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Vektorový prostor

Axiomy pro vektorový prostor

V nazveme vektorovým (lineárńım) prostorem nad tělesem T s operacemi
+, ·, jestliže

1 ∀~u, ~v ∈ V : ~u + ~v ∈ V (uzav̌renost na operaci +)

2 ∀~u, ~v , ~w ∈ V : (~u + ~v) + ~w = ~u + (~v + ~w) (asociativita operace +)

3 ∃~o. ∀~v ∈ V : ~u + ~o = ~u = ~o + ~u (neutrálńı prvek pro operaci +)

4 ∀~u ∈ V . ∃(−~u) ∈ V : ~u + (−~u) = ~o (inverze vzhledem k operaci +)

5 ∀~u, ~v ∈ V : ~u + ~v = ~v + ~u (komutativita operace +)

”1” ∀~u ∈ V , ∀t ∈ T : t · ~u ∈ V (uzav̌renost na součin skaláru a vektoru)

”2” ∀~u ∈ V , ∀s, t ∈ T : s · (t · ~u) = (s · t) · ~u (asociativita operace ·)

”3” ∃1 ∈ T . ∀~u ∈ V : 1 · ~u = ~u = ~u · 1(neutrálńı prvek pro operaci ·)

”6a” ∀~u ∈ V , ∀s, t ∈ T : (s + t) · ~u = s · ~u + t · ~u (distributivita operaćı)

”6b” ∀~u, ~v ∈ V , ∀s ∈ T : s · (~u + ~v) = s · ~u + s · ~v (distributivita operaćı)
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Vektorový prostor

Př́ıklad 3.1.B2: Uvažme množinu R〈0,1〉 (to znamená množinu všech
zobrazeńı 〈0, 1〉 → R). Pro f , g ∈ R〈0,1〉 a pro r ∈ R definujeme
f + g ∈ R〈0,1〉, resp. r · f ∈ R〈0,1〉 takto:

(f + g)(x) = f (x) + g(x), resp.

(r · f )(x) = r · (f (x))

pro ∀x ∈ 〈0, 1〉. Dokažte, že pak R〈0,1〉 je vektorový prostor nad R.
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Vektorový prostor

Př́ıklad 3.1.B2: Uvažme množinu R〈0,1〉 (to znamená množinu všech
zobrazeńı 〈0, 1〉 → R). Pro f , g ∈ R〈0,1〉 a pro r ∈ R definujeme
f + g ∈ R〈0,1〉, resp. r · f ∈ R〈0,1〉 takto:

(f + g)(x) = f (x) + g(x), resp.

(r · f )(x) = r · (f (x))

pro ∀x ∈ 〈0, 1〉. Dokažte, že pak R〈0,1〉 je vektorový prostor nad R.

Př́ıklad 3.1.B7: Necht’ P(R) znač́ı množinu všech posloupnost́ı reálných
č́ısel. Pro (x1, x2, . . . ), (y1, y2, . . . ) ∈ P(R) a pro r ∈ R definujeme:

(x1, x2, . . . ) + (y1, y2, . . . ) = (x1 + y1, x2 + y2, . . . ),

r · (x1, x2, . . . ) = (r · x1, r · x2, . . . ).

Dokažte, že pak P(R) je vektorový prostor nad R.
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Vektorový prostor

Definice vektorového podprostoru

Vektorový podprostor prostoru (V ,+, ·) nad tělesem (T ,+, ·) je taková
podmnožina W prostoru V , která je uzav̌rená vzhledem k operaci +
(sč́ıtáńı vektor̊u) a · (násobeńı vektoru skalárem):

1 ∀~u, ~v ∈ W : ~u + ~v ∈ W

”1” ∀~u ∈ W , ∀t ∈ T : t · ~u ∈ W

Poznámka: Vektorový podprostor je tedy uzav̌rený na lineárńı kombinaci
svých vektor̊u.
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Podprostor vektorového prostoru

Př́ıklad 3.2.B3: Rozhodněte, zda podmnožina W ⊆ Q4 je podprostorem
vektorového prostoru Q4, je-li:

