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Matice p̌rechodu – motivace

Motivace: Ve vektorovém prostoru V dimenze n jsou dány dvě r̊uzné báze

α = (~e1, ~e2, . . . ~en), β = (~f1, ~f2, . . . ~fn)

Chceme-li vektor ~uα = (u1, u2, . . . , un) zadaný v soǔradnićıch báze α
p̌revést do soǔradnic báze β, hledáme lineárńı kombinaci ~uα pomoćı
vektor̊u báze β, tedy hledáme x1, x2, . . . , xn ∈ R tak, aby

(u1, u2, . . . , un) = ~f1 · x1 + ~f2 · x2 + · · ·+ ~fn · xn,

což vede na řešeńı systému ~u = β · ~x , tedy řešeńı soustavy

β|~u =


f11 f12 . . . f1n u1

f21 f22 . . . f2n u2
...

... . . .
...

...
fn1 fn2 . . . fnn un


Budeme takovou soustavu řešit pro každý vektor zvlášt’?
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Lukáš Másilko 11. cvičeńı 14. 12. 2021 3 / 18



Matice p̌rechodu – motivace

Motivace: Ve vektorovém prostoru V dimenze n jsou dány dvě r̊uzné báze
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Matice p̌rechodu od jedné báze k druhé bázi

Libovolný vektor ~ei báze α lze vyjáďrit v bázi β takto:

~ei = ~f1 · p1i + ~f2 · p2i + · · ·+ ~fn · pni =
n∑

k=1

~fk · pki ,

kde (p1i , p2i , . . . , pni ) je vektor ~ei vyjáďrený v bázi β.

Matice p̌rechodu

Matićı p̌rechodu Pβ,α od báze β k bázi α rozuḿıme matici, pro ńıž plat́ı

α = β · Pβ,α (1)

Poznámka:

Vektory obou báźı se ve vztahu (1) zapisuj́ı sloupcově.
Matice p̌rechodu Pβ,α je regulárńı.
Matice (Pβ,α)−1 = Pα,β je matićı p̌rechodu od báze α k bázi β a
plat́ı tento vztah:

β = α · Pα,β (2)
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Matice p̌rechodu – p̌ŕıklady

Převáděńı soǔradnic vektor̊u p̌ri změně báze: Pro vektory ~uα, ~vβ
zadané v báźıch α, resp. β použ́ıváme tyto matice p̌rechodu:

~uβ = Pβ,α · ~uα
~vα = Pα,β · ~vβ

Př́ıklad 1

Jsou dány dvě r̊uzné báze α, β vektorového prostoru R3. Najděte matice
p̌rechodu Pβ,α,Pα,β a určete soǔradnice vektoru ~uα = (1, 2, 1) v bázi β a
soǔradnice vektoru ~vβ = (−1, 0, 3) v bázi α.

1 α = ((1, 0, 1); (2, 1, 1); (0, 0, 2)),
β = ((0, 1, 1); (1, 0, 2); (2, 0, 2)).

2 α = ((1, 0, 2); (2, 1, 1); (3, 2, 4)),
β = ((3, 3, 0); (2, 2, 4); (0, 4, 3)).

3 α = ((1, 2, 0); (2, 1, 1); (1, 0, 1)),
β = ((2, 2, 1); (1, 2, 1); (0, 0, 2)).

Výsledky: na daľśım slajdu.
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Výsledky Př́ıkladu 1

1. Pβ,α =

 0 1 0
0 −2 2
1
2 2 −1

, Aα,β =

 −2 1 2
1 0 0
1 1

2 0

,

(1, 2, 1)α = (2,−2, 7
2 )β, (−1, 0, 3)β = (8,−1,−1)α

2. Pβ,α =

 −1
8

3
8

5
24

11
16

7
16

19
16

−1
4 −1

4 −1
4

, Pα,β =

 −9
4 −1

2 −17
4

3
2 −1 −7

2
3
4

3
2

15
4

,

(1, 2, 1)α = ( 5
6 ,

11
4 ,−1)β, (−1, 0, 3)β = (−21

2 ,−12, 21
2 )α

3. Pβ,α = 1
4 ·

 0 6 4
4 −4 4
−2 1 2

, Pα,β =

 −1 2 2
0 −2 −4
1 3 6

,

(1, 2, 1)α = (4,−2, 1
2 )β, (−1, 0, 3)β = (5,−12, 17)α
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Změna matice lineárńıho zobrazeńı p̌ri změně báze –
p̌ŕıklady

Př́ıklad 2

Lineárńı zobrazeńı ϕ : U → V je zadáno matićı AS ve standardńıch báźıch
U,V . Pro zadané báze α prostoru U a β prostoru V určete matice
AS,α,Aβ,S ,Aβ,α.

