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calculate sample means for data from a normal population. The mean of
the sample means is very close to 205, the population value. In fact, for
the theoretical sampling distribotion of the means, the value s exactly
205, (Remember, the thearetical distribution of sample means is mathe-
matically derived and tells you precisely what the distribution of the sam-
ple means is for all possible samples of a particular size.) In Figure 10,8,
the standard deviation of the means, also known as the standard error of
the mean, 15 7.3,

Standard Error of the Mean

You saw in Chapter 9 that the standard error of the mean tells you how
much sample means from the same populatien vary, It depends on two
things: how large a sample you tale (that is, the number of cases uxiﬂ_l Lo
compute the mean) and how much variahility there is in the population.
Means based on large numbers of cases vary less than means based on
small oumbers of cases. Means caleulated from populations with little
variability vary less than means calenlated from populations with large
variability. )

If you know the population standard deviarion {or variance) and the
number of cases in the sample, you can caleulate the standard error of the
mean by dividing the standard deviaden by the square root of the number
of cases. In this example, the population standard deviation is 35 and the
pumber of cases i5 21, so the standard ercor of the mean is:
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= 7.64 Equation 0.1
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Mote thar the value we calculated based on the 500 samples with 21 hy-
pothetical CEO’s in each sample was not exactly 7.64, buat very close,
What we obtained was an estimate of the true value. That's because we
did not take all possible samples from the population, bur restricred our
attention to 500,

Will the standard ervor of the mean always be smaller than the
standard deviation of the data valees? Yes. It's always the case
that the standard eccor of the mean is smaller than the standard deviation
of the dara values. Thar makes sense if you think abour it When you cal-
culate a mean, it falls in between the smallest and largest sample values.
It's not as extreme as the acwwal data values in your sample. Thus the
mean has less variability than the original observations. The larger the
sample that you take, the more you smooth ous the variabilicy of the in-
dividual data values when you calculate the mean. aEE

Are the Sample Results Unlikely?

Mow that you know about the important properties of the sampling dis-
tribution of the mean from a normal population, let's retusn to the cho-
lesterol levels of the CEO's, Figure 10.6 gives you a rough idea of how
often you can expect various values for sample means when cholesterol
is normally distzibuted in the population, with 2 mean of 205 and 2 stan-
dard deviation of 35. It's easy to see that the observed sample value of
153 is not a particularly nnusual value,

You can use the characteristics of the normal distribution to caleulate
exactly how often you would expect to see, based an 21 cases, a sample
mean of 193 {12 less than the population mean) or less, or 217 or greater
(12 more than the population mean), You're interested in both large and
small cholesterol values, since you don't know in advance whether CEQ
values will be larger or smaller than those of the general population. It
may be that the foie geas on Parisian business trips raises their cholesteral
levels. Or that exercising in swanky health clubs while the rest of us work
decreases their cholesterol levels,

First, you must calenlate a standard score For the observed mean. You
calculate it in the usual way: subtrace the population mean from the ab-
served mean and then divide by the standard deviation. The only trick to
remember is that since you're dealing with a distribution of means, you
must use the standard deviation of the means (the srandard ecror of the

mean), not che standard deviation of the sample values themselves. Tn our
example, the standard score is

183 - 205 i
Lominre s g 157 F .
764 1 Equation 10.2
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Look at Figure 10.7 for a summary of the situarion,

Figure 10.7 How unlikely is a sample mean of 1937
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You see that the distribution of all possible sample means of 21 cases is
normal, with a mean of 205 me/dL and & standard crror of 7,64 me/dL.
The observed sample mean of 193 has a standard score 0f —1.57. In a nor-
mal distribution, 11.6% of the cases have standardized values less than
~1.57 or greater than +1.57. Based on this, you don't have enough evi-
dence to conclude thar CEO cholesteral levels ave different from those in
the general population. (The observed significance level of 0.114 is larger
than 0,03, the usual criterion for unusual.)

i Sirce only 21 ont of 200 CEO's responded, shouldw’t you be con-

2 cerned abowt the results from a survey that bas a response rate of
10.5%2 Absolutely, There are many reasons why those who responded
to the survey may differ from those who did not. It may be thar CEO
writh low cholesterol levels are more likely to volunteer this infarmation
than CED's with high cholesterol levels. Or it may be that CEQ's wha
have experienced medical problems are more likely to know, and perhaps
to volunteer, their cholesterol levels than CEO% who are healthy, Our
analysis was based on the rather shaky assumption thae CEO% who re-
sponded don't differ from those who didn't. We also made the simplifying
assumption that middle-aged males have the same cholesterol diseribu-
tion as the general population, If this st the case we'd have to compare
CEO values to these for middle-aged males, {Unfortunarely, all resules
were from middle-aged males.) Our analysis also assumes that the CEO's
reported their correct current cholesterol values. Anyone whe has read an
annual report to shareholders knoows thar CEO's can cast any Jand of
data in the best possible light, EEE

