
CHAPTER 4

IN THE YEAR 2054:
INNUMERACY DEFEATED

G ERD GIGE RENZER

It is the year 205.t . O Uf great-g randdaughters and grea t-grand sons are celebra ting a
tri ple anniversary: the -lOOth anniversar y of the mathem atical theory of probability, the
lOOth of George Boole's The Lrnvs oj Thought, and the IOOth of the publicati on of
Leonard Savage's Foundatio ns of Statistics. This year's celebration happens to coincide
with th e final victory ove r an intellectual d isability th at has plagued humankind for cen
turies: innumeracy. or the ina bility to think with numbers, specifically numbers that
represent un certainties and risks. where arc we? In Par is. It was in Franc e th at pro b
ability theory was born, bac k in th e seventeenth century. The Great Hall at the Sor bo nne
is packed with flowers and guest s, and is presided over jointly by th e president of Fran ce
and the pre sident of the \Vorl d Health O rga niza tion. A large cur ved podium provides
th e set for th e fou r most d ist ingu ished scholars in the social scie nces. At least, this is
what the programme says. O ther scho lars in the aud ience th ink th ey should have been
asked to speak, but Fortuna was not with them. The topic of th is after noon 's pan el
discussio n is 'How th e war against in numeracy was won'. Th e chair is Professor Em ile
Ecu, an econom ist at th e Sorbo nne,

C HAIR: Mada me le Presiden t, Mon sieur le Presiden t, dear pan el, guests, and aud ience. \Ve
have exactly 30 m inu tes to recons truct wha t is arguably the greatest success of th e social
sciences in the twen ty-first century, the defea t of innumeracy. The twentieth century
had eradicated illiteracy, that is. the inability to read and write. at least in Fran ce. Th e
challenge to our centu ry was innumeracy, The costs of innumeracy have been a trem en
do us financial burden to modern economies, as had been those of illiteracy before . This
year, the war against innumeracy has been declared won by the World Healt h
Organization. Let us ask our distinguished panelists how this success carne about?

SOCIOLOGIST (Paris): It all bega n with a programmatic stateme n t by the father of mod ern
science fiction , Herber t George \Vells, best known, perhaps, as the author of The Tim e
Machine. At th e beginning of the twen tieth century, Wells predicted th at 's ta tistical
th inking will one day be as necessar y for efficient citizenship as the ability to read and
write: His me ssage sp read through all of the infl uential works that event ua lly led to
the era dication of in num eracy. He re, we have a wonderful case in which literature
eventually incited a revolution.
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Sl,\TISTICIAN (Beijing): Wells never said that, That quo tat ion was made up, most likely by
Darrel Huff, who used it as an epigraph in his bestseller, HoII' to lie witlt statistics. Making
up quotation s was consistent with the title of his book . Always check your sources!

CHAIR: Are you saying that the crus ade against innumeracy was sta r ted by a fake?
SOCIOLOGIST: No, th is is not . . .

STATISTICIAN: Yes, the \Vells quote was a fake, and it d id not initiate the crusade again st
innumeracy. It wasn't modern literature. It all started exactly 400 years ago with on e of
the grea test intellectual revolutions, the probabilistic revo lution. At th is time a no tion
of ra tionality was developed th at event ually replaced th e old ideal o f certa inty wit h a
new, modest conception of rat ion al belief that ackno wledged uncertain ty, The initia
tors of this revolu tion were th e mathem aticians Blaise Pascal and Pierre Ferma t who,
between July and Oc tober of 1654, excha nged letlers about problems posed by a noto
rious gambler an d man about tow n, the Cheva lier de Mere. This revolu tion was not
just an intellectual one-the calc ulus of probability- it was also a moral on e, the .. .

CHAIIl: Wh at 's moral abo ut gambling?

STxnSTlcIAN: Not gambling, probability. Take Pascal's wager. Before Pascal, people believed
in God because they were absolu tely certain that He existed. For Pascal, God existed on ly
as a probability, and the decision to believe or not to believe in God sho uld be the out
come of J rat ion al calculation- not of blind faith or stubborn athe ism. According to
Pascal's reasoning, you could make two errors. If God does not exist bu t you neverthe
less believe, you m ight forgo some worldly pleasures. Th;:11's bad news. But if He does
exist and you do no t believe, then you face eternal damn ation. Th at 's not just bad news;
that's a never-end ing disaster. Thus, even if there is only a sma ll prob ability th at God
exists, the pay-off is infinite-infini te bliss for those who believe and infinite misery for
the others who, mistakenly, do not. Here is the beaut y of Pascal's wager: Th e meaning of
being moral had changed from blind faith and illusor y certainty to rational self-interest
and cost-benefit calculations.

CHAIR: I always knew that God was an econ om ist. She m ust have loved this Pascal. I
believe it was he who said, 'The he art has its reasons which reason kno ws nothing of:

PSYCHOLOGIST (Boston): Let's get back down to ear th. Whatever the moral impli cation s of
the calculus of probability, it was soo n discovered that ord inary minds didn't un der
stand probabilities, at least mo st of the time. This phen om enon was called innumeracy.

