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Masarykova univerzita v Brně, 2002. ISBN 80-210-1853-4.

Isibalo.com: Matematika – Lineárńı algebra. Dostupné z:
https://isibalo.com/matematika/linearni-algebra.
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Lineárńı zobrazeńı mezi vektorovými prostory

Lineárńı zobrazeńı mezi vektorovými prostory

Jsou dány dva vektorové prostory (V ,+, ·) dimenze n ∈ N a (V ′,+, ·)
dimenze m ∈ N nad č́ıselným tělesem (T ,+, ·). Lineárńım zobrazeńım
mezi prostory V ,V ′ rozuḿıme zobrazeńı ϕ : V → V ′ splňuj́ıćı tyto dvě
podḿınky:

1 ϕ(~u + ~v) = ϕ(~u) + ϕ(~v),

2 ϕ(α · ~u) = α · ϕ(~u)

pro ~u, ~v ∈ V , α ∈ T .

Poznámka: Lineárńı zobrazeńı lze zadat ťremi způsoby:

pomoćı p̌redpisu mezi soǔradnicemi vektoru ~u ∈ V a ϕ(~u) ∈ V ′,

pomoćı matice A typu m × n, tj. ϕ(~u) = A · ~u,

pomoćı obraz̊u ϕ(~e1), ϕ(~e2), . . . , ϕ(~en) bázových vektor̊u prostoru V .
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Reprezentace lineárńıho zobrazeńı

Př́ıklad 1

Lineárńı zobrazeńı ϕ : V → V ′ je zadáno p̌redpisem pro vektor ~x ∈ V .

Najděte matici A zobrazeńı ϕ a obrazy standardńı báze prostoru V .

Najděte ϕ(~u), ϕ(~v).

1 ϕ : R2 → R3, ϕ(x1, x2) = (2x1 + x2, x2, x2 − x1), ~u = (2, 3)T , ~v =
(−2, 1)T .

2 ϕ : R3 → R4, ϕ(x1, x2, x3) = (x1 + x2, x2 + x3, x3 + x1, x1),
~u = (4,−1, 0)T , ~v = (−3, 0, 5)T .

3 ϕ : R3 → R2, ϕ(x1, x2, x3) = (x1 + x2, x2 + x3),
~u = (0, 2,−3)T , ~v = (−1, 1, 2)T .
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Výsledky p̌ŕıkladu 1

1. A =

 2 1
0 1
−1 1

,

ϕ(1, 0) = (2, 0,−1)T , ϕ(0, 1) = (1, 1, 1)T ,
ϕ(2, 3) = (7, 3, 1)T , ϕ(−2, 1) = (−3, 1, 3)T .

2. A =


1 1 0
0 1 1
1 0 1
1 0 0

,

ϕ(1, 0, 0) = (1, 0, 1, 1)T , ϕ(0, 1, 0) = (1, 1, 0, 0)T , ϕ(0, 0, 1) = (0, 1, 1, 0)T ,
ϕ(4,−1, 0) = (3,−1, 4, 4)T , ϕ(−3, 0, 5) = (−3, 5, 2,−3)T .

3. A =

(
1 1 0
0 1 1

)
,

ϕ(1, 0, 0) = (1, 0)T , ϕ(0, 1, 0) = (1, 1)T , ϕ(0, 0, 1) = (0, 1)T ,
ϕ(0, 2,−3) = (2,−1)T , ϕ(−1, 1, 2) = (0, 3)T .
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Reprezentace lineárńıho zobrazeńı

Př́ıklad 2

Lineárńı zobrazeńı ϕ : V → V ′ je zadáno obrazy bázových vektor̊u V .

Najděte matici A zobrazeńı ϕ.

Najděte ϕ(~u), ϕ(~v).

1 ϕ : R3 → R2,
ϕ(1, 0, 2) = (1, 3)T , ϕ(−3, 4,−2) = (2,−1)T , ϕ(0, 2, 1) = (−3, 5)T ,
~u = (1, 4, 2)T , ~v = (−1, 0, 4)T .

2 ϕ : R3 → R2,
ϕ(1, 2,−3) = (−2, 1)T , ϕ(2, 1,−2) = (1, 1)T , ϕ(1,−4, 5) = (8,−1)T ,
~u = (3, 6,−1)T , ~v = (0, 3, 2)T .

3 ϕ : R3 → R4,
ϕ(1, 0, 1) = (1, 0, 1, 0)T , ϕ(1, 1, 0) = (0, 0, 0, 0)T ,
ϕ(0, 1, 1) = (0, 1, 0, 1)T ,
~u = (2, 4, 6)T , ~v = (−4, 0, 2)T .
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Výsledky p̌ŕıkladu 2

1. A =

(
−10 −17

4
11
2

5 3 −1

)
,

ϕ(1, 4, 2) = (−16, 15)T , ϕ(−1, 0, 4) = (32,−9)T .

2. zadané vektory netvǒŕı bázi prostoru V = R3.

