X jsou konstrukce radu n nad
B

Necht X, X, ..., X, (m > 0) jsou konstrukce radu n nad B. Pak
[X X,... X,,,)] Je konstrukce radu n nad B.

Necht x., ..., x,,, X (m > 0) jsou konstrukce fadu n nad B. Pak
[AX4...x, X] je konstrukce fadu n nad B.

Nic jiného ...

T4 (typy Fadu n + 1)
Necht *, je kolekce vSech konstrukci radu n nad B.
*_a kazdy typ radu n jsou typy radu n + 1 nad B.

Jsou-li a, By,...,B,, (M > 0) typy fadu n + 1 nad B, pak (a B ... B;,), 1.
kolekce parcialnich funkci, je typ fadu n + 1 nad B.

Nic jiného ...



Priklady, notace: C/a —, [3

Q

O/%, — (t17), X /%, >, 7T
[0+ X 01]/%, >, T

Ax [0+ x 91)/*, —, (17) funkce naslednika
[Ax [°+ x01]95] /*;, -, t  Cislo 6

[0: x °0)/*, —>, 1 nic

Ax [0 x 00)/*, —,, (z1) degenerovana funkce

Necht Improper je mnozina konstrukci radu 1,
které jsou v-nevlastni pro kazdou valuaci v. Tedy
Improper je extenzionalni objekt typu (o%*,), coz je
typ radu 2.

Pak [°!lmbroper °[°: x °0]] /*, — o

je prvek *,, coz je typ radu 3, i kdyz konstruuje

pravdivostni hodnotu P, coz je objekt typu radu 1.



Priklady, notace: C/a — 3

Necht Aritmetic je mnozina unarnich
aritmetickych funkci definovanych na
prirozenych Cislech, tedy Aritmetic je objekt
typu (o(vv)), a necht proménna x -, v, kde v
je typ prirozenych Cisel.

Pak Kompozice [YAritmetic [Ax [°+ x °1]]] patfi
do *,, coz je typ radu 2, a konstruuje T,
protoze Uzavér [Ax [°+ x °1]] konstruuje
unarni funkci naslednika, coz je aritmeticka
funkce.



Priklady, notace: C/a —, [3

Kompozice [YAritmetic “c]/*#; —, 0 v-konstruuje
pravdivostni hodnotu T, pokud promenna c/*, —, *,
v-konstruuje napft. Uzaver [Lx [0+ x 91]].
a  Dvoji Provedeni ?c v-konstruuje to, co je v-konstruovano
timto Uzavérem, a to je aritmeticka funkce naslednika.
o Kompozice [PAritmetic %c] je objekt patfici do *5, coz je typ
radu 4;
o promeénna c v-konstruuje Uzavér [Ax [°+ x °1]] typu *,, a
proto c patri do *,, coz je typ radu 3.
o Dvoji provedeni zvySuje fad konstrukce, proto “c je prvek
typu *54, coz je typ radu 4. Tedy celda Kompozice
[PAritmetic “c] patfi do *;, typu fadu 4.



Empirické vyrazgy

Empirické vyrazy oznacuji netrivialni (nekonstantni) intense

Jfrancouzsky kral®, ,prezident CR* ,Nejvyssi hora na svété”
oznacuji urady typu ., a aktualné referuji (v danem w a t, coz ale
neni zalezitost logiky, nybrz empirickych faktd) po fadé k niCemu,
k MiloSi Zemanovi a k Mount Everest.

Predikaty jako ,byt studentem®, byt vysoky®, byt vesely®, ,byt 60 let
Stary” oznacuji vlastnosti typu (o1),., a referuji ke sve populaci, {j.
mnoziné individui, ktefi jsou aktualné studenty, vysoci, veseli a
stari 60 let.

Oznamovaci véty jako ,Praha je vétsi nez Brno” oznacuji propozice
typu o, a referuji k pravdivostni hodnoté (dana veta k T).

Tedy uvedene vyrazy sou empirické v tom smyslu, ze to, k cemu
referuji v daném stavu svéta, je jiz mimo oblast logické analyzy
a muze byt zjistovano pouze empirickym zkoumanim stavu svéta
v daném case.



Analytické vyrazgy

Analyticke vyrazy oznacuji extense nebo trivialni
(konstantni) intense

Jejich extensi muzeme urcit pouze na zakladé
porozumeni vyrazu, bez zkoumani stavu sveta.

Matematicke a logické vyrazy jsou analyticke, oznacuji
extense

Vyrazy, které obsahuji empirické podvyrazy, jsou
analyticke, pokud oznacuji konstantni intense. Tedy
referovany objekt je analyticky nutne, tj. ve vSech wa't
jeden a tentyz.