STATISTICI,\N: No, no, no; not so fast. O n the con trary, Pierre Lap lace and, even earlier, the
Enlightcnmen t mathem atician s said that probability theory is ju st com mon sense
reduced to a calculus, and that ed ucated pers ons- /cs lJommcs eclaire- ha vc this COIll

mon sense. And so d id George Boole in 1854, when he set out to derive th e laws o f
prob ability and logic from the laws of tho ught. It was known tha t people were occa
sionally confused by probabilities; Lap lace himself described the 'gambler's fallacy' and
other erro rs. But these m istakes were though t to resu lt fro m the in te rvention of emo
tion and wishful thi nking into rational processes. The two major rules of probab ility
were defi ni tely believed to be descri pt ions of actual human reasoning: the law of large
numbers by Jacob Bernoulli, and the rule of inverse probabilit ies by Tho mas Bayes.

HISTORIAN OF SCIENCE (Cambridge): Be that as il may, Bayes' rul e is not fro m Bayes. He
seem s to have copied it fro m Nicholas Saunderso n, wh o held th e most prest igiou s
academic chai r in Eng land, the Lucasian cha ir of Ma the ma tics at Ca mbri dge. which
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Newt on had held before. My dear friend, yo u should know Stigler' s Law of Epo nymy
that says that no scien tific discovery is nam ed after its origin al discoverer.'

CHAIR: Hmm . . . I wond er who discovered Stigler's law .. .
HISTORIAN OF SCIENCE: One impolite reading of this law is that ever}' scientific discovery

is named after the last ind ividual too un gen erou s to give d ue cred it to his predecesso rs.
ST,\n STICIAN: why wou ld that point be relevant here?
HISTORIAN OFSCIENCE: A m inute ago , you you rself cared about the origins of a qu ot a

tion att rib uted to \Vells and I became concerned about the origins of a rule att r ibuted
to Bayes. \Vho ca res? Pascal's t riangle is not fro m Pascal, Gau ss' law is also not fro m
Gauss, and the Pyth agorean theor em is not .. .

PSYCIIOLOGIST: Ca n we move on? Innumeracy was descr ibed by the m athemat ician John
Allen Paulos, wh o, in 1988, wrote a bestseller of th e same titl e. For instan ce, he related
th e story of a weath er forecas ter on Ame rican television who rep orted that there was
a 50% cha nce of rain on Saturday and a 50% chance of rain on Su nday, and th en con
cluded that there was a 100% cha nce of rain that weekend .

SOCIOLOGIST: Paul os did not d iscover inn umeracy. That phenomen on had already been
descr ibed in the 1970s and 19805 by psychologists, notably Daniel Kahn ema n and
Amos Tversky , In a series of experi men ts, they sho wed th at peop le are confused by
pro babil ities. They did no t talk abo ut innumeracy, but about 'cognitive illusion s'. But
it's th e same thing: th e base rate fallacy, th e co njunction fallacy, th e . . .

HISTOR"\N OF SCIENCE: The con junction fallacy had actually been descr ibed by Barbel
Inh elder and Jean Piaget in 1958 in their book on the early growth of logic in the child;
they just used a different term, namely set inclusion rath er than conjunction.! It's
the same ph enom enon. The base rate fallacy was actually discovered by the French
math ematician .. . J

CHAIR: I th ought that historian s had already given up pr iority qu estions in th e lust
centu ry. What's th e poi nt of pri orit y if there is no patent, copy right, or oth er source

of incom e at stake?
PSYCHOLOGIST: OK, by th e 1980s, the re was am ple evidence for a ph en omen on eventu

ally lab elled in nu meracy, the inability to think about un cer tain ties and risks.
CHA IR: why was innu meracy diagnosed so late? I have heard th at our Statistician and

our Sociologist ha ve differen t opinion s on thi s questio n.
SOCIOLOGIST: May I go first? In th e 1960s, th e Western world was confronled with a lloo d

of seemingly irrati onal behaviour, fro m the assassinat ions of Joh n F. Kennedy and
Martin Luth er King, Jr. in the Uni ted States to the violen t stude nt revolution s of 1968
in countries all over the worl d. These events shattered the ideal o f reason able d iscourse

I Stigler, 5. 1\1. ( 1983). Who discovered Bares' Theorem? Amerimn Stati stician. 37:-1 , 290-296.

Inheldcr, B. & Piaget , J. (1958) . GrolVth of logical thinking: From cllildhood to atlolcscctlcc. New
York: Basic Books.

J The historian of science seems to refer to Ruuane t, H. (1961). Etudes de decisions experirncn
tales et caleul de probabili tes. [Studies of experimental decision making and the probability cal
culus). In Colloqllcs lnternntioneux till Centre Na tional de la Recherche Scientiiiqne (pp. 33- B).
Paris, France: Editions du Centre National de la Recherche Scienrifiquc.
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and brought human ir rati onality to the foreground. Something sim ilar had happened
during the French Revol ut ion, the blood y afterma th of which destroyed th e idea that
common sense would follow the calcul us of reason, as probability theory was the n
called . . .

CHAIR: By th e way, if r may interru pt, th e events following the French Revolution were
o ne reason why th e subjective interpretat ion of probability- the idea that the laws o f
probability are about reasona ble degrees of belief-was discredited by 1830 and th e
freq uency interpreta tion began to reign . Degrees of belief came to be thought of as
too diso rde rly to be a proper subject mat ter for the theo ry of probabil ity, as opposed
to orderly freq uencies of things like mortality, suicide, pro st itu tion . ..

