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entries. This statistic gives us the range of the remaining 80% of data entries. We can
also compute the 5% trimmed range by deleting from the computation the 5% of
values that are the farthest away from the mean. We will also see in a forthcoming
sectiod something called a box-plor, that shows us graphically both the full range,
and the range of the central 50% of the data after vou have distegarded the top 25%
and the bottom 23%. This last range is called the interquartile range, the distance
betwesn the first and third quartiles, which are the values that splic the data into four
ciual parts.

These various notions of the range do not use the exact values of lf the data in
their computation. The following measures do.

STANDARD DEVIATION

The most important measure is the standard deviation, To explain what it is we must
first define some simpler notions such as the deviation from the mean. For an indi-
vidual data entry x, the deviation from the mean is the distance that separates it
fromm the mean, If we want to write it in symbaols, we will have to use two different
symbols, depending whether we have a;.“sampit: or a population,

For a sample, the deviation from the mean is written:  {x, =X
For 2 population, the deviation from the mean is written: (x, — u)

The list of all deviations of the mean may give us a good impression of how spread
out the data is,

"-Exa_m]:le.

Consider the following distribution, representing the grades out of ten of a
group of 14 stadents:

4,5, 3. 6.7, 78, 5,8,9.9,9, 10,10

Here the mean is given by 105/14 = 7.5. The deviations from (he mean are given
in Table 3.6.

But that list may be long. We want to summarize it, and end up with a single numeri-
cal value that constituies o measure of how dispersed the data is. We could take the
mean of all these deviations. If you perform the computation for the mean devialion,
you will get a mean deviation equal to zero (do the computation yoursell on the pre-
ceding example). This is no aceident, Indeed, we can casily show that the mean of
these deviations is necessarily zero, as the positive deviations are cancelled out by
the negative deviations.

UNIVARIATE DESCRIPTIVE STATISTICS A4

Tahle 3.6 Calculation of the deviations from the

mean

Data entry x; Deviation from the mean: {x, - x}
4 4=T75m=35
5 5_75=-23
5 5-7.5m =15
fi B-75=-13
7 T=T75m=5
7 T—75=-03
5 E-T75=05
g F-15=035
5 8-75=05
g 4-75=135
g 3-T5=135
2 9-15=135
10 H-T5=25

10 W=75=25

The mathematical proof (which is given only for those who are interested and
which can be ignored otherwise) goes like this:
Sum of all deviations from the mean =

Se-D=Tx-LF=n*F-n*T=0

i Explanation: Recall that the sum of all entries is equal to & times the mean. and that
the mean, in the second summation, 15 counted n times. This iz why we get n times
the mean twice, once with a positive sign, and once with a negative sign.)

We thus conclude that the deviations from the mean albways add up to zero, and
therefore we cannot summarize them by finding their mean, The way around this
difficulty is the Following: we will square the deviations, and then take their mean.
By squaring the deviations, we get rid of the negative signs, and the positive and nega-
live deviarions do net cancel cut any more, This operation changes their magnitude,
however, and gives an erroneous impression about the real dispersion of data, since
the deviations are all squared. This distortion will be comrected by taking the square
root of the result, which brings it back to an order of magnitude similar to the
original deviations. In summary, we end up with the following caleulaton:

Standard deviation for a population, dencted by the symbol &

T

o= ‘]'Jln'l,(_, -.-)'fﬁ_ .M:Il

In the case of 4 sample, g will be replaced by ¥ and & will be replaced net by », but
by n — 1. The reason why we write n— 1 instead of  is due to some of the mathe-
matical properties of the standard deviation. It can be proven that using « — 1 in the
formula gives a better prediction of the standard deviation of & population when we
know that of the sample.

|
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Conclusion: the standard deviation for a sample, dencled by the symbol s, is

given by:
_ =y
s it 28
=1

The standard deviation (often written st.dev.) is the most powerful messure of
dispersion for quantitative data. It will permit us 1o do very sophisticated deserip-
tions of various distributions. All the calculations of statistical inference are also
made possible by the use of the standard deviaton.

