
Domáćı úkol 1

Upozorněńı: př́ıklady byly náhodně vygenerovány odpovědńıkem
”
Domáćı

úkol 1“. Nab́ızené řešeńı bylo zpracováno Lukášem Másilkem.

Př́ıklad 1: Je dána matice

A =


−3 15 9 3
−3 5 2 1

3 2 4 5
1 3 4 2


a permutace p = (j1, j2, j3, j4) = (4, 2, 3, 1) konečné množiny {1, 2, 3, 4}.

1. Určete počet inverźı v permutaci p.

2. Jakou hodnotu by měl při výpočtu determinantu matice A součin (−1)N(p)·
a1,j1 ·a2,j2 ·a3,j3 ·a4,j4 , pokud byste použili vzorec z definice determinantu?

3. Vypoč́ıtejte determinant matice A.

Řešeńı: Permutace p má celkem pět inverźı:
(4,2, 3, 1), (4, 2,3, 1), (4, 2, 3,1), (4,2, 3,1), (4, 2,3,1).

Dle této permutace vyb́ıráme z matice A na 1. řádku 4. sloupec, na 2. řádku
2. sloupec, na 3. řádku 3. sloupec a na 4. řádku 1. sloupec:

A =


−3 15 9 3
−3 5 2 1

3 2 4 5
1 3 4 2

 .

Zadaný součin má tedy hodnotu:

(−1)N(p) · a1,j1 · a2,j2 · a3,j3 · a4,j4 = (−1)5 · 3 · 5 · 4 · 1 = −60
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Posledńım úkolem je spoč́ıtat determinant matice A:∣∣∣∣∣∣∣∣
−3 15 9 3
−3 5 2 1

3 2 4 5
1 3 4 2

∣∣∣∣∣∣∣∣
: 3
+r3 = 3·

∣∣∣∣∣∣∣∣
−1 5 3 1

0 7 6 6
3 2 4 5
1 3 4 2

∣∣∣∣∣∣∣∣ +3r1
+r1

= 3·

∣∣∣∣∣∣∣∣
−1 5 3 1

0 7 6 6
0 17 13 8
0 8 7 3

∣∣∣∣∣∣∣∣
−r4
−2r4

=

= 3 ·

∣∣∣∣∣∣∣∣
−1 5 3 1

0 −1 −1 3
0 1 −1 2
0 8 7 3

∣∣∣∣∣∣∣∣ = 3 · (−1) · (−1)1+1 ·

∣∣∣∣∣∣
−1 −1 3

1 −1 2
8 7 3

∣∣∣∣∣∣ =

= −3·{+[(−1) · (−1) · 3 + (−1) · 2 · 8 + 3 · 1 · 7]−[8 · (−1) · 3 + 7 · 2 · (−1) + 3 · 1 · (−1)]}

= −3 · {+[3− 16 + 21]−[−24− 14− 3]} = −3 · 49 = −147

Př́ıklad 2: Je dán systém S : A · ~x = ~b lineárńıch rovnic

−x1 + x2 + 4x3 = 9,
4x1 + x2 = 0,
−3x1 − x2 + 2x3 = 1,

kde A je matice systému S, ~x =

 x1

x2

x3

 je vektor neznámých a ~b vektor

pravých stran rovnic systému.

1. Ověřte platnost |A| 6= 0, č́ımž zjist́ıte, zda systém lze řešit Cramerovým
pravidlem.

2. Následně vypočtěte determinanty matic Ai (i ∈ {1, 2, 3}) vzniklých

dosazeńım vektoru ~b mı́sto i-tého sloupce matice Ai.

3. Na závěr stanovte řešeńı pomoćı Cramerova pravidla.

Řešeńı: Determinant matice systému

A =

 −1 1 4
4 1 0
−3 −1 2


spoč́ıtáme Sarusovým pravidlem, přičemž si pomůžeme t́ım, že prvńı dva
sloupce zopakujeme napravo:1

|A| =
−1 1 4 −1 1

4 1 0 4 1
−3 −1 2 −3 −1

=

= +[(−1) · 1 · 2 + 1 · 0 · (−3) + 4 · 4 · (−1)]−[(−3) · 1 · 4 + (−1) · 0 · (−1) + 2 · 4 · 1]

= +[−2 + 0− 16]−[−12 + 0 + 8] = −14

1S
”
kladným“ znaménkem bude součin prvk̊u na diagonálách, které maj́ı př́ıbuzný sklon

s hlavńı diagonálou (označeno červeně), se
”
záporným“ znaménkem naopak součin prvk̊u

na diagonálách, které maj́ı př́ıbuzný sklon s vedleǰśı diagonálou (označeno modře)
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Podobně můžeme spoč́ıtat i determinanty matic A1, A2, A3, které źıskáme
z matice A nahrazeńım př́ıslušného sloupce vektorem ~b = (9; 0; 1)T pravých
stran systému S:

|A1| =
9 1 4 9 1
0 1 0 0 1
1 −1 2 1 −1

=

= +[9 · 1 · 2 + 1 · 0 · 1 + 4 · 0 · (−1)]−[1 · 1 · 4 + (−1) · 0 · 9 + 2 · 0 · 1]