SOCIOLOGIST: Fine, but my thesis is that some degree of innum eracy had always been a
facet of hu man minds; it was simply amplified by th e po litica l even ts o f the 19605, as
it had been before by those of the Fren ch Revolution. Psycho log ists of the 1970s ju st
took advantage of th e po litical clim ate and claimed that human disasters of any kind,
incl ud ing racial prejudice and 'hot' social behavio ur, co uld be explained by 'cold ' cog
niti ve illusion s. Co ns istent with my hypoth esis. errors in statistical reasoning were no
big deal in psychology before th e po litical events of the 1960s.

STATISTICIAN: I thi nk tha t looking for pol itical ca uses for innumeracy is a bit too far
fetched. Neithe r the assassinations in th e Un ited Sta tes nor the po litica l turmoil of the
cultural revolu tion in China, if I may add another event of th e 1960s, produced innu
meracy. It did not co me fro m outside infl uences, it came from within th e decision
theori sts the mselves. Listen carefully: whether you like it or not, in numeracy was, to
some degree, creat ed by dec ision theorists like Leonard Savage . ..

(Un rest in the aud icnce.)

STATISTICIAN: . .. with their ultra-liberal, on e might even sa}', expansionist po licy of
extending the laws o f probability to everything between heaven and earth. These nco
Bayesians were not satisfied tha t probabilities mean observab le frequencies; no, they
claimed that on e can and should attach a probability to everyth ing. This created ma s
sive confusion in ordinary minds. Please recall what kind of stateme nts confused peo 
ple. These were statements involving probabili ties, specifically single-event probabilities
and conditiona l probabilities! Savage popularized single-even t probabiliti es and Ward
Edwards and others bro ught the message to the social sciences. For our Histori an of
Science, I add th at Savage built on von Neuma nn and Mo rgenstern's work in the 1940s.
so he do es no t have to lecture us on tha t.

(Unrest in th e aud ience finds relief in Iau ght er.)
STATISTICIAN: Since abo ut 1830. probability has been int erpreted as a relat ive frequency

in a reference class, or so me times as a physical propen sity, and thi s gave the laws of
probability a well-defin ed , although mod est, realm o f applicati on . Unlike many of his
followers, Savage was aware of the oddity of his proposal.

CIIAm: You mean extend ing the laws of probab ility to messy mental product s such as
degrees of belief?

S'IXnSTICIAN: Exactly. In his 1954 book, Savage bega n his chapter on personal prob abil
ity by saying that he cons ide rs it more probable tha t a Repu blica n president will be
elected in 1996 than th at it will snow in Chicago so m etime in the month of May 1994.
And the n he added that many people, after ca refu l cons ideration, arc convinced that
such subjective probabilities mean precisely nothin g, or at bes t, not hing precisely.
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PSYCHOLOGIST: Right! We actually had a Dem ocrat ic, not a Rep ubli can president in 1996
and th ere was no snow in Chicago in May 1994. So Savage was wro ng .. .

SOCIOLOGIST: No, he wasn't. A prob ability sta temen t about a sing le event can never be
wro ng, except when th e probabilities are 0 or 1.

HISTORIAN OF SCIENCE: Look, our Stati stician 's thes is is th at th e extensio n of th e laws of
probability to degrees of belie f, ineluding bel iefs abo ut singula r events, confused peo 
ple and provided fertile gro und for dem on strat ing reasoning fallacies. In other words.
without this exten sion , there wou ld not have been th at magnitude of innu meracy.
What she mea ns is that most reasoning fallacies were demon strated with probab ili
ties rat her than with frequencies.

SOCIO LOG IST: Don't be blind to th e po litical dimension! How was it tha t before 1968
almost all psychologists agreed that ma n is a good int uitive statistician- pardon the
sexist language of tho se days-and only a few years later, from the 1970s on , the sam e
peopl e embraced the opposite message? That change was not suppo rted by fact , bu t
rather grew out of a new political clim ate in which irrational ity got the applause, and
if one looked long eno ugh . . .

CHAm: Here is th e disagreem ent: our Sociologist argues that the int erest in statistical
innumeracy was m erely am plified by the political events of th e 1960s. O ur Sta tist ician
offers the conjectu re tha t innumeracy itself had already been partly created in 195-1
by Savage's exten sio n of th e laws of probabili ty beyond freq ue nc ies, specifically to
singular events. Ordina ry peo ple, she assumes , are frequentists.

HISTOIUAN OF SCIENCE: Neither of these two intcrpretations-c-pcl itical turmoil or over
extension of the mea ning of mathematical probabil ity-s-was ever discussed in the 1970s.
The explanation usually present ed was that people simply suffer from cognitive illusions
just as they suffer from visua l illusions. Our Statistician's hypothesis should not be mis
read in the sense that innumeracy was not real: that would be a misunde rstanding. The
newspapers and the med ical textbooks began to use single-event probabilit ies and con
di tional probabilities, and citizens and students alike were confused, ofte n without even
noticing it. That was all real. There were even cour t trials over the meaning of single
event probabilities. In on e case, the prosecution had offered a defendant a plea bargain,
but his lawyer told him that he had a 95% chance of acquittal based on an insanity plea.
Based on this prob abilit y, the defendan t rejected the plea ba rgain, stood trial, and was
sentenced to 20 years in prison for first-d egree murder. So he sued his atto rney for
hav ing given him an unrealistic pro babili ty. Courts had to deal wit h the ques tion, 'Ca n
a single-event probability be wro ng?' If it canno t, then what does it mea n?