3. A = 1
2


1 −1 1
−1 1 1
1 −1 1
−1 1 1

,

ϕ(2, 4, 6) = (2, 4, 2, 4)T , ϕ(−4, 0, 2) = (−1, 3,−1, 3)T .
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Zobrazeńı p̌ŕımky a roviny

Př́ıklad 3

Je dána p̌ŕımka p a rovina %:
p = {[1 + t, 2− t, 1− t]; t ∈ R}
% : 2x − 3y + z + 1 = 0

Zjistěte, na jakou množinu bodů se p̌ŕımka p a rovina % zobraźı pomoćı
lineárńıho zobrazeńı:

ϕ1 : R3 → R3, které je zadáno matićı

A =

 3 2 1
1 0 2
1 2 −3


ϕ2 : R3 → R3, které je zadáno matićı

A =

 2 1 0
0 1 1
1 1 −1


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Výsledky p̌ŕıkladu 3

1. ϕ1(p) = {[8, 3− t, 2 + 2t]T ; t ∈ R}
ϕ1(%) : x − 2y − z = 0

2. ϕ2(p) = {[4 + t, 3− 2t, 2 + t]T ; t ∈ R}
ϕ2(%) : 8x − 7y − 10z + 3 = 0
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Jádro a obor hodnot lineárńıho zobrazeńı

Jádro a obor hodnot lineárńıho zobrazeńı

Je dáno lineárńı zobrazeńı ϕ : V → V ′ mezi vektorovými prostory V
(dimenze n) a V ′ (dimenze m).

1 Jádrem Kerϕ zobrazeńı ϕ rozuḿıme množinu vektor̊u ~u ∈ V , které se
zobraźı na nulový vektor, tj.
Kerϕ = {~u ∈ V | ϕ(~u) = ~oV ′}.

2 Oborem hodnot Imϕ zobrazeńı ϕ rozuḿıme množinu vektor̊u ~v ∈ V ′,
pro které existuje nějaký vzor, tj.
Imϕ = {~v ∈ V ′ | ∃~u ∈ V : ϕ(~u) = ~v}.

Poznámka:

Kerϕ a Imϕ jsou vektorové podprostory.
dim(Kerϕ) = n − h(A) = dimV − h(A), kde A je matice lineárńıho
zobrazeńı ϕ.
dim(Imϕ) = h(A).
dimV = dim(Kerϕ) + dim(Imϕ).
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dim(Imϕ) = h(A).
dimV = dim(Kerϕ) + dim(Imϕ).
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Jádro a obor hodnot lineárńıho zobrazeńı

Př́ıklad 4

Nalezněte jádro a obor hodnot lineárńıho zobrazeńı ϕ a určete jejich
dimenze.

1 ϕ : R3 → R4, ϕ(x1, x2, x3) = (x1 + x2, x2 + x3, x3 + x1, x1)

2 ϕ : R3 → R2, ϕ(x1, x2, x3) = (x1 + x2, x2 + x3)

3 ϕ : R3 → R4, ϕ(1, 2, 1) = (−1, 1, 1, 1)T ,
ϕ(0, 1, 2) = (1, 0, 0, 1)T , ϕ(1, 0,−1) = (0, 1, 1, 2)T .

4 ϕ : R4 → R3, ϕ je dáno matićı

AS =

 1 0 3 1
2 −1 4 1
−3 5 1 2

.
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Výsledky p̌ŕıkladu 4

1 dim(Kerϕ) = 0,Kerϕ = {(0, 0, 0)T},
dim(Imϕ) = 3, Imϕ = 〈{(1, 0, 1, 1)T , (1, 1, 0, 0)T , (0, 1, 1, 0)T}〉.

2 dim(Kerϕ) = 1,Kerϕ = 〈{(1,−1, 1)T}〉,
dim(Imϕ) = 2, Imϕ = 〈{(1, 0)T , (0, 1)T}〉.

3 dim(Kerϕ) = 1,Kerϕ = 〈{(0, 3, 4)T}〉,
dim(Imϕ) = 2, Imϕ = 〈{(−1, 1, 1, 1)T , (1, 0, 0, 1)T}〉.

4 dim(Kerϕ) = 2,Kerϕ = 〈{(−3,−2, 1, 0)T , (−1,−1, 0, 1)T}〉,
dim(Imϕ) = 2, Imϕ = 〈{(1, 2,−3)T , (0,−1, 5)T}〉.
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Př́ıklad 5

Lineárńı zobrazeńı ψ je zadáno pomoćı svého jádra a oboru hodnot.
Sestrojte matici Aψ zobrazeńı ψ. Pokud zjist́ıte, že takových zobrazeńı
existuje v́ıce, stač́ı nalézt jedno z nich.

(a) ψ : R4 → R4,
Kerψ = ((2; 2; 1; 0)T , (−5;−3; 0; 1)T ),
Imψ = ((−1;−3;−1;−1)T , (1, 4, 3, 2)T ).

(b) ψ : R3 → R4,
Kerψ = ((2; 2; 1)T , (1; 0; 1)T ),
Imψ = ((1; 0; 1; 1)T ).

(c) ψ : R4 → R3,
Kerψ = ((2; 0; 2; 1)T , (0; 1;−1; 1)T ),
Imψ = ((1; 0; 1)T , (1; 1; 0)T ).
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Výsledky p̌ŕıkladu 5

(a) Aψ =


−1 1 0 −2
−3 4 −2 −3
−1 3 −4 4
−1 2 −2 1



(b) Aψ =


1 −1

2 −1
0 0 0
1 −1

2 −1
1 −1

2 −1


(c) Aψ =

 1 1 −1
3 −4

3
0 1 1

3 −2
3

1 0 −2
3 −2

3


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