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 Initial value problem for ordinary differential equations. 

 

 Forward Euler’s method. 

 

 Backward Euler’s method. 

 

 Midpoint method. 

 

 Runge-Kutta methods. 
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Initial value problem 
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

Initial value problem 
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

Initial value problem 
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

Direction field 

Step 1 Step 2 Step 3 

Draw more arrows. 

Step 4 

Predict solutions. 
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

Numerical solution 
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

Taylor theorem 
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 Examples (Taylor approximation): 

Numerical solution 
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
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

Forward Euler’s method 
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

Forward Euler’s method 
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

Forward Euler’s method 
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 Instability issue: 

  The iteration process may diverge. 

 Example: 

Forward Euler’s method 
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

Forward Euler’s method 
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

Forward Euler’s method 
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Backward Euler’s method 
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

Backward Euler’s method 
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

Backward Euler’s method 



20 



Backward Euler’s method 
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 We can plot out result and compare it with forward Euler’s method: 

Backward Euler’s method 
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

Backward Euler’s method 
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 We can plot out result and compare it with forward Euler’s method: 

Backward Euler’s method 
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

Backward Euler’s method 
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Midpoint method 
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

Midpoint method 

(*) 
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

Midpoint method 

(*) 
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

Midpoint method 
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

Midpoint method 
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Midpoint method 
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Midpoint method 
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

Midpoint method 
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Runge-Kutta methods 
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

Runge-Kutta methods 
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

Runge-Kutta methods 
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

Runge-Kutta methods 
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

Runge-Kutta methods 
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

Runge-Kutta methods 
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

Runge-Kutta methods 
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

Runge-Kutta methods 
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Schema of numerical methods 

Picture source: [2] 
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