VARIANCE
Another useful measure is the variance, which is defined as the square of the stan-
dard deviation. It is thus given by

variance of a sample = &
o1
variance of a population = g*

THE COEFFICIENT OF VARIATION

Finally, we can define the coefficient of variation. To explain the use of this measure,
suppase you have two distributions having the means and standard deviations given
bl

Distribution 1 medan = 30 st dey, =3
Distribution 2 mean = 130 stodev, =3

In one case the center of the distribution is 30, indicating that the data entries fall in
a certain range around the value 30, Their magnirde is around 20, In the other case,
the mean is 150, indicating that the data entries [all in a range around the value 150

and have an average magnitmude of 130, Although they have the same dispersion -

{measured by the standard deviation), the relative importance of the dispersion is not
the same in the two cases because the magnitude of the data is different, In one case
the entries revolve around the value 30, and the standard deviation is equal o 10%
of the average value of the entries. In the other case, the entries revolve around the
value 130 and the standard deviation is about 3/150, that is, 2% of the average value
of the entries, a value which denotes a smaller relative variation,

There is a way 0 assess the relative importance of the variation among the entries,
by comparing this variation with the mean, The measure is called the coefficient of
vartation. The coefficient of variation is defined as the standard deviation divided
by the mean, and multiplied by 100 to turn it into a percentage. The formula is thus:

Cocfficient of variation CV = Ex 100
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This measure will only be vsed oceasionally,
Measures of Position

Measures of position are used for quantitative variables, measured at the numerical scale
level, They could sometimes be used for varables measured at the ordinal level, They pro-
vide us with & way of determining how one individual entry compares with all the others,

The simplest measure of position is the guartile. If you list your entries in an
ascending order according to size, the quartiles are the values that split the ranked
population inte four equal groups. Twenty-five percent of the population has a score
less or equal than the 1st quartile (), 50% has a score less than the 2nd quartile
{03,), and 75% has a score less than the 3rd quartile (). Recall that we have seen
earlier a measure of dispersion called the interguartile range, which is the difference
berween () and O, Figure 3.1 illustrates the way the quartiles divide the ordered list
of units in a sample or in a population. !

25% of the papulatian
—+ - Oy
25% of the population
- — O
25% of the population
£ N R .
25% of the population

Figure 3.1 The quartiles are ehtained by ordering the individuals in the
population by increasing rank, and then splitting it into four equal parts,
The guartiles are the values that separate these four parts

In & similar way, we can define the deciles: they split the ranked population into
ten equal groups. IT a data entry falls in the first decile it means that its score is
among the lowest 109%. If it is in the 10th decile it means it is among the top 10%.

The most common measure of position, however, is the percentile runk. The data
is arranged by order of size (recall 1t must be quantitative) and divided into 100 equal
groups. The numerical values that separate these 100 groups are called percentiles.
The percentile rank of a data entry is the rank of the percentile group this entry falls
intd, For example, if vou are told that vour percentile rank in a national exam is 83,
this means that you fall within the 83rd percegitile. Your arade is just above that of
82% of the population, and just below that of 17% of the population, You will learn
in the 5PS3 session how o display the percentile ranks of the data entries,

fou may have realized by now the connection between the median and the vari-
ous measures of position, since the median divides your ranked population into two
eiqual groups. The median is equal to the 50th percentile. It is also equal to the
Sth decile, and ol course the 2nd quartile.
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Missing married widowed divorced separated  never
Marital Status married

Figure 3.2 A bar chart re

various categeries for presenting the size (in percentage) of the

the variable Marital Status
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Figure 3.3 A bar chart representing th i i
&
Anlol S st ogiid g various age categories in

people who speak a Elven language. You can choose to have the Y-axis represent

ercern! i ; i
percentages instead of counts. The chart shown in Figure 2.2 represents the percent-
ages of the various marirs] categories,
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30
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18-30 31-40 41-50 51-80 B51-70
Age into 7 categories

Figure 3.4 A bar chart where the category 50+ years has been broken
down into four categories

The variable on the X-axis could also be a guantitative variable thar has been
grouped into @ small number af categories. For instance, we could have agecatd as
the variable on the X-axis. The bars would then represent the number of people
found in each of the four age categories. [n this kind of bar graph, you must be care-
ful about the range (that is, the length of the interval) of each of the categories. If the
categories are intervals that do not have the same length, you may get the wrong
impression that one group is more numerous than the other, such as with the group
of people who are 30 years old or more in the chart shown in Figure 3.3,

However, this group (30 years and older) spans a range of ages which is much
wider than the other groups: close to 40 years (from 50 years to 89 vears exactly). If
we regroup the respondents into age categories that are equal or almost equal, we get
the chart in Figure 3.4.

This bar chart is a much better representation of the distribution of ages than the
Previous one.

In a clustered bar chart, sach column is subdivided in several columns represent-
ing the categories of a second variable. For instance, each column could be split in
two, for men and for women. Figure 3.5 proelid&s an example of a clustered bar chart
where the height of the columns represents the number of people in each category.