,Zadny stary mladenec neni Zenaty*

,velryby jsou savci”



Omezené kvantifikatory

Vsichni studenti jsou chytri.

Nekteri studenti jsou lini.

At Vx [[°Student ; x] o [°Chytry,, X]]
AwAt Ax [[VStudent,, x] A [PLiny,, X]]

Toto nejsou doslovné analyzy, odporuji tzv. .Parmenidovu principu”
a nasi metode analyzy: vety nezminuji Vv, 3, o, A.

All, Some, No, Most, ... | ((o(or))(o1))

OAll M], kde M —, (o1), v-konstruuje mnozinu vSech nadmnozin
mnoziny M

°Some M), kde M —, (o1), v-konstruuje mnozinu vSech téch
mnozin, které maji neprazdny prunik s M

ONo M), kde M —, (o1), v-konstruuje mnozinu vS§ech mnozin, které
jsou disjunktni s M

Awt [[CAll °Student, ] °Chytry,,]
AwAt [[°Some °Student,] °Liny,,]




Analytické vyragy
“No bachelor is married” — TRUE
Bachelor, Married/(ot).,; No/((o(ot))(ot))

TM?

At [[°No °Bachelor,,] “Married ]
Definujme a zjemriujme:

m, n/x, —,, (o), X > 1.

ONo =xm An —3x [[m x] A [n X]], [[P°No m] n] = —3x [[m x] A [n X]].

OBachelor = Aw\t Ax [-[°Married,, x] A [°’Man,,, X]].

o (byt nezenaty a byt muz jsou rekvizity vlastnosti byt stary
mladenec)

[[°No °Bachelor, ] °Married ;] =

—[%3 Ax [[°Bachelor,, x] A [°Married,,, x11] =

—[°3 Ax [=[°Married ; x] A [°’Man,; x] A ["Married,,, X]]].

o v-konstruuje T pro libovolnou valuaci v, protoze trida v-
konstruovana ix [-[°Married,, x] A [°"Man,,; x] A [°"Married ; x]] je
prazdna, proto miuzeme generalizovat:

VwVt—3x [-[*Married ; x] A [°"Man,, x] A [°"Married,,; X]].



Analytické vs. empirické vyragy

VwVt[0> 08 05]
Aw At [[°Pocet °Planet.,] = 98]

Nutne, 8 > 5

Pnriat nlanet = R

2?77

Nutne, pocet planet > 5

Aw At [°> [CPocet °Planet,;] °5]

(analyticky nutne)
(empiricky, nahodné)

(empiricky, nahodné)

Pocet/(t(ov)): poCet prvku mnoziny, Planet/(o1).,, >, =/(otT)
Dk.:

1

N

w

)
)
)
4)

[0> 08 05]

[[°Pocet °Planet,,] = °8]

[°> [°Pocet °Planet,,] °5]
AWt [O> [OPocet “Planet, ] 5]

1. premisa, VE
2. premisa, AE
1, 2 Leibniz

3, Al



Prace s parcialiton, v-neviastni konstrukce

Chybné typovani
a Jestlize X neni konstrukce radu n (n > 1), pak 'X je nevlastni;
o Jestlize X neni konstrukce radu n (n > 2), pak 2X je nevlastni;

o Jestlize X, X, ..., X, nejsou konstrukce vyhovuijici typove
Definici, pak [XX1 X.] je nevlastni, nekonstruuje nic.

a PF.: "Tom, 15, Awat [OStudentwt 05], 2[kwkt [°Student,, ° Tom]]

Aplikace funkce f na argument a takovy, ze fje
nedefinovana na a

a [%: x 90] je v-nevlastni pro kazdou valuaci v

o Ax [ x 90] neni nevlastni, konstruuje degenerovanou funkci
o 9[9: x °0] neni nevlastni, konstruuje [°: x °0]

a [°Improper[°®: x °0]] konstruuje T

Improper/(o*,): tfida konstrukci v-nevlastnich pro kazdou
valuaci v.



Parcialita a kompozicionalita

,Jestlize pet deleno nulou je pét, pak Tom je papez*

0 0znacuje degenerovanou propozici, ktera je vSude
nedefinovana!

AWAL [[[°: 05 °0] =, 95] = [°Tom = °PapeZ, ] — o.,.

a 0, 5/7; :/(xt1); Tomlv; Papezi,,; [°: 95 °0] — =; [[°: 95 90] = 95]
— 0; 9Tom — 1; °Papez,, —, 1; [°Tom = °Papez, ] —, o; [[[*:
05 00] = 95] o [°Tom = °Papez, )] —, o.

o Relaci =_ neni na co aplikovat, tedy spojka implikace
neobdrzi prvni argument, proto je cela Kompozice
nevlastni, nekonstruuje nic. Parcialita je propagovana
nahoru. Uzaver — degenerovana propozice



Parcialita a kompozicionalita

Pokud intuitivne citime, ze danou vetou chtel mluvci
naznacit to, ze neni pravda ze pet deleno nulou je
pet, tedy ze veta by mohla byt pravdiva, pak musime
analyzovat tuto vetu:

,Jestlize je pravda, ze pet deleno nulou je péet, pak
Tom je papez".