= +[18 + 0 + 0]−[4 + 0 + 0] = 14

|A2| =
−1 9 4 −1 9

4 0 0 4 0
−3 1 2 −3 1

=

= +[(−1) · 0 · 2 + 9 · 0 · (−3) + 4 · 4 · 1]−[(−3) · 0 · 4 + 1 · 0 · (−1) + 2 · 4 · 9]

= +[0 + 0 + 16]−[0 + 0 + 72] = −56

|A3| =
−1 1 9 −1 1

4 1 0 4 1
−3 −1 1 −3 −1

=

= +[(−1) · 1 · 1 + 1 · 0 · (−3) + 9 · 4 · (−1)]−[(−3) · 1 · 9 + (−1) · 0 · (−1) + 1 · 4 · 1]

= +[−1 + 0− 36]−[−27 + 0 + 4] = −14

Cramerovo pravidlo nyńı dokonč́ıme a spoč́ıtáme řešeńı:

x1 =
|A1|
|A|

=
14

−14
= −1

x2 =
|A2|
|A|

=
−56

−14
= 4

x3 =
|A3|
|A|

=
−14

−14
= 1

Závěrem: K =


 −1

4
1

.

Př́ıklad 3: Je dána matice

X =


3 2 4 −2
−2 5 2 −1

4 5 11 −2
1 −2 2 1


Vypoč́ıtejte determinant matice X Laplaceovým rozvojem podle 4. řádku.
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Řešeńı:

|X| = (−1)4+1 · 1 ·

∣∣∣∣∣∣
2 4 −2
5 2 −1
5 11 −2

∣∣∣∣∣∣+ (−1)4+2 · (−2) ·

∣∣∣∣∣∣
3 4 −2
−2 2 −1

4 11 −2

∣∣∣∣∣∣+

+ (−1)4+3 · 2 ·

∣∣∣∣∣∣
3 2 −2
−2 5 −1

4 5 −2

∣∣∣∣∣∣+ (−1)4+4 · 1 ·

∣∣∣∣∣∣
3 2 4
−2 5 2

4 5 11

∣∣∣∣∣∣
Spoč́ıtejme zvlášt’ determinanty 3. řádu:∣∣∣∣∣∣

2 4 −2
5 2 −1
5 11 −2

∣∣∣∣∣∣ = +[−8− 20− 110]−[−20− 22− 40] = −138 + 82 = −56

∣∣∣∣∣∣
3 4 −2
−2 2 −1

4 11 −2

∣∣∣∣∣∣ = +[−12− 16 + 44]−[−16− 33 + 16] = 16 + 33 = 49

∣∣∣∣∣∣
3 2 −2
−2 5 −1

4 5 −2

∣∣∣∣∣∣ = +[−30− 8 + 20]−[−40− 15 + 8] = −18− (−47) = 29

∣∣∣∣∣∣
3 2 4
−2 5 2

4 5 11

∣∣∣∣∣∣ = +[165 + 16− 40]−[80 + 30− 44] = 141− 66 = 75

Dosad́ıme výsledky determinant̊u do předchoźıho rozvoje pro |X|:

|X| = (−1)4+1 · 1 · (−56) + (−1)4+2 · (−2) · 49 + (−1)4+3 · 2 · 29 + (−1)4+4 · 1 · 75

= −(−56)− 2 · 49− 2 · 29 + 75

= −25

Př́ıklad 4: Je dána matice

M =


3 −5 −2 −1
−2 0 −1 0

1 3 4 2
4 −2 0 6


Vypoč́ıtejte determinant matice M úpravou na schodový tvar.

Řešeńı:

|M | =

∣∣∣∣∣∣∣∣
3 −5 −2 −1
−2 0 −1 0

1 3 4 2
4 −2 0 6

∣∣∣∣∣∣∣∣
↓2

↑2
: 2

= (−1) · 2 ·

∣∣∣∣∣∣∣∣
1 3 4 2
−2 0 −1 0

3 −5 −2 −1
2 −1 0 3

∣∣∣∣∣∣∣∣
+2r1
−3r1
−2r1

=

= (−2)·

∣∣∣∣∣∣∣∣
1 3 4 2
0 6 7 4
0 −14 −14 −7
0 −7 −8 −1

∣∣∣∣∣∣∣∣
+r4
: 7

= (−2)·7·

∣∣∣∣∣∣∣∣
1 3 4 2
0 −1 −1 3
0 −2 −2 −1
0 −7 −8 −1

∣∣∣∣∣∣∣∣ −2r2
−7r2

=
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= (−14) ·

∣∣∣∣∣∣∣∣
1 3 4 2
0 −1 −1 3
0 0 0 −7
0 0 −1 −22

∣∣∣∣∣∣∣∣ ↓1↑1
= (−14) · (−1) ·

∣∣∣∣∣∣∣∣
1 3 4 2
0 −1 −1 3
0 0 −1 −22
0 0 0 −7

∣∣∣∣∣∣∣∣ =

= 14 · [1 · (−1) · (−1) · (−7)] = 14 · (−7) = −98
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