(a) W = {(0, 0, 0, 0), (1, 1, 1, 1), (−1,−1,−1,−1)}

(b) W = {(x1, x2, x3, x4) | x1 + x2 + x3 + x4 ≥ 0}

(c) W = {(x1, x2, x3, x4) | x2 = x3 = x4}

(d) W = {(2s + t, s − t, t, s) | t, s ∈ Q libovolné}
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Podprostor vektorového prostoru

Př́ıklad 3.2.B3: Rozhodněte, zda podmnožina W ⊆ Q4 je podprostorem
vektorového prostoru Q4, je-li:

(a) W = {(0, 0, 0, 0), (1, 1, 1, 1), (−1,−1,−1,−1)}

(b) W = {(x1, x2, x3, x4) | x1 + x2 + x3 + x4 ≥ 0}

(c) W = {(x1, x2, x3, x4) | x2 = x3 = x4}

(d) W = {(2s + t, s − t, t, s) | t, s ∈ Q libovolné}

Př́ıklad 3.2.B5: Rozhodněte, zda podmnožina W ⊆ R〈0,1〉 je
podprostorem vektorového prostoru R〈0,1〉 (viz cvičeńı [3.1.B2]), je-li:

(a) W = {f : 〈0, 1〉 → R | f (1) = 0}

(b) W = {f : 〈0, 1〉 → R | f (0) · f (1) = 0}

(c) W = {f : 〈0, 1〉 → R | f (x) ≥ 1 pro konečně mnoho x ∈ 〈0, 1〉}

(d) W = {f : 〈0, 1〉 → R | f (x) = f (1− x) pro ∀x ∈ 〈0, 1〉}
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Podprostor vektorového prostoru

Př́ıklad 3.2.B3: Rozhodněte, zda podmnožina W ⊆ Q4 je podprostorem
vektorového prostoru Q4, je-li:

(a) W = {(0, 0, 0, 0), (1, 1, 1, 1), (−1,−1,−1,−1)}

(b) W = {(x1, x2, x3, x4) | x1 + x2 + x3 + x4 ≥ 0}

(c) W = {(x1, x2, x3, x4) | x2 = x3 = x4}

(d) W = {(2s + t, s − t, t, s) | t, s ∈ Q libovolné}

Př́ıklad 3.2.B5: Rozhodněte, zda podmnožina W ⊆ R〈0,1〉 je
podprostorem vektorového prostoru R〈0,1〉 (viz cvičeńı [3.1.B2]), je-li:

(a) W = {f : 〈0, 1〉 → R | f (1) = 0}

(b) W = {f : 〈0, 1〉 → R | f (0) · f (1) = 0}

(c) W = {f : 〈0, 1〉 → R | f (x) ≥ 1 pro konečně mnoho x ∈ 〈0, 1〉}

(d) W = {f : 〈0, 1〉 → R | f (x) = f (1− x) pro ∀x ∈ 〈0, 1〉}

Výsledky: 3.2.B3.(a) ne, (b) ne, (c) ano, (d) ano.
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Podprostor vektorového prostoru

Př́ıklad 3.2.B3: Rozhodněte, zda podmnožina W ⊆ Q4 je podprostorem
vektorového prostoru Q4, je-li:

(a) W = {(0, 0, 0, 0), (1, 1, 1, 1), (−1,−1,−1,−1)}

(b) W = {(x1, x2, x3, x4) | x1 + x2 + x3 + x4 ≥ 0}

(c) W = {(x1, x2, x3, x4) | x2 = x3 = x4}

(d) W = {(2s + t, s − t, t, s) | t, s ∈ Q libovolné}

Př́ıklad 3.2.B5: Rozhodněte, zda podmnožina W ⊆ R〈0,1〉 je
podprostorem vektorového prostoru R〈0,1〉 (viz cvičeńı [3.1.B2]), je-li:

(a) W = {f : 〈0, 1〉 → R | f (1) = 0}

(b) W = {f : 〈0, 1〉 → R | f (0) · f (1) = 0}

(c) W = {f : 〈0, 1〉 → R | f (x) ≥ 1 pro konečně mnoho x ∈ 〈0, 1〉}

(d) W = {f : 〈0, 1〉 → R | f (x) = f (1− x) pro ∀x ∈ 〈0, 1〉}

Výsledky: 3.2.B3.(a) ne, (b) ne, (c) ano, (d) ano.
3.2.B5.(a) ano, (b) ne, (c) ne, (d) ano.
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Lineárńı obal množiny vektor̊u

Lineárńı obal množiny vektor̊u

Lineárńım obalem množiny (ne nutně nezávislých) vektor̊u {~v1, ~v2, . . . , ~vk}
z vektorového prostoru V nad tělesem (T ,+, ·) rozuḿıme množinu
{α1 · ~v1 + α2 · ~v2 + · · ·+ αk · ~vk | α1, α2, . . . αk ∈ T} vzniklou jakoukoli
lineárńı kombinaćı vektor̊u {~v1, ~v2, . . . , ~vk}.

Znač́ıme jej L(~v1, ~v2, . . . , ~vk) nebo 〈{~v1, ~v2, . . . , ~vk}〉.

Alternativně ř́ıkáme, že L(~v1, ~v2, . . . , ~vk) je podprostor generovaný vektory
~v1, ~v2, . . . , ~vk .
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Báze a dimenze vektorového prostoru

Báze a dimenze vektorového prostoru

Posloupnost vektor̊u (~v1, ~v2, . . . , ~vk) nazveme báźı (množinou generátor̊u)
vektorového prostoru V nad tělesem (T ,+, ·), jestliže

1 je lineárně nezávislá,

2 každý vektor ~u ∈ V lze vyjáďrit lineárńı kombinaćı
~u = α1 · ~v1 + α2 · ~v2 + · · ·+ αk · ~vk pro nějaké α1, α2, . . . , αk ∈ T (tj.
vektory ~v1, ~v2, . . . , ~vk generuj́ı celý prostor V ).

Dimenźı vektorového prostoru V rozuḿıme počet vektor̊u nějaké jeho
báze. Znač́ıme dimV .

Č́ısla (α1, α2, . . . , αk) z vyjáďreńı vektoru ~u nazýváme soǔradnicemi

vektoru ~u v bázi (~v1, ~v2, . . . , ~vk).
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Vektory generuj́ıćı vektorový prostor

Př́ıklad 16: Ve vektorovém prostoru R3 jsou dány vektory:

~u1 = (1;−2; 3), ~u2 = (2;−1; 0), ~u3 = (1; 1;−3), ~u4 = (1; 0;−1).

Rozhodněte, zda tyto vektory generuj́ı vektorový prostor R3.
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Vektory generuj́ıćı vektorový prostor

Př́ıklad 16: Ve vektorovém prostoru R3 jsou dány vektory:

~u1 = (1;−2; 3), ~u2 = (2;−1; 0), ~u3 = (1; 1;−3), ~u4 = (1; 0;−1).

Rozhodněte, zda tyto vektory generuj́ı vektorový prostor R3.

Př́ıklad 3.3.B2: Rozhodněte, zda vektory ~u1, . . . , ~u5 generuj́ı vektorový
prostor Q4, je-li:

(a) ~u1 = (1; 2; 1; 2), ~u2 = (2; 1; 2; 1), ~u3 = (1; 1; 1; 1),
~u4 = (−2; 0;−1;−3), ~u5 = (−1; 1; 0;−2)

(b) ~u1 = (−1; 1; 0;−1), ~u2 = (2; 0; 1; 3), ~u3 = (1; 2; 3; 4),
~u4 = (2; 3; 4; 6), ~u5 = (1;−3; 5;−7)
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Vektory generuj́ıćı vektorový prostor

Př́ıklad 16: Ve vektorovém prostoru R3 jsou dány vektory:

~u1 = (1;−2; 3), ~u2 = (2;−1; 0), ~u3 = (1; 1;−3), ~u4 = (1; 0;−1).

Rozhodněte, zda tyto vektory generuj́ı vektorový prostor R3.