1586 Chapter |0

Testing a Hypothesis

In the previous example, you wsed statistical methods o test a hypothesis
about the population based oo results observed in 2 sample. Here's a
summary af the procedure you followed:

1. You wanted to sec if the average cholesterol levels of highly paid
CED's differ from those of the general population. You obtained 3
sample of choleseerol values from 21 such highly paid CEO's,

2. You caleulated the average cholesteral value for the 21 CEOQ's in vour
sample to be 193 me/dL.

3. You used the normal distribution with a mean of 205 and a standard
error of 7.64 wo determine how often vou would expect to sec average
cholesteral values less than 193 ar greater than 217, when the popula-
uon mean 15 205,

4. You found that sample means as nnusual as the one you observed are
expected to ocour in about 11.6% of samples from the population, so
vou didn't have enough evidence to conclude that average cholesteral
levels for CEOPs are different from those of the population,

Means from Non-Normal Distributions

Tou probably weren’t too surprised tha the distribution of sample means
from a normal population is also normal. That makes a certain amount
of sense. Bur it is surprising that the distributions of means shown in Fig-
are 10,1 and Figure 10.2 at the beginning of this chapeer also appear o
be normal.

Femember thet these are not means of a variable thar has a normal dis-
teibution. The cure variable has only two equally likely values—i0 for not
cured and 1 for cured. This remarkable finding is explained by what's
called rhe Centeal Limit Theorem. The Central Limit Theorem says thar
for samples of a sufficiently large size, the distriburion of sample means



MORUSIS, Marija J. 1998, Guide to Data Analysis. Upper Saddle River, Prentice Hall.

The Mormal Distribution 187

is approximately normal, The original variable can have any kind of dis-
tribution. It doesn't have 1o be bell shaped ar all,

Bl Sufficiently large size? What does that mean? How large a sample
you need before the distribution of sample means is approximare-

ly normal depends on the distribution of the original values of a variable.
For a variable that has a distribution not too different from the normal,
sample means will have a normal distribution even if they're hased on
small sample sizes. If the distribution of the variable is very far from nor-
mal, larger sample sizes will be needed for the distribution of sample
means to be normal, The important point is that the distribution of
means gets closer and closer to normal as the sample size gets larger and

larger—regardless of what the distribution of the original variable looks ©-

likee. L 110

Means from a Uniform Distribution

As an example of the Centeal Limit Theorem, let's see whar the distribu-
tion of sample means looks like if cholesterol values had o uniform distri-
bution in the population. In a uniform distribution, all values of a
variable are equally likely. Figure 10.8 shows a histcogram of 5000 values
from a uniform distribution with a range of 135 to 275. All of the bars
tepresenting values from 135 to 275 are of approximately cqual length.

Figure 10.8 A uniform distribution
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Let's see what happens if we take a sample of 10 cases from the discribu-
tion and compute their mean. Figure 10,9 shows the histogram of 500
such sample means.

Figure 10.% 500 samples of 10 from a uniform distribution
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What is amazing is that the disteibution of sample means looks nothing
like the original distribution of values. The distribution of means is ap-
proximately normal, even when the dissribution of a variable is not, pro-
vided that the sample size is large enough. This remarkable fact explains
why the normal distribution is so important in data analysis, If the vari-
able you're studying does have a normal distribution, then the discribu-
tion of sample means will be normal for samples of any size. The more
unlike the normal disteibution the distribution of your variable is, the
larger the samples have to be for the distribution of means to be approx-
imately normal, You'll be able to use the properties of the normal diseri-
burion to test a variery of hypotheses abour population means based on
the results observed in samples.
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Summary

What is the narmal distribution, and 1 1wy is gt :mpnrrm'sr for data
analysiss

. A normal distribution is hell 5[1aped It is a symmetric distribu-

tion in which the mean; median, and mede zll coincide. In the
- population, many variables, such s height and weight, have dis-
tributions thar ate approximately normal.

' '*thhﬂuj,h normal distributions can’ have differens means and
. variances, the proportional dmrlhunnn nf the ‘cases about the
mean is always the same.

o A standard normal dJSLrLLutlun has a Iean of 0 and a standard
'-_duﬂnon of 1. :

"o The Ceneral Limit Theorem states that for samples of a suffi-
ciently. !’lrgc; size, the dmtnlmnon of sample means is approwxi-
mately normal. (That's: why the normal dls:nl:nunon 5 50
|mp-:rrtzult far dd.t..i. analg.-sts ] :