ST,\T1STICIAN: The same co nfu sion emerged in everyday life wh en inst itutions sta r ted to
communicat e all kinds of un certainties in probabilities. In 1965, th e US National
Weather Serv ice began to exp ress forecasts in probabilit ies . . .

SOCIOLOG IST: That quantophren ia never occurred in France!
STATISTICIAN: . . . suc h as that there is a 30% chance of rain tomorrow. Most Ame ricans

tho ught they knew what that meant. However, studies sho wed that some peop le
un derstood th is statement to mea n that it will ra in in 30% of the area, others that it
will rain 30% of the time tomorrow, and othe rs that it will rain on 30% of the days like
tomorrow. A sing le-event probability leaves, by defin ition, the referenc e class ope n:
area, ho urs, days, or something else, But peo ple, the n and now, th ink in terms of
conc rete cases and fill a class in.



60 FREQUENCY I'ltOCESSING AN D COGNITION

PSYCHOLOGIST: The insigh t that peop le tend to co nstruct referen ce classes became th e
basis of th e first theory, in the ea rly 1990s, that linked the cognitive processes un derl y

ing judgements o f co nfidence with those underlying judgeme nts of freq ue ncy ; th is
theory, in tur n, revealed how to make a celeb rat ed case of in numeracy, the overconfi
dence bias, appear and d isappear. T his was first shown in laborato ry resea rch with
gene ral-knowledge qu estions, in wh ich part icip ants wer e asked , 'What is the proba

bility that yo ur answe r is co rrect?' and then, afte r a number of questions, ' How many
of your an swers arc correct?' Jud gments of probability were systematically high er

tha n judgements of freq uen cies. Subseque ntly, the same result was shown for h ighl y
co nseq uen tial decision s such as whether o r not a prisoner should be given cond itio nal
freedom, tha t is, p rob ati on , bail, o r weeke nd leave. In one influenti al study, a group of

probation officer s was asked 'What is the probability th at Mr. Sm ith will com m it a
vio len t act if he is d ischarged?' wher eas ano the r was asked 'Think o f 100 men like
Mr. Sm ith . How ma ny of them will com mit a violent act if they ar c d isch arged?' When

the average est imate of the probability of har m was 0.30 , the frequency estim ate was
only 20 of 100.'

CHAIR: How so?

PSYCHOLOGIST: Fo r the same reason probability judgements were high er in esti ma tions of
gene ral knowledge and weather forecastin g. Asking fo r a single-even t probabil ity leaves

the reference class o pen. The probation officers them selves need to fill one in: does the
probability refer to the situation that Mr. Smi th is on weeke nd release 100 tim es, o r that

100 peo ple like Mr; Smith are o n weekend release o nce, o r someth ing else? T he answer
need no t be the same. T he freq uen cy quest ion specifies a reference class, the probabil
ity q uestion leaves it open and thus can lead to systematic d ifferen ces in the answers.

CHAm: If I recall cor rectly, th e idea was in itially no t well understood that reference classes,
as prop osed by probabilistic mental models theor y, could be at th e co re of th e over

confide nce bia s, as well as the systematic di fferen ce between jud gem ents o f single
even ts and frequen cies. Marry understood th at frequenc y judge ments ar c always right,
perio d; th ey mi ssed the real issu e, nam ely changing refer ence classes, which allowed th e

predi ction of when frequ en cy judgemen ts were right o r wrong. Some even tho ught
that the difference occurs because frequencies ar e more frighten ing o r elicit more emo
tional resp onses.

Sl i\T1STICIAN: In th e 1990s, th ree reaso ns were found to explain why people were co nfused
by probabilities. Unspecified reference classes in sing le-event sta teme nts was the one you

ment ioned; po lysemy and computational co m plexity were the other two. T he th ree
together explained m uch of the confusion, not all of it, an d also provided the key to over
coming it.

·1 On the laborator y research sec Gigercnzcr, G., Hoffragc, U. & Kleinbol ting, H. (1991).
Probabilistic mental models: A Bru nswikian theory of confidence. Ps)'dwlogiml Review,
98:506- 528. On the research with expe rts in law and psychiatry sec Slav ic, P., Mo nahan, J. &
MacGregor, D. G. (2000). Violence risk assessment and risk communication: Th e effect s of
using actual cases, providi ng instruction, and employing pro bability versus frequency formats.
Lmv clud Human Behavior, 24:271- 296.
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CHAIR: T hat's what I mean t; oft en all th ree ex planations were jumbled togeth er as the
'frequency effect'.

PSYCHOLOGIST: I don' t th ink tha t po lysemy is as in teres ting a reason as the ot her two.
T hat part was just a ga me with words wi th mult ip le mean ings to produce reasoning
that looked like innumeracy.

CHA IR: What do you mean?

