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Př́ımka v prostoru

Př́ıklad 15.1.3: Je dána p̌ŕımka p = {[1− 2k; 2 + 3k ; 1 + k], k ∈ R}.
a) Rozhodněte, zda body C [5; 8; 3],D[3;−1; 0] lež́ı na p̌ŕımce p.

b) Určete y , z ∈ R tak, aby bod E [9; y ; z ] ležel na p̌ŕımce p.

Př́ıklad 15.1.5: Vypoč́ıtejte soǔradnice bodů, ve kterých p̌ŕımka
p = {[2; 1− t; 4t], t ∈ R} prot́ıná soǔradnicové roviny.

Př́ıklad 15.1.6: Jsou dány body A[1; 4; 6],B[4; 1;−3].

a) Napǐste parametrické rovnice p̌ŕımky AB.

b) Napǐste parametrické rovnice úsečky AB.

c) Napǐste parametrické rovnice polop̌ŕımky BA.

Výsledky:
3.a) C /∈ p,D ∈ p; b) E [9;−10;−3].
5. Pxz [2; 0; 4],Pxy [2; 1; 0],Pyz neexistuje.
6. x = 1 + t, y = 4− t, z = 6− 3t, a) t ∈ R, b) t ∈ 〈0, 3〉,
c) t ∈ (−∞, 3〉.
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Př́ımka v prostoru

Př́ıklad 15.1.7: Napǐste parametrické rovnice p̌ŕımky q, která procháźı
bodem M[0; 4; 5] a je rovnoběžná s p̌ŕımkou
p = {[2 + t; 1− t; 3 + 5t], t ∈ R}.

Př́ıklad 15.1.8: Napǐste parametrické rovnice p̌ŕımky q, která procháźı
bodem K [2; 4; 1] a je rovnoběžná s osou z .

Př́ıklad 15.1.10: Napǐste parametrické rovnice osy x .

Výsledky:
7. x = k , y = 4− k , z = 5 + 5k , k ∈ R.
8. x = 2, y = 4, z = 1 + k , k ∈ R.
10. x = k , y = 0, z = 0, k ∈ R.
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Lineárńı zobrazeńı mezi vektorovými prostory

Lineárńı zobrazeńı mezi vektorovými prostory

Jsou dány dva vektorové prostory (V ,+, ·) dimenze n ∈ N a (V ′,+, ·)
dimenze m ∈ N nad č́ıselným tělesem (T ,+, ·). Lineárńım zobrazeńım
mezi prostory V ,V ′ rozuḿıme zobrazeńı ϕ : V → V ′ splňuj́ıćı tyto dvě
podḿınky:

1 ϕ(~u + ~v) = ϕ(~u) + ϕ(~v),

2 ϕ(α · ~u) = α · ϕ(~u)

pro ~u, ~v ∈ V , α ∈ T .

Poznámka: Lineárńı zobrazeńı lze zadat ťremi způsoby:

pomoćı p̌redpisu mezi soǔradnicemi vektoru ~u ∈ V a ϕ(~u) ∈ V ′,

pomoćı matice A typu m × n, tj. ϕ(~u) = A · ~u,

pomoćı obraz̊u ϕ(~e1), ϕ(~e2), . . . , ϕ(~en) bázových vektor̊u prostoru V .
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Reprezentace lineárńıho zobrazeńı

Př́ıklad 1

Lineárńı zobrazeńı ϕ : V → V ′ je zadáno p̌redpisem pro vektor ~x ∈ V .

Najděte matici A zobrazeńı ϕ a obrazy standardńı báze prostoru V .

Najděte ϕ(~u), ϕ(~v).

1 ϕ : R2 → R3, ϕ(x1, x2) = (2x1+x2, x2, x2−x1), ~u = (2, 3), ~v = (−2, 1).

2 ϕ : R3 → R4, ϕ(x1, x2, x3) = (x1 + x2, x2 + x3, x3 + x1, x1),
~u = (4,−1, 0), ~v = (−3, 0, 5).

3 ϕ : R3 → R2, ϕ(x1, x2, x3) = (x1 + x2, x2 + x3),
~u = (0, 2,−3), ~v = (−1, 1, 2).
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Výsledky p̌ŕıkladu 1

1. A =

 2 1
0 1
−1 1

,

ϕ(1, 0) = (2, 0,−1), ϕ(0, 1) = (1, 1, 1),
ϕ(2, 3) = (7, 3, 1), ϕ(−2, 1) = (−3, 1, 3).