In a clustered bar chart, it is generally preferable to display the percentages of the
various categories rather than their frequencies. Look for instance at the clustered
bar chart displaved in Figure 3.5. We see that in every category, women arg maore
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Respondont’s Sex

B Ml
B Famala

Minsing widowed naparatod
married  divgrosd nover mared
Marital Status

Figure 3.5 A clustered bar chart whare the height of the columns
represents the number of people in each category

numerous than men. This is so becanse the sample as a whole containg more women.
This chart does not allow us to assess how the percentages of men and women
compare in each category. If we display the percentages rather than the frequencies
(the count), we get the chart illustrated in Figure 3.6.
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Parcant

Minslng widowid wiparnted
marriad divarood navvaf marelad
Marital Suatus

Figure 3.6 A clustered bar chart displaying the percentages rather than
the frequencies
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We see now that percentnge-wise, there are a lot more women who are widows
than men who are widowers. In that sample, it also happens that the divorced
women are slightly more numerous than the divorced men (divorced women whose
ex-husband has died are not counted in the Widow category but in the Divoreed
category). Although the sample used here is not necessarily representative of the
whole American population, it does illustrate a social reality; as in many other soci-
eties, women tend to live longer than men, Therefore, the percentage of women in
the categories Widowed and Divorced is lareer than the percentage of men, and
consequently lower than the percentage of men in all other categories, even if their
numbers are bigger.

In a stacked bar chart, rather than being adjacent, the split columns are stacked
one on tap of the other, as shown in the Figure 3.7,
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marriad divorcad nawar marrlod
Marital Status

Figure 3.7 A stacked bar chart

The advantage of a stacked bar chart, as opgbsed to a clustered bar chart, is that il
shows the overall importance of the categories (married, widowed, eic.), while at the
same time showing how they are broken down into the categories of another variable
such na Sex.

Bar charts are most adequate when you want to highlight the quansity associated
with every category on the X-axis, A bar chart where the vertical axis does not stan
at (b eon be very misleading, Tor if the columns are truncated ot their base, the

ey
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differences in height between them can appear to be mare important than they really
are. Consequently, as a general rule, bar charts should start at zero and should not be
iruncated frem their base,

Finally, it should be said that bar charts could also be presented horizontally, by
interchanging the X- and Y-axes,

Pie Charts

Pie charts (Figure 3.8) are most useful when you want to illustrate proportions,
rather than actual quantities. They show the relative importance of the various cale-
gories of the variable. In SPSS you bave the option of including missing values as a
slice in the pie, or excluding them and dividing the pie among valid answers. The
details of how to do that are explained in Lab 5. Pie charts are better suited when we
want to convey the way a fixed amount of resources is allocated among various uses.
For instance, the way a budget is spent over various categories of items is best
represented by a pie chart. When the emphasis is on the amount of money spent on
each budget item, rather than on the way the budget is allocated, a bar chart is more
suggestive. However, hoth bar charts and pie charts are appropriate to represent the
distribution of a nominal variable, and there is no clear-cut line of demarcation that
would tell us which of the two is preferable.

othar

pays rent

Figure 32  Ple chart illustrating the proportion of people who own a
home as compared to those who pay rent. One of the options in the pie
chart command allows you to either include or exclude the category of
missing answers, In this diagram it has been excluded from the graph

Histograms

Histograms are useful when the variable is quantitative. The data are usually
grouped into classes, or intervals, and then the frequency of each class is represented
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Figure 3.9  Ilustration of the histogram for the variable Age

by a bar. The bars in a histogram are adjacent, and not separated as ina bar chart,
hecause the numerical values are continuously increasing, For instance, if you draw
the histogram of the variable Respondent's Age (Figure 3.9), you will see the patiern
of the distribution of the individuals of the sample across the various categories.
Contrary to a bar chart, which is nsed for a qualitative variable, the columns of the
histogram cannot be switched around. You can switch around the categories of a
variable measured at the nominal level, but not those of an ordinal or quantitative
variable.

When producing a histogram with SPSS, the program automatically selects the
number of classes (usually no more than 15) and divides the range of values accord-
ingly into intervals of equal size. In the histogram shown in Figere 1.9, the
midpoints of the classes are shown on the graph. They are:

20, 25, 30, 35, gre.

Therefore, the class limits (that is, the cut-point between one class and the next) are
the values in between: 22.5, 27.5, 32.5, etc. We can infer that the lower limit of the
first class is 17.5 years, and the upper limit of the last class is 92.5 years.