PSYCHOLOGIST: The ga me went like th is. Experime ntal pa rticipan ts read a descr iption of
a wo ma n called Linda that made her look like a fem inist, and then they wer e asked
whe the r it is more probab le that she is a bank teller, o r a bank teller and active in the
fe mi nist movem ent ; most chose the latter. T ha t was called a conj unc tion fallacy and

was in ter preted as demons trating th at the hu man mind is not built to wo rk with th e
laws of probab ilit y. But whe n peop le were asked a frequen cy question, 'Think of 100

wome n like Linda . How m any are bank tellers? How m an y are bank tellers and act ive
in the fem in ist m ovem ent ?', th at alleged fallacy di sappear ed. O nly at that point d id it
become clear that the problem was with the po lysem y of the term probability, th at is,
with its several leg itima te non-m at hematical meani ngs, inclu d ing 'plausib le', 'typ ical',

and 'whethe r th ere is evide nce'. A freq uency question el im inated th is po lysemy and
elicited a d ifferen t ans wer. Germ an psycho logi sts were th e firs t to show tha t the
so -ca lled conju nction fallacy d isappeared wi th freq uency q uest io ns . . . 5

H ISTORIAN OFSCIENCE: No, it was Bnrbel Inheldcr a nd Jean Piaget who had shown long
befo re that children can understand co njunctions; th ey ju st used the term set inclu

sio ns. They put a box con ta in ing wooden beads, most of them were brown but two
were white, in fro nt of a child an d asked: 'Are there more wooden bead s o r more

brown beads in thi s box?' By th e age o f eight , a majority of the child ren responded
that there were more wo ode n bead s in the box. No te tha t Piagct and Inheld er had
asked child ren about frequenc ies, not probabilities.

C IIAIR: At th at time, d id n't anybody ask wh y Stanfo rd Uni versity studen ts sho uld su ffer
fro m th e co nj unct ion fallacy wh en Gene vese child ren, by th e age o f eig h t, d idn 't ?

PSYCHOLOGIST: Few researc hers asked any qu estions. At th at time, most of the m were busy
running expe rime nts; th at was d ur ing th e em piricist pha se, befo re psychology finally
beca me a full-b lown theo retical science in 10 IO. T here wer e even scho lars who claimed

that human di sasters of man y kinds, including US fo reign poli cy in the late twent ieth
century, co uld be explained by the conjunction fallacy," there were scholars who ...

SOCIOLOGIST: Yeah. yeah. yeah, an d there were sta tesmen who claimed th at AIDS was
cau sed by pover ty, not by HI V. But I agree th at , unlike the o ther two reasons for pub
lic confusion with probabil ity, po lysemy had no real practical conseq uences.

5 The psychologist refers 10 Fiedler, K. ( 1 9~8). The dependence of the conjunction fallacy on subtle
linguistic factors. Ps)'clwlogiCllI Research, 50:113- 119; and Hertwig, R. & Gigerenzer. G. (1999).
The 'conjunction fallacy revisited: How intelligent inferences look like reasoning errors. Iournot
of Behnvioml Decision M"killg, 12:275- 305. The historian of science refers to Inheldcr, B. &
Piaget, J. (1958). GrOll'rh of logical thinking: From childhood to ndoiesccnce. New York: Basic
Books.

o Kanwisher; N. ( 1989). Cognitive heuri stics and American secur ity po licy. lourna! of COllflict
Resolutioll,33:652-675.
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HISTORIAN OF SCIENCE: Uncover ing the effect of exte rn al represent at ions on statistical
thinking started the ball rolling aga inst innume racy. T hat is, it was realized that the
problem was no t just a lack of training in the laws of statistics; innumeracy cou ld be
tackled in a m uch easier way by realizing that some rep resentation s of uncertainty help
peo ple understand uncerta in ties, whereas ot hers do not. Unfortunately, the unhelpful
represe ntations were the ones generally used in teachin g, medicine, by the media, in the
court of law .. .

S'li\TISTICIA N: Cons isten t with my th esis, if I might add, among the representation s which
tend to co nfuse peo ple were tho se promoted by Savage, such as the usc o f single-e vent
probabil it ies .. .

HISTORIAN OF SCIENCE: Yes, but also ot hers, such as condit ional probabil ities and relative
risks. In contrast, rep resentations that were found to foster insight included those that
specify reference classes, make use of nat ur al frequ encie s, and com municate absolute
risks. Teaching peopl e to use proper rep resentations turned out to be a fast and effec 
tive me thod again st innumeracy. Nat ural frequencies, for example, are much more
effective than condit ion al probabilities; as mentioned earlier, they reduce the comp u
tati onal co mplexity in makin g inferences. T his was discove red in the mid-1990s by the
same two German psycho log ists who had ear lier worked out the crucial role of refer
ence classes in th eir probabilistic mental models theory, namely . . .

PSYCHOLOG I~iT: No, no ; before that, in 1982, two American scholars, Christensen-Szalanski
and Beach, had used nat ura l sampling, of which natural frequencies are the result."
Coming un der attack by those who did not want to see cognitive illusions disap pear,
they d id not develop the idea further and did not have any influ ence; but they were first.

HISTORIANOFSCIENCE: Whoever was first , the insight was that natural freque ncies facili
tat e Bayesian reasoning; that is, the y facilitate the estimation of a pos terio r probability
(or a frequ ency) from observation." Th is insight turn ed the qu estion of innumeracy
into an eco logica l, perh aps even an evolutionary, one.

C HAin: Bayes and evolution?
PSYCHOLOGIST: Th e argument was th at animals and humans have spent 1110st of their evo

lut ion in an environ me nt of natu ral sampling- befo re the deve lopme nt of probability
the ory or sta tistical surveys. Natu ral freq uencies are the result of natu ral sampling. For
instance, take a ph ysician in an illiterate society who is confronted with a new disease.
The physician has observed 10 cases of a symptom with the disease and 40 cases of the
sym ptom without the disease. \Vh en a new case with the sym ptom comes in, she can
easily compute th e Bayesian poster io r probability of th is pati ent hav ing the disea se:
20/ (20 + 40 ), which is one- thi rd . T hat's how Bayesian inference was done before 1654 ,
tha t is, before math em atical probabilit ies were int roduced.