1. ϕ : R2 → R3, AS =

 2 1
0 1
−1 1

,

α = ((1, 2); (−2, 1)), β = ((1, 1, 1); (1, 1, 0); (1, 2, 0)).

2. ϕ : R3 → R4, AS =


1 1 0
0 1 1
1 0 1
1 0 0

, α = ((1, 0, 1); (1, 1, 1); (1, 2, 0)),

β = ((1, 2,−1, 0); (0, 1,−1,−2); (−1, 0, 0,−2); (2, 1, 0,−3)).
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Změna matice lineárńıho zobrazeńı p̌ri změně báze –
p̌ŕıklady

Př́ıklad 2

Lineárńı zobrazeńı ϕ : U → V je zadáno matićı AS ve standardńıch báźıch
U,V . Pro zadané báze α prostoru U a β prostoru V určete matice
AS,α,Aβ,S ,Aβ,α.

3. ϕ : R3 → R2, AS =

(
1 1 0
0 1 1

)
, α = ((1, 1, 1); (1, 0, 4); (1, 4, 0)),

β = ((1, 0); (4, 1)).

Výsledky: na daľśım slajdu.
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Výsledky Př́ıkladu 2

1. AS ,α =

 4 −3
2 1
1 3

, Aβ,S =

 −1 1
5 0
−2 0

, Aβ,α =

 1 3
5 −10
−2 4

.

2. AS ,α =


1 2 3
1 2 2
2 2 1
1 1 1

, Aβ,S = 1
7 ·


4 5 12
−11 −5 −19

3 2 16
3 2 2

,

Aβ,α =


16
7 3 2
−30

7 −5 −3
19
7 3 1
5
7 1 1

.

3. AS ,α =

(
2 1 5
2 4 4

)
, Aβ,S =

(
1 −3 −4
0 1 1

)
,

Aβ,α =

(
−6 −15 −11
2 4 4

)
.

Lukáš Másilko 11. cvičeńı 14. 12. 2021 9 / 18



Změna matice lineárńı transformace p̌ri změně báze –
p̌ŕıklady

Př́ıklad 3

Lineárńı transformace ϕ : R3 → R3 je zadána matićı AS ve standardńı bázi
prostoru R3. Pro bázi

α = ((1, 1, 1); (1, 1, 0); (1, 2, 0))

prostoru R3 určete matice AS ,α,Aα,S ,Aα,α.

1. AS =

 1 1 2
2 −1 2
4 1 4

, 2. AS =

 1 2 1
2 3 1
7 −1 1

,

3. AS =

 1 −1 3
2 1 −1
4 2 1


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Výsledky Př́ıkladu 3

1. AS ,α =

 4 2 3
3 1 0
9 5 6

, Aα,S =

 4 1 4
−4 2 −2
1 −2 0

,

Aα,α =

 9 5 6
−4 −2 0
−1 −1 −3

.

2. AS ,α =

 4 3 5
6 5 8
7 6 5

, Aα,S =

 7 −1 1
−7 2 0
1 1 0

,

Aα,α =

 7 6 5
−5 −5 −3
2 2 3

.
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Výsledky Př́ıkladu 3

3. AS ,α =

 3 0 −1
2 3 4
7 6 8

, Aα,S =

 4 2 1
−4 −5 6
1 2 −4

,

Aα,α =

 7 6 8
−3 −9 −14
−1 3 5

.
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Vlastńı č́ısla a vlastńı vektory

Vlastńı č́ısla a vlastńı vektory

Vlastńım vektorem lineárńıho zobrazeńı ϕ : V → V s matićı A rozuḿıme
takový nenulový vektor ~u ∈ V , pro který plat́ı

ϕ(~u) = A · ~u = λ · ~u.

