arXiv:hep-th/0312154 v2 27 Jun 2004

MPP-2003-139
LMU-TPW 07/03

Nonabelian Bundle Gerbes, their Differential
Geometry and Gauge Theory

Paolo Aschieri,}?*® Luigi Cantini*>’ and Branislav Juréo®>°

!Dipartimento di Scienze e Tecnologie Avanzate
Universita del Piemonte Orientale, and INFN
Corso Borsalino 54, I-15100, Alessandria, Italy

2Max-Planck-Institut fiir Physik
Fohringer Ring 6, D-80805 Miinchen

3Sektion Physik, Universitat Miinchen
Theresienstr. 37, D-80333 Miinchen

4Scuola Normale Superiore
Piazza dei Cavalieri 7, 56126 Pisa & INFN sezione di Pisa

® Department of Physics
Queen Mary, University of London
Mile End Road, London E1 4NS

Abstract

Bundle gerbes are a higher version of line bundles, we present nonabelian bundle gerbes
as a higher version of principal bundles. Connection, curving, curvature and gauge trans-
formations are studied both in a global coordinate independent formalism and in local
coordinates. These are the gauge fields needed for the construction of Yang-Mills theories
with 2-form gauge potential.

%e-mail address: aschieri@theorie.physik.uni-muenchen.de
be-mail address: l.cantini@qmul.ac.uk
“e-mail address: jurco@theorie.physik.uni-muenchen.de



1. Introduction

Fibre bundles, besides being a central subject in geometry and topology, provide the
mathematical framework for describing global aspects of Yang-Mills theories. Higher
abelian gauge theories, i.e. gauge theories with abelian 2-form gauge potential appear
naturally in string theory and field theory, and here too we have a corresponding math-
ematical structure, that of abelian gerbe (in algebraic geometry) and of abelian bundle
gerbe (in differential geometry). Thus abelian bundle gerbes are a higher version of line
bundles. Complex line bundles are geometric realizations of the integral 2nd cohomology
classes H*(M,Z) on a manifold, i.e. the first Chern classes (whose de Rham representa-
tive is the field strength). Similarly, abelian (bundle) gerbes are the next level in realizing
integral cohomology classes on a manifold, they are geometric realizations of the 3rd co-
homology classes H*>(M,Z). Thus the curvature 3-form of a 2-form gauge potential is the
de Rham representative of a class in H3(M,Z). This class is called the Dixmier-Douady
class [1],[2]; it topologically characterizes the abelian bundle gerbe in the same way that
the first Chern class characterizes complex line bundles.

One way of thinking about abelian gerbes is in terms of their local transition functions
[3],[4]. Local “transition functions” of an abelian gerbe are complex line bundles on double
overlaps of open sets satisfying cocycle conditions for tensor products over quadruple
overlaps of open sets. The nice notion of abelian bundle gerbe [5] is related to this picture.
Abelian gerbes and bundle gerbes can be equipped with additional structures, that of
connection 1-form and of curving (the 2-form gauge potential), and that of (bundle) gerbe
modules (with or without connection and curving ). Their holonomy can be introduced
and studied [3],[4],]6],[7],[8],[9]. The equivalence class of an abelian gerbe with connection
and curving is the Deligne class on the base manifold. The top part of the Deligne class
is the class of the curvature, the Diximier-Douady class.

Abelian gerbes arise in a natural way in quantum field theory [10],[11],[12], where
their appearance is due to the fact that one has to deal with abelian extensions of the
group of gauge transformations; this is related to chiral anomalies. Gerbes and gerbe
modules appear also very naturally in TQFT [13], in the WZW model [14] and in the
description of D-brane anomalies in nontrivial background 3-form H-field (identified with
the Diximier-Douday class) [15],[16],[17]. Coinciding (possibly infinitely many) D-branes
are submanifolds “supporting” bundle gerbe modules [6] and can be classified by their
(twisted) K-theory. The relation to the boundary conformal field theory description of
D-branes is due to the identification of equivariant twisted K-theory with the Verlinde
algebra [18],[19]. For the role of K-theory in D-brane physics see e.g. [20],[21],][22].

In this paper we study the nonabelian generalization of abelian bundle gerbes and
their differential geometry, in other words we study higher Yang-Mills fields. Nonabelian
gerbes arose in the context of nonabelian cohomology [23],[1] (see [24] for a concise intro-
duction), see also ([25]). Their differential geometry —from the algebraic geometry point
of view— is discussed thoroughly in the recent work of Breen and Messing [26] (and their
combinatorics in [27]). Our study on the other hand is from the differential geometry
viewpoint. We show that nonabelian bundle gerbes connections and curvings are very
natural concepts also in classical differential geometry. We believe that it is primarily
in this context that these structures can appear and can be recognized in physics. It is
for example in this context that one would like to have a formulation of Yang-Mills the-
ory with higher forms. These theories should be relevant in order to describe coinciding
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NS5-branes with D2-branes ending on them. They should be also relevant in the study of
Mb5-brane anomaly. We refer to [28], [29], [30] for some attempts in constructing higher
gauge fields.