True™/(o*,): trida téch konstrukci, kterée v-konstruuji T
pro vsechny valuace v.

[°True* °C] konstruuje T, pravé kdyz C v-konstruuje T
pro libovolnou valuaci v, jinak F.

AwMt [[°True™ O[[°: 95 °0] = 95]] = [°Tom = °Papez,]]
— o, - konstruuje propozici TRUE.

Véta je analyticky pravdiva



Parcialita a kompozicionalita

False*/(o*,) a Improper*/(o*,) jsou tridy
konstrukci v-konstruujicich F resp. v-
nevlastnich pro vsechny valuace v:

OTrue* °C] = —[°False™* °C] A —[°Improper*°C
OFalse*9C] = —[°True™* °C] A —[°Improper*°C
OImproper* °C] = —[°True* °C] A —[°False™* °C]

Podobne budeme casto potrebovat viastnosti
propozic True, False, Undefl/(oo

2.rijna

’C(D)T(D



Pravidlo B-transformace

o Zakladni vypoctove pravidlo A-kalkult a funkcionalnich
programovacich jazyku

o urcuje, jak provést operaci aplikaci funkce f na argument A
za Ucelem ziskani hodnoty funkce f na A.

Pr.: [’x [°+ x 91] 93] — chci hodnotu funkce naslednika
na Cisle 3:

[-redukce (nekdy také A-redukce) ,jménem"”:

[Ax [+ x 91] 93] = [°+ 93 1] (= 4)
p-rozvinuti (nebo take A-rozvinuti):

[0+ 93 91] = [Ax [0+ x 91] 03]

Redukce obecné: [[\x,...x,, Y] D,...D,] I Y(D/x)



B-conversion: [Ax O(x) A] |— C(A/%)

Procedure of applying the function presented by
AXx C(x) to an argument presented by A.

The fundamental computational rule of A-calculi and
functional programming languages

The fundamental inference rule of HOL

‘by name’; the procedure A is substituted for all the

occurrences of x
0 not operationally equivalent
‘by value’; the value presented by A is substituted for all

the occurrences of x



P-conversion: [Ax ((x) A] | — C(A/x)

In programming languages the difference between
‘by value’ and ‘by name’ revolves around the
programmer’s choice of evaluation strategy.

o Algol'60: “call-by-value™ and “call-by-name”

o Java: manipulates objects “by name”, however, procedures
are called “by-value”

o Clean and Haskell: “call-by-name”

Similar work has been done since the early 1970s;
for instance, Plotkin (1975) proved that the two
strategies are not operationally equivalent.

Chang & Felleisen (2012)’s call-by-need reduction
by value. But their work is couched in an untyped -
calculus.



[Ax O(x) A] |— Q(A/%)

Conversion by name > three problems.

conversion of this kind is not guaranteed to be an
equivalent transformation as soon as partial
functions are involved.

even in those cases when B-reduction is an
equivalent transformation, it can yield a /oss of
analytic information of which function has been

applied to which argument
In practice less efficient than ‘by value’



Problems with B-reduction ‘by name’

[Ax [Ay [°+ x y] [°Cotg °n]]

IS an improper construction; it does not construct
anything, because there is no value of the cotangent
function at «t

but its B-reduced Composition
[Ay [°+ [°Cotg °n] y]]
constructs a degenerate function

The improper construction [°Cotg °] has been drawn
into the intensional context of the Closure [Ly [+ x y]].



B-conversion by name:
2) loss ot analytic information

MXV+Q§\\\\

/l3' [3 + 1]

[Ay [3 + y] 1]
which function has been applied to which argument?

No ‘backward path’. Does it matter?



Problems with 3-reduction

“John loves his wife, and so does Peter”
- exemplary husbands (sloppy reading)

“loving one’s own wife” vs. “loving John's wife”
Lown (John): AwAt [Ax [°Love,, x ["Wife_of,, x]] °John]

[John (John): Awat [Ax [°Love , x [*Wife of,, *John]]
OJohn]

Both B-reduce to L/°" (John):
Awat [PLove, , OJohn [°Wife_of,, °John]]
“so does Peter”
Peter loves John’s wife = trouble on the horizon



B-conversion by name: loss of info

(1)  Awt[Ax [°Love, x [*Wife of,, °John]] °John]
(2)  AwAt [Ax[°Love , x [°Wife of,, x]] °John]

(3) Awat[°Love,, °John [°Wife of,, °John]]

It is uncontroversial that the contractum (3) can be
equivalently expanded back both to (1) and (2).