Christensen-Szalanski, [. [. f. & Beach, L. R. (1982). Experience an d the base-rate fallacy.
Orgallizati01ltJ l Bchuvior tII ld H lIl1 /{lI/ Perfornmnce. 29:270- 278.

H Gigerenzer, G. & Hoffrage, U. (1995). How to improve Bayesian reasonin g without instruction:
Frequency formats. Psychological RCl'ic\\', ID2:684-i 04; Gigcrcnzer, G. & Hoffrage, U. (1999).
Overcoming difficulties in Bayesian reasoning: A reply to Lewis & Kcrcn and Mcllcrs &
McGraw. Psycliologicnl Review; 106:425-4 30.
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CIIAIn: Oh, no w I understa nd the paradox tha t animals were repo rted to be good
Bayesians but human s were not. It's the representation, not th e species. Animals
encode nat ural frequencies , and we poor human s got conditional probab ilit ies . ..

PSYCHOLOGIST: Right. Natural frequencies were transformed into condit iona l probabil
ities; for instance, dividing the 20 cases of thc symptom with the disease by the to tal
number of disea se cases, sal' 25, results in a probability pf sym ptorn jdisease] of .80. T he
physician in the illiterate society can ignore the base ra te of 25-it is not necessar y for
computing the posterior probab ility, as we jus t saw. Not so the medical student who
has to mult iply the co nditional probabili ties by the respective base rates in orde r to get
the base rat e information back-which amounts to the ra the r co mp licated form in
which Bayes' rul e had been taugh t, and which 1110st physicians never un derstood.
Thus, the insigh t was that Bayesian com putations depend on the represen tation of the
information in th e environment- that's th e eco logical part. T he second insigh t was that
the cure is to use a represe ntation that human s had encountered during mo st of their
evolutionary history, natural frequenci es, that is, frequenc ies that have no t yet been
normalized with respect to the base rates-that's the historical, o r evolutionary, part.

CHAin: \Vas th is the point where the \ Vorld Healt h Organization took over? In ed uca ting
physic ians to understan d un certain ties?

HISTORtAN or SCtENCE: No, this laboratory research had its impact first in the Anglo
Saxon cour ts, possibly because of their adversaria l procedure. Defence lawyers real 
ized th at con fusions due to probabilities were no t in their or their cl ients' in terests,
bu t typically were in th e prosecution's interests. For ma ny decades, experts had testi
fied in the form of single-event probab ilities, for inst ance, 'The prob ab ility that thi s
DNA match occ urred by chan ce is I in 100,000'. That made it likely that jurors
though t the defendan t belo nged behind bars. But wh en expe rts testifi ed in freque n
cies instead , th e case aga inst the defendant app eared much weake r: 'O ut of ever y
100,000 people, one will sho w a match'. Ma themat ically, that's the same, bu t, psycho
logically, it made jurors th ink about how man y suspec ts th ere might be? In it cit y w ith
one m illion ad ults, the re sho uld be 10 who 111'11ch.9

CHAIR: I sec. But what took defence teams so lon g to real ize this?
H ISTOltlAN OF SCIENCE: T here were a few atte mpts to introdu ce natural freq uencies into

co urt proceedings, even before 10aO.1ll Based on the laboratory resea rch all natu ra l fre
qu encies, th e O. J. Simpson defe nce team asked Judge Ito no t to allow the prosecuti on's
DNA expert, Professor Bruce \ Veir, to tes tify in ter ms of conditional probabilities and
likelihood ratios, which are ratios of conditional probabili ties. The defence requested
freq uencies instead. Jud ge Ito and th e prosecution agreed, but th e prosecution expert
used likelih ood rat ios anyway! This was in the 'good ' o ld days when statisticians like
Weir d idn't care abo ut the psychology of jurors an d judges.

':l Koehler, J. [. ( 1996). On conveying the pro bative value of DNA evide nce: Frequencies, likeli
hood ratios, and erro r rates. University of Colorado Inw Review, 6i :859-886; Hoffragc, U.,
Lindsey, S., Hcrtwig, R. & Gigerenzer, G. (2000). Communicat ing stat istical inform ation.
Sciellce,2 90:1261- 2262.

10 See Gigerenzc r, G. (2002). Cuicuk ucd risks: }-fOI\' 10 /.:110 \1' when numbers deceive YOIl. New Yor k:
Simon & Schuster.
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SOCIO LOGIST: And this is wh en th e Fren ch Feminist Association comes in.
STATISTICIAN: Becau se Simpson had beaten his wife?
SOCIOLOGIST: Ha, ha: very funny. No, it happened in 2010 at thi s very Un iversity. The

Feminist Associati on had a larger goal . . .
HISTOltiANOFSCIENCE: Sorry, but the Int ernational Transpa rent Testimony Act was a few

yea rs earlier. After some local ru lings by judges in England and the USA disallowing
statements involving conditiona l probabilities or single-event probabilities in testi 
mony,the International Federation of Law ru led that testimony in th e courts had to be
com m unica ted in term s of natural frequencies rat her tha n probabilit ies or likelihood
ratios. That was in 2006, two decades after DNA fingerprint ing was in troduced into
American cr im ina l investigati ons. Probability stateme nts about singular events are no
longer ad mi ssib le. The Act helped to bring insight in to the court proceedings and get
confusion out.