2. A =


1 1 0
0 1 1
1 0 1
1 0 0

,

ϕ(1, 0, 0) = (1, 0, 1, 1), ϕ(0, 1, 0) = (1, 1, 0, 0), ϕ(0, 0, 1) = (0, 1, 1, 0),
ϕ(4,−1, 0) = (3,−1, 4, 4), ϕ(−3, 0, 5) = (−3, 5, 2,−3).

3. A =

(
1 1 0
0 1 1

)
,

ϕ(1, 0, 0) = (1, 0), ϕ(0, 1, 0) = (1, 1), ϕ(0, 0, 1) = (0, 1),
ϕ(0, 2,−3) = (2,−1), ϕ(−1, 1, 2) = (0, 3).
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Reprezentace lineárńıho zobrazeńı

Př́ıklad 2

Lineárńı zobrazeńı ϕ : V → V ′ je zadáno obrazy bázových vektor̊u V .

Najděte matici A zobrazeńı ϕ.

Najděte ϕ(~u), ϕ(~v).

1 ϕ : R3 → R2,
ϕ(1, 0, 2) = (1, 3), ϕ(−3, 4,−2) = (2,−1), ϕ(0, 2, 1) = (−3, 5),
~u = (1, 4, 2), ~v = (−1, 0, 4).

2 ϕ : R3 → R2,
ϕ(1, 2,−3) = (−2, 1), ϕ(2, 1,−2) = (1, 1), ϕ(1,−4, 5) = (8,−1),
~u = (3, 6,−1), ~v = (0, 3, 2).

3 ϕ : R3 → R4,
ϕ(1, 0, 1) = (1, 0, 1, 0), ϕ(1, 1, 0) = (0, 0, 0, 0), ϕ(0, 1, 1) = (0, 1, 0, 1),
~u = (2, 4, 6), ~v = (−4, 0, 2).
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Výsledky p̌ŕıkladu 2

1. A =

(
−10 −17

4
11
2

5 3 −1

)
,

ϕ(1, 4, 2) = (−16, 15), ϕ(−1, 0, 4) = (32,−9).

2. A =

(
4+s

3
−5+4s

3 s
−1+t

3
1+4t

3 t

)
, s, t ∈ R

ϕ(3, 6,−1) = (−6 + 8s, 1 + 8t), ϕ(0, 3, 2) = (−5 + 6s, 1 + 6t), s, t ∈ R.

3. A = 1
2


1 −1 1
−1 1 1
1 −1 1
−1 1 1

,

ϕ(2, 4, 6) = (2, 4, 2, 4), ϕ(−4, 0, 2) = (−1, 3,−1, 3).
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Reprezentace lineárńıho zobrazeńı

Př́ıklad 3

Lineárńı zobrazeńı ϕ : V → V ′ je zadáno p̌redpisem.

Najděte matici zobrazeńı ϕ vzhledem k uspǒrádaným báźım α, β.

Najděte ϕ(~uα).

1 ϕ : R2 → R2, ϕ(x , y) = (−y , x),
α = ((1,−4), (−1,−2)), β = ((1, 1), (1,−2)),
~uS = (2,−2).

2 ϕ : R3 → R2, ϕ(x , y , z) = (x + 2y − 3z , 2x),
α = ((1, 2, 0), (−2, 1, 0), (3, 1,−1)), β = ((2, 1), (0, 2)),
~uα = (0,−4, 1).

3 ϕ : R2 → R3, ϕ(x , y) = (x + 2y ,−3x + y , 2x − y),
α = ((2, 1), (1, 2)), β = ((1, 1, 1), (1, 1, 0), (1, 0, 0)),
~uα = (3, 0).
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Výsledky p̌ŕıkladu 3

1. Aβ,α =

(
3 1
1 1

)
,

~uS = (2,−2)⇒ ~uα = (1,−1), ϕ(~uα) = (2, 0)β = (2, 2)S .

2. Aβ,α =

(
5
2 0 4
−1

4 −2 1

)
,

ϕ(~uα) = ϕ(0, 4,−1) = (4, 9)β = (8, 22)S .

