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Diferenciálńı rovnice se separovanými proměnnými

Diferenciálńı rovnice se separovanými proměnnými je rovnice tvaru
y ′ = P(x) · Q(y), p̌ŕıpadně Q(y) · y ′ = P(x).

Při řešeńı rovnice y ′ = P(x) · Q(y) postupujeme takto:

y ′ nahrad́ıme výrazem dy
dx (vzpomeňte nap̌r. na definici derivace)

řeš́ıme rovnici dy
dx = P(x) · Q(y)

uprav́ıme ji do tvaru
∫

dy
Q(y) =

∫
P(x)dx

vypoč́ıtáme p̌ŕıslušné integrály, nezapomeneme na konstantu

zohledńıme p̌ŕıpadnou počátečńı podḿınku

urč́ıme i p̌ŕıpadná singulárńı řešeńı (která p̌ri použit́ı p̌redchoźıho
postupu muśıme vyloučit)
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Př́ıklady

Určete partikulárńı řešeńı DR, které splňuje danou podḿınku

1 y − xy ′ = a(1 + x2y ′), y(1) = 1

[
y = a+x

ax+1 , a 6= −1
]

2 * y ′ sin x · sin y = cos x · cos y , y
(
π
4

)
= 0

[
y = arccos

√
2

2 sin x

]

3 * y ′ sin x = y ln y , y
(
π
2

)
= 1

[y = 1]

4 (1 + ex) yy ′ = ex , y(0) = 1

[
y =

√
2
(
ln (1 + ex) + 1

2 − ln 2
)]

* . . . D.Ú.
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Př́ıklady
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Homogenńı diferenciálńı rovnice 1. řádu

Homogenńı diferenciálńı rovnice 1. řádu je diferenciálńı rovnice,
kterou lze zapsat ve tvaru y ′ = f

( y
x

)
.

Při řešeńı takové rovnice

využijeme substitućı u = y
x ,

odvod́ıme u′ = y ′

x −
y
x2

po úpravě y ′ = u′x + u

t́ım původńı rovnici p̌revedeme na rovnici u′x + u = f (u)

můžeme separovat proměnné: u′ = 1
x (f (u)− u)

řešeńı u = h(x) vyjáďŕıme v původńıch proměnných: y = g(x),
p̌ŕıpadně g(x , y) = 0
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kterou lze zapsat ve tvaru y ′ = f

( y
x

)
.
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x ,

odvod́ıme u′ = y ′

x −
y
x2
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řešeńı u = h(x) vyjáďŕıme v původńıch proměnných: y = g(x),
p̌ŕıpadně g(x , y) = 0
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x ,

odvod́ıme u′ = y ′

x −
y
x2
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využijeme substitućı u = y
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Př́ıklady

Řešte diferenciálńı rovnice

1 y ′ = y
x

(
1 + ln y

x

)

[
y = x · ekx

]

2 * y ′ = y
x + tg y

x

[
sin y

x − cx = 0
]

3 * y ′ = y2

x2 − 2

[
y = 2x+cx4

1−cx3

]

4 x2y ′ = (x + y)y

[
y = x

c−ln x

]

* . . . D.Ú.
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MA2BP CAN3 7. cvičeńı 3. 4. 2018 6 / 9



Př́ıklady
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1 y ′ = y
x

(
1 + ln y

x

) [
y = x · ekx

]
2 * y ′ = y

x + tg y
x

[
sin y

x − cx = 0
]

3 * y ′ = y2

x2 − 2

[
y = 2x+cx4

1−cx3

]
4 x2y ′ = (x + y)y

[
y = x

c−ln x

]

* . . . D.Ú.
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Lineárńı diferenciálńı rovnice (LDR) 1. řádu

LDR 1. řádu má tvar y ′ + f (x)y = g(x).