Př́ıklad 3.3.B2: Rozhodněte, zda vektory ~u1, . . . , ~u5 generuj́ı vektorový
prostor Q4, je-li:

(a) ~u1 = (1; 2; 1; 2), ~u2 = (2; 1; 2; 1), ~u3 = (1; 1; 1; 1),
~u4 = (−2; 0;−1;−3), ~u5 = (−1; 1; 0;−2)

(b) ~u1 = (−1; 1; 0;−1), ~u2 = (2; 0; 1; 3), ~u3 = (1; 2; 3; 4),
~u4 = (2; 3; 4; 6), ~u5 = (1;−3; 5;−7)

Výsledky: 16. ne,
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Vektory generuj́ıćı vektorový prostor

Př́ıklad 16: Ve vektorovém prostoru R3 jsou dány vektory:

~u1 = (1;−2; 3), ~u2 = (2;−1; 0), ~u3 = (1; 1;−3), ~u4 = (1; 0;−1).

Rozhodněte, zda tyto vektory generuj́ı vektorový prostor R3.

Př́ıklad 3.3.B2: Rozhodněte, zda vektory ~u1, . . . , ~u5 generuj́ı vektorový
prostor Q4, je-li:

(a) ~u1 = (1; 2; 1; 2), ~u2 = (2; 1; 2; 1), ~u3 = (1; 1; 1; 1),
~u4 = (−2; 0;−1;−3), ~u5 = (−1; 1; 0;−2)

(b) ~u1 = (−1; 1; 0;−1), ~u2 = (2; 0; 1; 3), ~u3 = (1; 2; 3; 4),
~u4 = (2; 3; 4; 6), ~u5 = (1;−3; 5;−7)

Výsledky: 16. ne,
3.3.B2.(a) ne, (b) ano.
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Vektor p̌ŕıslušej́ıćı vektorovému podprostoru

Ve vektorovém prostoru R3 jsou dány vektory ~u = (0; 2; 5), ~v = (1; 2; 1).
Zjistěte, zda vektory ~u, ~v lež́ı ve vektorovém podprostoru W generovaném
následuj́ıćı skupinou vektor̊u.

(a) ~x = (1;−1; 3), ~y = (−2; 4;−1), ~z = (−1; 3; 2);

(b) ~x = (2;−3; 0), ~y = (−1; 5;−2), ~z = (0;−4; 1);

(c) ~x = (3; 5;−2), ~y = (2; 3;−3).
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Vektor p̌ŕıslušej́ıćı vektorovému podprostoru

Ve vektorovém prostoru R3 jsou dány vektory ~u = (0; 2; 5), ~v = (1; 2; 1).
Zjistěte, zda vektory ~u, ~v lež́ı ve vektorovém podprostoru W generovaném
následuj́ıćı skupinou vektor̊u.

(a) ~x = (1;−1; 3), ~y = (−2; 4;−1), ~z = (−1; 3; 2);

(b) ~x = (2;−3; 0), ~y = (−1; 5;−2), ~z = (0;−4; 1);

(c) ~x = (3; 5;−2), ~y = (2; 3;−3).

Výsledky:

(a). ~u ∈ W , ~v /∈ W ;
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Vektor p̌ŕıslušej́ıćı vektorovému podprostoru

Ve vektorovém prostoru R3 jsou dány vektory ~u = (0; 2; 5), ~v = (1; 2; 1).
Zjistěte, zda vektory ~u, ~v lež́ı ve vektorovém podprostoru W generovaném
následuj́ıćı skupinou vektor̊u.

(a) ~x = (1;−1; 3), ~y = (−2; 4;−1), ~z = (−1; 3; 2);

(b) ~x = (2;−3; 0), ~y = (−1; 5;−2), ~z = (0;−4; 1);

(c) ~x = (3; 5;−2), ~y = (2; 3;−3).

Výsledky:

(a). ~u ∈ W , ~v /∈ W ;
(b) ~u ∈ W , ~v ∈ W ;
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Vektor p̌ŕıslušej́ıćı vektorovému podprostoru

Ve vektorovém prostoru R3 jsou dány vektory ~u = (0; 2; 5), ~v = (1; 2; 1).
Zjistěte, zda vektory ~u, ~v lež́ı ve vektorovém podprostoru W generovaném
následuj́ıćı skupinou vektor̊u.