3. A =

 3 0
−8 −1
9 6

,

ϕ(~uα) = ϕ(3, 0) = (9,−24, 27)β = (12,−15, 9)S .
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Jádro a obor hodnot lineárńıho zobrazeńı

Jádro a obor hodnot lineárńıho zobrazeńı

Je dáno lineárńı zobrazeńı ϕ : V → V ′ mezi vektorovými prostory V
(dimenze n) a V ′ (dimenze m).

1 Jádrem Kerϕ zobrazeńı ϕ rozuḿıme množinu vektor̊u ~u ∈ V , které se
zobraźı na nulový vektor, tj.
Kerϕ = {~u ∈ V | ϕ(~u) = ~oV ′}.

2 Oborem hodnot Imϕ zobrazeńı ϕ rozuḿıme množinu vektor̊u ~v ∈ V ′,
pro které existuje nějaký vzor, tj.
Imϕ = {~v ∈ V ′ | ∃~u ∈ V : ϕ(~u) = ~v}.

Poznámka:

Kerϕ a Imϕ jsou vektorové podprostory.
dim(Kerϕ) = n − h(A) = dimV − h(A), kde A je matice lineárńıho
zobrazeńı ϕ.
dim(Imϕ) = h(A).
dimV = dim(Kerϕ) + dim(Imϕ).
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Jádro a obor hodnot lineárńıho zobrazeńı

Př́ıklad 4

Nalezněte jádro a obor hodnot lineárńıho zobrazeńı ϕ a určete jejich
dimenze.

1 ϕ : R3 → R4, ϕ(x1, x2, x3) = (x1 + x2, x2 + x3, x3 + x1, x1)

2 ϕ : R3 → R2, ϕ(x1, x2, x3) = (x1 + x2, x2 + x3)

3 ϕ : R3 → R4, ϕ(1, 2, 1) = (−1, 1, 1, 1),
ϕ(0, 1, 2) = (1, 0, 0, 1), ϕ(1, 0,−1) = (0, 1, 1, 2).

4 ϕ : R4 → R3, ϕ je dáno matićı

AS =

 1 0 3 1
2 −1 4 1
−3 5 1 2

.
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Výsledky p̌ŕıkladu 4

1 dim(Kerϕ) = 0,Kerϕ = {(0, 0, 0)},
dim(Imϕ) = 3, Imϕ = 〈{(1, 0, 1, 1), (1, 1, 0, 0), (0, 1, 1, 0)}〉.

2 dim(Kerϕ) = 1,Kerϕ = 〈{(1,−1, 1)}〉,
dim(Imϕ) = 2, Imϕ = 〈{(1, 0), (0, 1)}〉.

3 dim(Kerϕ) = 1,Kerϕ = 〈{(0, 3, 4)}〉,
dim(Imϕ) = 2, Imϕ = 〈{(−1, 1, 1, 1), (1, 0, 0, 1)}〉.

4 dim(Kerϕ) = 2,Kerϕ = 〈{(−3,−2, 1, 0), (−1,−1, 0, 1)}〉,
dim(Imϕ) = 2, Imϕ = 〈{(1, 2,−3), (0,−1, 5)}〉.
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Skládáńı lineárńıch zobrazeńı

Skládáńı lineárńıch zobrazeńı

Je dáno lineárńı zobrazeńı

ϕ : U → V mezi vektorovými prostory U (dimenze n) a V (dimenze
m) s matićı A typu m × n,

ψ : V →W mezi vektorovými prostory V (dimenze m) a W
(dimenze k) s matićı B typu k ×m.

Složeńım lineárńıch zobrazeńı ψ “po” ϕ rozuḿıme zobrazeńı
ψ ◦ ϕ(~u) = ψ(ϕ(~u)) pro libovolný vektor ~u ∈ U, které má matici B · A.

Poznámka: Matice B · A složeného lineárńıho zobrazeńı je typu k × n.

Př́ıklad: Lineárńı zobrazeńı (rotace o 90◦) ϕ : R2 → R2 je zadané matićı

AS =

(
0 −1
1 0

)
.

Najděte matici ϕ ◦ ϕ a ově̌rte na několika vektorech ~u úhel rotace
ϕ ◦ ϕ(~u).

Lukáš Másilko 7. cvičeńı 7. a 14. 11. 2019 16 / 16
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