Je-li g(x) = 0, hovǒŕıme o homogenńı LDR (HLDR) 1. řádu

LDR můžeme řešit nap̌r. metodou variace konstanty:

nejprve vy̌reš́ıme p̌ridruženou HLDR y ′ + f (x)y = 0
- DR se separovanými proměnnými a řešeńım y = C · e−

∫
f (x) dx

řešeńı původńı LDR hledáme ve tvaru y = C (x) e−
∫
f (x) dx

derivaćı dostáváme y ′ = C ′(x) e−
∫
f (x) dx −C (x)f (x) e−

∫
f (x) dx

po dosazeńı do původńı rovnice za y a y ′ dostáváme:

C ′(x) e−
∫
f (x) dx −C (x)f (x) e−

∫
f (x) dx +f (x)C (x) e−

∫
f (x) dx = g(x)

po úpravě tak řeš́ıme C ′(x) e−
∫
f (x) dx = g(x)

řešeńım je C (x) =
∫
g(x) e

∫
f (x) dx dx + C

toto řešeńı dosad́ıme do původńı LDR

Jestli jsme to zvládli až sem, odměńıme se nějakou dobrotou ;-)
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toto řešeńı dosad́ıme do původńı LDR
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LDR 1. řádu má tvar y ′ + f (x)y = g(x).
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∫
f (x) dx
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derivaćı dostáváme y ′ = C ′(x) e−
∫
f (x) dx −C (x)f (x) e−

∫
f (x) dx
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řešeńım je C (x) =
∫
g(x) e

∫
f (x) dx dx + C
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LDR 1. řádu má tvar y ′ + f (x)y = g(x).
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řešeńı původńı LDR hledáme ve tvaru y = C (x) e−
∫
f (x) dx
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po dosazeńı do původńı rovnice za y a y ′ dostáváme:
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po úpravě tak řeš́ıme C ′(x) e−
∫
f (x) dx = g(x)
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LDR můžeme řešit nap̌r. metodou variace konstanty:
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řešeńım je C (x) =
∫
g(x) e

∫
f (x) dx dx + C
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po úpravě tak řeš́ıme C ′(x) e−
∫
f (x) dx = g(x)
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řešeńı původńı LDR hledáme ve tvaru y = C (x) e−
∫
f (x) dx

derivaćı dostáváme y ′ = C ′(x) e−
∫
f (x) dx −C (x)f (x) e−

∫
f (x) dx

po dosazeńı do původńı rovnice za y a y ′ dostáváme:

C ′(x) e−
∫
f (x) dx −C (x)f (x) e−

∫
f (x) dx +f (x)C (x) e−

∫
f (x) dx = g(x)

po úpravě tak řeš́ıme C ′(x) e−
∫
f (x) dx = g(x)

řešeńım je C (x) =
∫
g(x) e

∫
f (x) dx dx + C

toto řešeńı dosad́ıme do původńı LDR

Jestli jsme to zvládli až sem, odměńıme se nějakou dobrotou ;-)
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Př́ıklady

Určete obecné řešeńı diferenciálńı rovnice metodou variace
konstanty

1
(
1 + x2

)
y ′ − 2xy =

(
1 + x2

)2

[
y = (C + x)

(
1 + x2

)]

2
(
1 + x2

)
y ′ + 4xy = 3

[
y = x3+3x+C

(1+x2)2

]

3 * y ′ + 1−2x
x2 y = 1

[
y = Cx2 e

1
x +x2

]

4 * y ′ + 2xy = x e−x
2

[
y = C e−x

2
+ x2

2 e−x
2
]

* . . . D.Ú.
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konstanty

1
(
1 + x2

)
y ′ − 2xy =

(
1 + x2

)2 [
y = (C + x)

(
1 + x2

)]
2
(
1 + x2

)
y ′ + 4xy = 3

[
y = x3+3x+C

(1+x2)2

]
3 * y ′ + 1−2x

x2 y = 1

[
y = Cx2 e

1
x +x2

]

4 * y ′ + 2xy = x e−x
2

[
y = C e−x

2
+ x2

2 e−x
2
]

* . . . D.Ú.
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Děkuji za pozornost

i po velikonočńım ponděĺı ;-)
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