PSYCIIOlOGIST: I am not a legal scholar, but isn 't there, typic ally, more evidence than jus t
a DNA match ?

HISTOIUAN OF SCIENCE: Yes, there is; but juro rs and judge s need to und ersta nd D NA
evide nce whether o r not th ere is additio nal evidence, such as eye witness acco unts.
And since we have had complete DNA data banks in all Euro pean and No rth
Ame rican countries for twenty years, there is a tendency for pol ice officers to sit at
th eir co mputers a nd search in data banks ra the r th ,1I1 at the scene of a crime.

SOCIOl.OGIST: I am not persuaded that that law sta rted the war aga inst innumeracy. The
Fem inist Assoc iation was concerned for years with the harm do ne to women by mi s
in fo rm ation about breast ca ncer screen ing. Th is harm included unnecessary anx iety
and un necessar y surg ery. For instance, in the year 2005, some 150,000 French women
who did not have breast cancer were nevert heless ope rated on as a consequen ce of
false positive mammogra m diagnoses. These women were not informed th at some 9

out of 10 positive screening mammograms arc act ually false positives, bu t believed
that a positive test most likely mean t that they had brea st cancer. Even after it turned
o ut that th e po sit ive resu lt was a false positive. th eir anx iety remained. The Feminist
Associa tion d iscovered several ot her wa}'s of presenting statistics with which the m ed 
ical asso ciations mi sled wom en . For instance the lise of relative risks as opposed to
abso lute r isks. Your mothers and gr andmothers were told th at mammograph y
screening reduced mortality in wome n over 50 years of age by 15%. T his is a relative
risk. But 25% of what? Again , the referen ce class was not made transpa rent. Many
wom en understood it to mean th at , o ut of 1,000 wom en, 250 were saved from breast
cance r. In fac t, o nly l out of 1,000 was saved. That 's the absolute r isk: 0.1%.

CHAm: How can 25% be the same as 0.1%?
PSYCIIOJ.DGIST: Take 1,000 women who do not pa rticipate in screening. Four of them will

die from breast cancer with in 10 years. Now take 1,000 wome n who do part icipat e.
Three of them will die from breast cancer wit hin 10 years. The d ifference between
-1 and 3 amounts to a relative risk red uction of 25%. In absolute frequencies, however,
that's 1 alit of 1,000. Despi te repea ted calls from researchers tha t the women be given
the information in abso lute risks , the y almo st ne ver were, th e}' practically always
received it in terms of relative risks. Just as the lack of information about false po sitives
had unnecessarily increased wome n's anxiety, the in format ion in ter ms of relative risk
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reduc tion falsely incre ased women's faith in the benefits of screening. The Fem inist
Association was also co nce rne d th at the ac tua l harm mammography screening ca n do
was poorly communi cated to women. They finall y sued medical associations and
industries around th e world for int entionally producing confusio n and innumeracy
that viol ated the right of women to informed co nsen t.

SOCIOLOGIST: This smart move on the pout of th e Fem inist Association forced the \Vorld
Health O rgan ization in to act ion. The nat ional health associations and indu st r ies were
sentenced by th e courts to pay 10billion Euros in dam ages.

STATISTICIAN: But it took several years before th e \VH O finally took action. There was a
ba ttle over whet her th e \\THO should ad mit to, or even treat, innumeracy in ph ysi
d ans. Those in favour had all the evidence on th eir side : In study after study, 80 to
90% of physicians did not u nderstand how to estima te the probability of a d isease
being present from , for example, standard screen ing tests} I Thos e in favour also had
the therape utic tools to cure innumeracy. The opponents d id not want the medical
pro fession to be assoc iated with in num era cy in the pub lic mind; they feared it wo uld
undermine its autho r ity and the public's trust in it. The co mprom ise was tha t inn u
merac}' was declared a gene ral mental abe rr ation and it was ente red int o the DS~'I 

Vl l l, thus it d id not loo k like a doctor's disease alone, which it wasn't .
HISTORIAN Of SCIENCE: Yes, the \VHO ac tion was the turning po int-that and th e

changes in th e medical cu rr icula in universities. The \VHO did enter innumeracy into
th eir catalogues of mental diseases and disab ilities, but the defini te change came with
its An ti Mental Pollution Act, which mad e clear communication of risks the rul e and
eliminated forms of com mu nication th at had previously 'po lluted ' minds. Med ical
stude nts learn ed how to express risks as abso lute risks rather tha n relat ive risk reduc
tions, and in nat ural frequenc ies rather than conditional probabilities; the y learned
how to specify referenc e classes, and so o n. At the sam e time, high scho ol curr icula
focused on trai n ing statistical thinking, and students learned how to play with repre
sentations. My ow n kids loved it when they could confuse people with percentages;
thi s was m uch more fun than the applications of algeb ra and geo metry.

CHAIR: Don't overlook the econom ic conseque nces of the Act. The Anti Mental Pollution
Act and the fact that the WH O added innumeracy to their catalogue made million s of
do llars available for research and implem entat ion programmes. !vly estimate is that
about 10 billion do llars alon e were poured into ed ucation in professio nal schools and
high schools.