(a) ~x = (1;−1; 3), ~y = (−2; 4;−1), ~z = (−1; 3; 2);

(b) ~x = (2;−3; 0), ~y = (−1; 5;−2), ~z = (0;−4; 1);

(c) ~x = (3; 5;−2), ~y = (2; 3;−3).

Výsledky:

(a). ~u ∈ W , ~v /∈ W ;
(b) ~u ∈ W , ~v ∈ W ;
(c) ~u /∈ W , ~v ∈ W .
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Dimenze a báze podprostoru

Ve vektorovém prostoru R4 je podprostor W zadán následuj́ıćı množinou
generátor̊u. Určete dimenzi a bázi αW podprostoru W .

(a) ~u1 = (1;−1; 0; 2), ~u2 = (2; 2;−1; 3), ~u3 = (0; 1; 1; 0), ~u4 = (3; 2; 0; 5);

(b) ~u1 = (1; 2; 3; 4), ~u2 = (−2;−3;−4;−5), ~u3 = (3; 4; 5; 6),
~u4 = (−4;−5;−6;−7), ~u5 = (5; 6; 7; 8);

(c) ~u1 = (1; 2;−1; 0), ~u2 = (0; 1;−1;−7), ~u3 = (−8; 0; 0;−5),
~u4 = (3;−4; 1;−2), ~u5 = (2; 1; 0;−3);
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Dimenze a báze podprostoru

Ve vektorovém prostoru R4 je podprostor W zadán následuj́ıćı množinou
generátor̊u. Určete dimenzi a bázi αW podprostoru W .

(a) ~u1 = (1;−1; 0; 2), ~u2 = (2; 2;−1; 3), ~u3 = (0; 1; 1; 0), ~u4 = (3; 2; 0; 5);

(b) ~u1 = (1; 2; 3; 4), ~u2 = (−2;−3;−4;−5), ~u3 = (3; 4; 5; 6),
~u4 = (−4;−5;−6;−7), ~u5 = (5; 6; 7; 8);

(c) ~u1 = (1; 2;−1; 0), ~u2 = (0; 1;−1;−7), ~u3 = (−8; 0; 0;−5),
~u4 = (3;−4; 1;−2), ~u5 = (2; 1; 0;−3);

Výsledky:

(a). dimW = 3, nap̌r. αW = (~u1, ~u2, ~u3);
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Dimenze a báze podprostoru

Ve vektorovém prostoru R4 je podprostor W zadán následuj́ıćı množinou
generátor̊u. Určete dimenzi a bázi αW podprostoru W .

(a) ~u1 = (1;−1; 0; 2), ~u2 = (2; 2;−1; 3), ~u3 = (0; 1; 1; 0), ~u4 = (3; 2; 0; 5);

(b) ~u1 = (1; 2; 3; 4), ~u2 = (−2;−3;−4;−5), ~u3 = (3; 4; 5; 6),
~u4 = (−4;−5;−6;−7), ~u5 = (5; 6; 7; 8);

(c) ~u1 = (1; 2;−1; 0), ~u2 = (0; 1;−1;−7), ~u3 = (−8; 0; 0;−5),
~u4 = (3;−4; 1;−2), ~u5 = (2; 1; 0;−3);

Výsledky:

(a). dimW = 3, nap̌r. αW = (~u1, ~u2, ~u3);
(b) dimW = 2, nap̌r. αW = (~u1, ~u2);
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Dimenze a báze podprostoru

Ve vektorovém prostoru R4 je podprostor W zadán následuj́ıćı množinou
generátor̊u. Určete dimenzi a bázi αW podprostoru W .