The problem is, of course, that there is no way to
reconstruct which of (1), (2) would be the correct
redex



Does it matter?

HOL tools are broadly used in automatic theorem
checking and applied as interactive proof assistants.

The underlying logic is usually a version of simply
typed A-calculus of total functions.

However, there is another application = natural
language processing = hyperintensional logic is
needed so that the underlying inference machine is
neither over-inferring (that yields inconsistencies) nor
under-inferring (that causes lack of knowledge).

agents’ attitudes like knowing, believing, seeking,
solving, designing, etc., because attitudinal sentences
are part and parcel of our everyday vernacular.



Hyperintensionality

was born out of a negative need, to block invalid inferences

o Carnap (1947, §§13ff); there are contexts that are neither
extensional nor intensional (attitudes)

o Cresswell; any context in which substitution of necessary equivalent
terms fails is hyperintensional

Yet, which inferences are valid in hyperintensional
contexts?

How hyper are hyperintensions? - procedural
Isomorphism

Which contexts are hyperintensional?

TIL definition is positive: a context is hyperintensional if the
very meaning procedure is an object of predication; TIL is a
hyperintensional, partial typed A-calculus

30



B-reduction by value

[Ax C(x) A] |- C(A/x)

underspecified:
How to execute C(A/x)?

‘by name’: construction A is substituted for
X = problems

‘by value’: execute A first, and only if it does
not fail, substitute (a pointer to) the

produced value for x — substitution method
> bingo, no problems !!! ©



Substitution by value’

[Ax F(x) A] = 2[°Sub [°Tr A] °x °F(x)]

A: execute A In order to obtain the value a;
if A is v-improper, then the whole
Composition is v-improper (stop); else:

[OTr A]: obtain Trivialization of (“pointer at”)
the argument a

[°Sub [°Tr A] °x °F]: substitute this
Trivialization for x into ‘the body’ F

2[9Sub [°Tr A] °x OF]: execute the result



Substitution by value’

Subl/(=,* = *_) operuje na konstrukcich takto:
[°Sub C, C, C4]
co za co kam
Necht  C, v-konstruuje konstrukci D;,,
C, v-konstruuje konstrukci D,,
C, v-konstruuje konstrukci D,
konstruuje konstrukci D, ktera vznikne korektni substituci
D, za D, do D,
Irl(*, o) v-konstruuje Trivializaci a-objektu
[OTr x] v-konstruuje Trivializaci objektu v-konstruovaného
proménnou x, X je volna

Ox konstruuje x bez ohledu na valuaci, proménna x je
o-vazana



Substitution by value’

Priklad
[0Sub [OTr O] Ox O[9Sin x]]
konstruuje konstrukci [°Sin Ox]
2[0Sub [OTr Ort] Ox 9[0Sin x]]
konstruuje hodnotu funkce Sinus na r,
tj. Cislo 0
[OSub [°Tr y] °x °[°Sin x]]
v(r/y)-konstruuje konstrukci [°Sin °n]



Substitution method;  broadly applied

Application of a function to an argument
(B-reduction by value)

Existential quantification into
hyperintensional contexts

Hyperintensional attitudes de re
Anaphoric preprocessing

Topic/focus articulation; presuppositions;
active vs. passive



Substitution method;  broadly applied

de re attitudes
Tilman believes of the Pope that he is wise

At [°Believe,,°Tilman [POf [°Tr °Pope ] “he
OAwW*AL* ["Wise,, - he]]]

Of = Sub operates on the (hyper)intensional
context of “that he is wise”



Substitution method;  broadly applied

Quantifying into ...
Tom is seeking the last decimal of &

There is a number such that Tom is seeking its last
decimal

At [0Seek™, . O Tom °[PLast _Dec x]]

AwAL [93Ax [°Seek™,; O Tom
[OSub [°Tr x] °y °[OLast_Dec y]]]]



How hyper are hyperintensions =2
procedural 1somorphism

Maybe that it is philosophically wise to adopt
several notions of procedural isomorphism.

It is not improbable that several degrees of
hyperintensional individuation are called for,
depending on which sort of discourse happens to
be analysed.

What appears to be synonymous in an ordinary
vernacular might not be synonymous in a
professional language like the language of logic,
mathematics, computer science or physics.



Procedural isomorphism

Ordinary vernacular — no A-bound variables
9

(A17"): a-conversion + -conversion by value

+ restricted [3-conversion by name,
[Ax [P+ x °0] y] = [°+ y °0]

+ pairs of simple synonyms

Programming language — variables matter -
(AO’): a-conversion + pairs of simple synonyms



