Question 1.

(a)

(b)

Find generator matrix G.

From the given information we can deduce n = 7 and k = 4. So, we have a (7, 3) code, so we
are looking for matrix of size (3z7). We also know that g(x) = 1+ 2% + 2% 4+ 2. From this,
we can construct a generator matrix &' using steps described in the tutorial video.

1011100
G=|01 01110
0010111

Find parity check matrix H.

To find the parity-check matrix, I need to divide z™ — 1 by g(x). When using only binary
alphabet I can calculate (7 4+ 1) : (z* 4 2% 4 2% 4+ 1). This gives me h(z), which is h(z) =
23 + 22 + L

From this we can construct a parity-check matrix H, again using steps from tutorial.

1101000
0110100
H=1o0011010
0001101

Using polynomials encode the message 101.

To encode the message m = 101 | calculate the respresentation of m in pelynomial, giving me
m(z) = 1+ x2. Then | multiply m(z) * g(x) to get the encoded polynomial codeword cfx)
and then turn it into binary representation c.

g{x} — ?nl{:‘:} * g{x} = g5 + 0 +'2.T4 =+ a3 + D2 +1
clr) =245 423+ 1
c= 1001011.



Question 2.

(a) First we have to factorize 2% + 1 as the length is 6 and we are in Fs.

X +1=(z+1) (2> +2+1)?

All binary cyclic codes are in form:

(x+ 1% (22 +z2+1)2,a1 € {0,1,2},a2 € {0,1,2}

We have 32 possibilities, therefore there are 9 binary cyclic codes of length 6.
(b) First we have to factorize % + 4 as the length is 6 and we are in Fa.

Pra=(z+)(z+22+4r+ D22+ +1)

All quinary cyclic codes are in form:

(z+1)"(z+4)2(z? + 42+ 1) (22 + 2+ 1)™,Vi € {1,2,3,4},a; € {0,1}

We have 2* possibilities, therefore there are 16 quinary cyclic codes of length 6.



Question 3.

The code is not equivalent to a cyclic code.

Proof. A binary cyclic code on F3 must be generated by a factor of 2* — 1.
¥ —1=(x+1)® = there are 8 factors of 2° — 1 (mod 2): (z+1)' fori e {0,..., T}

The degree of the i-th factor is i, therefore the only factor which generates an [8, 4]-code is (x + 1)%.

k=mn—degg(r)
4 =8 —dezg(z)

deg(g(x)) =4

The generator matrix of ((x + 1)) is:

100010 00
o 01000100
00100010
00010001

As ' generates a linear code, the Hamming distance of the generated code is the minimal of G
row weights (number of 1s). Hamming distance of code generated by & is also the minimal weight
of a row in -

Ha.m[{:-‘.g.-] =12
Ham(Cz) = 4

The code generated by & cannot be equivalent to the only possible [8, 4] cyclic code generated by
&', as the Hamming distance is preserved between equivalent codes.

Thus, the [8, 4] extended binary Hamming code is not equivalent to a cyclic code.



Question 4.

We can write every code polynomial generated by g(x) as w(x) = u(x)g(x). Since z + 1 is a factor
of g(x) and g(x), u(z) are not factors of each other, x + 1 is also a factor of every code polynomial
w(xr). Hence w(l) = 0. It also holds that

w(l)=0 = wy+w; +...+w,_; =0.
And thus
w(l) =0 <= w has even weight.

That means that if 1 + x|g(x), then every w generated by g(z) has even weight.



Question 5.

n -

For the polynomial g(z) = 3 % to be a generating polynomial of a g-ary cyelic code of length
i=0

2n + 2 for any integer n and prime g, the g(z) needs to divide the polynomial p?t2 _ 1 in F,.

Therefore we have to find a polynomial h(x) such that 2?2 — 1 = g(z) - h(x) (mod q) for any
integer 1 and prime gq.

The polynomial h(x) we are looking for is h(z) = 2% — 1 (mod q).

Let us write the polynomial g(x) in the following form:

T
glr) = a* =1+2"+2'+. +2" 7+ 2™ (mod g)
i=0

Then obviously for any integer n and prime g the following product holds:

R TS e N |

2 —1
—pin_ -2 gl a2

pint2 4 opdng pdn—2 4 gty g2
Iﬂn-l—ﬂ -1

Therefore g(x) | 212 _ 1 for any integer n and prime g, which implies that the polynomial

n -

g(z) = 3 % is a generating polynomial of a g-ary cyclic code of length 2n + 2 for any integer n
i=0

and prime q.



Question 6.

(a)

(b)

s=w-HT = (000100001010100000000001) - [I|B]T = 001100110001

w(s) £ 3

w(s + b;) = w(s + byg) = w(100001000000) = 2 < 2

e = [8 + byp. €19 = [100001000000, D0000D00D0100] = 100001000000000000000100
c=w+e=100101001010100000000101, ¢1...ec12 = b1 + bio + b2

¢ = 100101001010100000000101

s=w-HT = (110100110100010111100000) - [I|B]T = 110100010001

w(s) £ 3

w(s+bi) £2 Vie{l,...,12}

&+ G = 010101000000

w(010101000000) =3 <3

e = (000000000000, 010101000000] = 000000000000010101000000
c=w+¢e=110100110100000010100000, 1 ...c12 = b + by

¢ = 110100110100000010100000