(a) ~u1 = (1;−1; 0; 2), ~u2 = (2; 2;−1; 3), ~u3 = (0; 1; 1; 0), ~u4 = (3; 2; 0; 5);

(b) ~u1 = (1; 2; 3; 4), ~u2 = (−2;−3;−4;−5), ~u3 = (3; 4; 5; 6),
~u4 = (−4;−5;−6;−7), ~u5 = (5; 6; 7; 8);

(c) ~u1 = (1; 2;−1; 0), ~u2 = (0; 1;−1;−7), ~u3 = (−8; 0; 0;−5),
~u4 = (3;−4; 1;−2), ~u5 = (2; 1; 0;−3);

Výsledky:

(a). dimW = 3, nap̌r. αW = (~u1, ~u2, ~u3);
(b) dimW = 2, nap̌r. αW = (~u1, ~u2);
(c) dimW = 4, nap̌r. αW = (~u1, ~u2, ~u3, ~u5).
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Součet a pr̊unik vektorových podprostor̊u

Součet a pr̊unik vektorových podprostor̊u

Součtem W1 +W2 vektorových podprostor̊u W1,W2 prostoru V nad
tělesem (T ,+, ·) rozuḿıme lineárńı obal jejich sjednoceńı, tj.

W1 +W2 = L(W1 ∪W2) = {α · ~u + β · ~v | α, β ∈ T , ~u ∈ W1, ~v ∈ W2}

Pr̊unikem W1 +W2 vektorových podprostor̊u W1,W2 prostoru V nad
tělesem (T ,+, ·) rozuḿıme množinu vektor̊u, které lež́ı ve W1 i W2

zároveň, tj.
W1 ∩W2 = {~u ∈ V | ~u ∈ W1 ∧ ~u ∈ W2}

Věta: Jsou-li W1,W2 podprostory s konečnou dimenźı, pak plat́ı

dim (W1 +W2) = dimW1 + dimW2 − dim (W1 ∩W2).
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Dimenze a báze součtu a pr̊uniku podprostor̊u

Př́ıklad 3.4.B17: Ve vektorovém prostoru V jsou zadány podprostory
W1,W2. Určete dimenzi a bázi podprostor̊u W1 +W2,W1 ∩W2, je-li:

(a) V = R3,W1 = L(~u1, ~u2),W2 = L(~v1, ~v2, ~v3),
~u1 = (1; 1;−3), ~u2 = (1; 2; 2),
~v1 = (1; 1;−1), ~v2 = (1; 2; 1), ~v3 = (1; 3; 3);

(b) V = R4,W1 = 〈{~u1, ~u2, ~u3}〉,W2 = 〈{~v1, ~v2, ~v3}〉,
~u1 = (1; 2; 0; 2), ~u2 = (1; 2; 1; 2), ~u3 = (3; 1; 3; 1),
~v1 = (1; 1; 1; 1), ~v2 = (1;−1; 1;−1), ~v3 = (1; 3; 1; 3);

(c) V = R4,W1 = L(~u1, ~u2),W2 = L(~v1, ~v2),
~u1 = (1; 1; 1; 1), ~u2 = (1; 0; 1; 0), ~v1 = (1; 1; 1; 0), ~v2 = (1; 2; 0; 1).
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Dimenze a báze součtu a pr̊uniku podprostor̊u

Př́ıklad 3.4.B17: Ve vektorovém prostoru V jsou zadány podprostory
W1,W2. Určete dimenzi a bázi podprostor̊u W1 +W2,W1 ∩W2, je-li:

(a) V = R3,W1 = L(~u1, ~u2),W2 = L(~v1, ~v2, ~v3),
~u1 = (1; 1;−3), ~u2 = (1; 2; 2),
~v1 = (1; 1;−1), ~v2 = (1; 2; 1), ~v3 = (1; 3; 3);

(b) V = R4,W1 = 〈{~u1, ~u2, ~u3}〉,W2 = 〈{~v1, ~v2, ~v3}〉,
~u1 = (1; 2; 0; 2), ~u2 = (1; 2; 1; 2), ~u3 = (3; 1; 3; 1),
~v1 = (1; 1; 1; 1), ~v2 = (1;−1; 1;−1), ~v3 = (1; 3; 1; 3);

(c) V = R4,W1 = L(~u1, ~u2),W2 = L(~v1, ~v2),
~u1 = (1; 1; 1; 1), ~u2 = (1; 0; 1; 0), ~v1 = (1; 1; 1; 0), ~v2 = (1; 2; 0; 1).