HISTOIHANOFSCIENCE: But how do we know that all countr ies are in numeracy-free now?
Ca n we trust these result s?

STATISTtCtAN: The Sixth Interna tio nal Ma the ma tics and Science Stu d}' (SIMSS) focused
exclus ively on sta tistical th inkin g and defin ed innumeracy opera tiona lly in terms of
perfo rmance on th e test. The test ite ms mea sured th e ability to use representation s to

11 Hoffrage, U. & Gigeren zcr; G. (1998). Using natural frequencies to im prove diagn ostic infer
ences. Academic Medicine, iJ: 538- 540; Gigerenzer, G. ( 1996). The psychology of good judg 
men t: Frequency formats and simple algorithms. !of/ rl/tll of Medical Decision Making.
16:273-180.
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which the human mind is adapted, such as figures lind natura l frequencies. It also
included test items that measured understanding uncert ainties in the real world
rather than hypoth etical situations like urn s and balls. SIMSS enabled each count ry's
perform ance to be measu red by the same standard, and, when 99% of twelfth graders
passed the test, the country was declared free of innumeracy.

SOCIOLOGIST: What's with the rest of the popu lation? Th e older peo ple, those with
chro nic math anxiety, those who read poetry while others discuss baseball statistics?

STATISTICI,\N: \Vorld wide, we reached the SJIvlSS perform ance level for the first tim e in
2054, this year. The profession al schoo ls in law, med icine, an d business reached that
level a decade ago.

SOCIOLOGIST: But still, what 's with the older fellows, like you and me?
CHAIR: Time is up. And I still don't understand how 25% Can be the same as 0.1%.

Note

By Professor Emile Eeu (Chair)

The editors of this book reminded me that psychology is a d iscipline tha t has a short
term rather than a long-term memory. That is, work older than 20 years-before
2034- is likely already out of memory. T his is a most un fortunate state of affairs, which
we do not have in econo mics. To compensate for this, I have added footno tes and refer
ences to clarify what the panelists refer to.

To begin with, the best analysis of the events 400 years ago that led to the mathem at
ical theor y of probability, and of the rise and decline of the classical in terpretation of
probability (in which frequencies and subjective degrees of belief were merged rather
than distinguished ), are the books by Lorraine Duston, Classical probability ill the
enlightenme nt, Princeton, NT: Princeton University Press (1988) and Ian Hackin g, The
cl/lcrgcllcc ofprobability, Cambridge, England: Cambridge University Press (1975). Two
hundred years ago, George Boole's All investigation of the Laws ofTllOllght 0 11 which arc
[ounded the nuuhetnnticul theories of logic and probabilities (New York: Dover 1854/
1958) was published, a seminal work in which the laws of logic and pro bability are
derived from the laws of psychology. O ne hu ndred years ago, Leon ard ). Savage pub
lished Tile [oundations of statistics (New York : Dover 1954), a seminal book that pro 
moted a subjective view of pro babili ty and the revival of personal pro babilities du ring
the second half o f the twentieth centur y.

CHA PTE R 5

FREQUENCY JUD GEMENTS
AND RETRIEVAL
STRUCTURES: SPLITTING,
ZOOMING, AND M ERGIN G
THE UNITS O F THE
EMPIRICAL WORLD

KLAUS FI ED LER

Abstract

III this chapter. all attempt is mnde to explain the discrepancy bctH'cc1J the often-citedjiml
illg of accurate and roblist frequcncy I1Icmor)' and the existence of serious biases il l

[rcqvcntistic jlldgc11lClltS. It is argucd that aexllmcy often depends on the rctriel'll l-ClIc
structure. Accuracy is t),p icall), obtllillcd when ji-cqllcnc)' judgcments for di!fen:lIt stimuli
arc elicited by comparable und cnsy-to-hnndle retrieval wcs. HOWC1'cr, strong biases arise
WhCl1 j lldgcl11ellt prompts solicit difjerellt, misleading rctrieval structures. Judgcs lack the
mcuicognitivc devices that would bc Ilcccssary to correct for the illj1IlCHCCof incomparnble
retrieval ClICS. The illjItlCllCe oj retrieval structures 011 freqllclIC)' judgements is illustrated
with reference to l'(lriOllSparadigms, such as catcgory-split effects, the numerosity heuristic,
conjunctions and logical connectives, the base rate fallncy. (lI/{l illdllctil'e jlldgCI/ICl1 tS of
correlated attributes.

Th e assessment of frequencies in the empirical world is biologically significant and
ubiquitous. Our acoust ic system is equipped with sensors to assess the frequ ency of
sound pressure waves; our emo tional system is sensitive to the frequency of heartbeats
and mu sic beats per minute; and learning and condi tioning are a function of the fre
quenc)' of reinforcements. Even primitive o rganisms are able to learn the rate at which
behaviours and situations are associated with pleasant (e.g. food ) or unpl easant conse
quences (e.g. pain).

These elementary examples already illustrate a poin t that is easily overloo ked: what is
info rmative cannot be absolute, uncondit iona l event frequ encies per se. Rathe r, fre
quency information is on ly meaningful in the context of specific algorit hms applied for
frcquency assessment. Thus, to perceive pitch, the absolu te num ber of pressure cha nges
mu st be normalized to some time uni t and acoustic waves mu st co-occur in space. That
is, an algorithm is req uired that assesses the number of pressure changes conditio nal on