Reálné č́ıslo λ z p̌redchoźıho vztahu se nazývá vlastńı č́ıslo odpov́ıdaj́ıćı
vlastńımu vektoru ~u.

Poznámka:

Vlastńım vektor̊um se také ř́ıká “invariantńı směry” či “invariantńı
vektory”.

Je-li ~u vlastńı vektor, pak i vektor α · ~u (α ∈ R) je vlastńı.

Vlastńı vektory odpov́ıdaj́ıćı jedné vlastńı hodnotě λ tvǒŕı vektorový
podprostor.
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Vlastńı č́ısla a vlastńı vektory – postup nalezeńı

Uprav́ıme vztah z definice vlastńıho vektoru:

A · ~u = λ · ~u
A · ~u = λ · E · ~u (E: jednotková matice)

(A− λ · E ) · ~u = ~o

Postup nalezeńı vlastńıch č́ısel a vektor̊u

1 Najdeme determinant matice A− λ · E , z něhož nám vyjde rovnice
s neznámou λ, kterou vy̌reš́ıme.

2 Do systému (A− λ · E ) · ~u = ~o dosad́ıme vypoč́ıtané hodnoty λ
a nalezneme vlastńı vektory jako množinu řešeńı systému.
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Vlastńı č́ısla a vlastńı vektory – p̌ŕıklady

Př́ıklad 4

Lineárńı transformace ϕ vektorového prostoru R2 je dána matićı A ve
standardńı bázi. Nalezněte vlastńı č́ısla a jim odpov́ıdaj́ıćı vlastńı vektory
lineárńı transformace ϕ.

a) A =

(
2 6
6 −3

)
b) A =

(
1 5
2 4

)
c) A =

(
5 10
4 −1

)
d) A =

(
2 1
0 2

)
e) A =

(
0 −1
−1 0

)
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Výsledky p̌ŕıkladu 4

a) Pro λ1 = 6 : ~n1 = (3, 2), pro λ2 = −7 : ~n2 = (−2, 3);

b) pro λ1 = 6 : ~n1 = (1, 1), pro λ2 = −1 : ~n2 = (−5, 2);

c) pro λ1 = 9 : ~n1 = (5, 2), pro λ2 = −5 : ~n2 = (−1, 1);

d) pro λ = 2 : ~n = (1, 0);

e) pro λ1 = 1 : ~n1 = (−1, 1), pro λ2 = −1 : ~n2 = (1, 1).
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Vlastńı č́ısla a vlastńı vektory – p̌ŕıklady

Př́ıklad 5

Lineárńı transformace ϕ vektorového prostoru R3 je dána matićı A ve
standardńı bázi. Nalezněte vlastńı č́ısla a jim odpov́ıdaj́ıćı vlastńı vektory
lineárńı transformace ϕ.

a) A =

 2 1 1
−1 2 −1
1 −1 2


b) A =

 2 5 −1
−1 −3 0
2 3 −2


c) A =

 2 −1 2
5 −3 3
−1 0 −2


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d) A =

 2 −1 −1
0 −1 0
0 2 1


e) A =

 1 −1 0
0 1 −4
−1 0 4



Výsledky:

a) Pro λ1 = 1 : ~n1 = (−1, 0, 1), pro λ2 = 2 : ~n2 = (−1,−1, 1),
pro λ3 = 3 : ~n3 = (0,−1, 1);

b) pro λ = −1 : ~n = (2,−1, 1);

c) pro λ = −1 : ~n = (−1,−1, 1);

d) pro λ1 = 2 : ~n1 = (1, 0, 0), pro λ2 = −1 : ~n2 = (0,−1, 1),
pro λ3 = 1 : ~n3 = (1, 0, 1);

e) pro λ1 = 0 : ~n1 = (4, 4, 1), pro λ2 = 3 : ~n2 = (1,−2, 1).
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d) A =

 2 −1 −1
0 −1 0
0 2 1


e) A =

 1 −1 0
0 1 −4
−1 0 4


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