Výsledky:

(a). dim (W1 +W2) = 3, p̌ŕıklad báze: αW1+W2 = (~u1, ~u2, ~v1),
dim (W1 ∩W2) = 1, p̌ŕıklad báze: αW1∩W2 = ((3; 5; 1));
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Dimenze a báze součtu a pr̊uniku podprostor̊u

Př́ıklad 3.4.B17: Ve vektorovém prostoru V jsou zadány podprostory
W1,W2. Určete dimenzi a bázi podprostor̊u W1 +W2,W1 ∩W2, je-li:

(a) V = R3,W1 = L(~u1, ~u2),W2 = L(~v1, ~v2, ~v3),
~u1 = (1; 1;−3), ~u2 = (1; 2; 2),
~v1 = (1; 1;−1), ~v2 = (1; 2; 1), ~v3 = (1; 3; 3);

(b) V = R4,W1 = 〈{~u1, ~u2, ~u3}〉,W2 = 〈{~v1, ~v2, ~v3}〉,
~u1 = (1; 2; 0; 2), ~u2 = (1; 2; 1; 2), ~u3 = (3; 1; 3; 1),
~v1 = (1; 1; 1; 1), ~v2 = (1;−1; 1;−1), ~v3 = (1; 3; 1; 3);

(c) V = R4,W1 = L(~u1, ~u2),W2 = L(~v1, ~v2),
~u1 = (1; 1; 1; 1), ~u2 = (1; 0; 1; 0), ~v1 = (1; 1; 1; 0), ~v2 = (1; 2; 0; 1).

Výsledky:

(a). dim (W1 +W2) = 3, p̌ŕıklad báze: αW1+W2 = (~u1, ~u2, ~v1),
dim (W1 ∩W2) = 1, p̌ŕıklad báze: αW1∩W2 = ((3; 5; 1));
(b). dim (W1 +W2) = 3, p̌ŕıklad báze: αW1+W2 = (~u1, ~u2, ~v1),
dim (W1 ∩W2) = 2, p̌ŕıklad báze: αW1∩W2 = (~u2; ~u3);
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Dimenze a báze součtu a pr̊uniku podprostor̊u

Př́ıklad 3.4.B17: Ve vektorovém prostoru V jsou zadány podprostory
W1,W2. Určete dimenzi a bázi podprostor̊u W1 +W2,W1 ∩W2, je-li:

(a) V = R3,W1 = L(~u1, ~u2),W2 = L(~v1, ~v2, ~v3),
~u1 = (1; 1;−3), ~u2 = (1; 2; 2),
~v1 = (1; 1;−1), ~v2 = (1; 2; 1), ~v3 = (1; 3; 3);

(b) V = R4,W1 = 〈{~u1, ~u2, ~u3}〉,W2 = 〈{~v1, ~v2, ~v3}〉,
~u1 = (1; 2; 0; 2), ~u2 = (1; 2; 1; 2), ~u3 = (3; 1; 3; 1),
~v1 = (1; 1; 1; 1), ~v2 = (1;−1; 1;−1), ~v3 = (1; 3; 1; 3);

(c) V = R4,W1 = L(~u1, ~u2),W2 = L(~v1, ~v2),
~u1 = (1; 1; 1; 1), ~u2 = (1; 0; 1; 0), ~v1 = (1; 1; 1; 0), ~v2 = (1; 2; 0; 1).

Výsledky:

(a). dim (W1 +W2) = 3, p̌ŕıklad báze: αW1+W2 = (~u1, ~u2, ~v1),
dim (W1 ∩W2) = 1, p̌ŕıklad báze: αW1∩W2 = ((3; 5; 1));
(b). dim (W1 +W2) = 3, p̌ŕıklad báze: αW1+W2 = (~u1, ~u2, ~v1),
dim (W1 ∩W2) = 2, p̌ŕıklad báze: αW1∩W2 = (~u2; ~u3);
(c). dim (W1 +W2) = 4, p̌ŕıklad báze: αW1+W2 = (~u1, ~u2, ~v1, ~v2),
dim (W1 ∩W2) = 0, báze tedy neexistuje.
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