Abelian bundle gerbes are constructed using line bundles and their products. One
can also study U(1) bundle gerbes, here line bundles are replaced by their corresponding
principal U(1) bundles. In the study of nonabelian bundle gerbes it is more convenient
to work with nonabelian principal bundles then with vector bundles. Actually principal
bundles with additional structures are needed. We call these objects (principal) bibundles
and D-H bundles (D and H being Lie groups). Bibundles are fibre bundles (with fiber
H) which are at the same time left and right principal bundles (in a compatible way).
They are the basic objects for constructing (principal) nonabelian bundle gerbes. The
first part of this paper is therefore devoted to their description. In Section 2 we introduce
bibundles, D-H bundles (i.e. principal D bundles with extra H structure) and study
their products. In Section 3 we study the differential geometry of bibundles, in particular
we define connections, covariant exterior derivatives and curvatures. These structures
are generalizations of the corresponding structures on usual principal bundles. We thus
describe them using a language very close to that of the classical reference books [31]
or [32]. In particular a connection on a bibundle needs to satisfy a relaxed equivariance
property, this is the price to be paid in order to incorporate nontrivially the additional
bibundle structure. We are thus lead to introduce the notion of a 2-connection (a, A)
on a bibundle. Products of bibundles with connections give a bibundle with connection
only if the initial connections were compatible, we call this compatibility the summabil-
ity conditions for 2-connections; a similar summability condition is established also for
horizontal forms (e.g. 2-curvatures).

In Section 4, using the product between bibundles we finally introduce (principal)
bundle gerbes. Here too we first describe their structure (including stable equivalence)
and then only later in Section 7 we describe their differential geometry. We start with
the proper generalization of abelian bundle gerbes in the sense of Murray [5], we then
describe the relation to the Hitchin type presentation [3],[4], where similarly to the abelian
case, nonabelian gerbes are described in terms of their ”local transition functions” which
are bibundles on double overlaps of open sets. The properties of the products of these
bibundles over triple and quadruple overlaps define the gerbe and its nonabelian Cech
2-cocycle.

Section 5 is devoted to the example of the lifting bundle gerbe associated with the
group extension H — E — (. In this case the bundle gerbe with structure group H
appears as an obstruction to lift to £ a G-principal bundle P.

Again by generalizing the abelian case, bundle gerbe modules are introduced in Section
6. Since we consider principal bibundles we obtain modules that are D-H bundles (com-
patible with the bundle gerbe structure). With each bundle gerbe there is canonically
associated an Aut(H)-H bundle. In the lifting bundle gerbe example a module is given
by the trivial E-H bundle.

In Section 7 we introduce the notion of bundle gerbe connection and prove that on a
bundle gerbe a connection always exists. Bundle gerbe connections are then equivalently
described as collections of local 2-connections on local bibundles (the “local transition
functions of the bundle gerbe”) satisfying a nonabelian cocycle condition on triple overlaps
of open sets. Given a bundle gerbe connection we immediately have a connection on
the canonical bundle gerbe module can. We describe also the case of a bundle gerbe
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connection associated with an arbitrary bundle gerbe module. In particular we describe
the bundle gerbe connection in the case of a lifting bundle gerbe.

Finally in Section 8 we introduce the nonabelian curving b (the 2-form gauge potential)
and the corresponding nonabelian curvature 3-form h. These forms are the nonabelian
generalizations of the string theory B and H fields.

2. Principal Bibundles and their Products

Bibundles (bitorsors) where first studied by Grothendieck [33] and Giraud [1], their
cohomology was studied in [34]. We here study these structures using the language of
differential geometry.

Given two U(1) principal bundles E, E, on the same base space M, one can consider
the fiber product bundle EE, defined as the U(1) principal bundle on M whose fibers
are the product of the E and E, fibers. If we introduce a local description of E and E,
with transition functions h” and k¥ (relative to the covering {U?} of M), then EFE has
transition functions h¥h.

In general, in order to multiply principal nonabelian bundles one needs extra structure.
Let E and E be H-principal bundles, we use the convention that H is acting on the
bundles from the left. Then in order to define the H principal left bundle EE we need
also a right action of H on E. We thus arrive at the following

Definition 1. An H principal bibundle EE on the base space M is a bundle on M that is
both a left H principal bundle and a right H principal bundle and where left and right H
actions commute

Vhke H, Vee E, (ke)<x<h=k(e<h) ; (1)
we denote with p : 2 — M the projection to the base space.

Before introducing the product between principal bibundles we briefly study their struc-
ture. A morphism W between two principal bibundles E' and E is a morphism between
the bundles £ and E compatible with both the left and the right action of H:

W(keah) =kW(e)ah, (2)

here 3 is the right action of H on E. As for morphisms between principal bundles on
the same base space M, we have that morphisms between principal bibundles on M are
isomorphisms.

Trivial bibundles.

Since we consider only principal bibundles we will frequently write bibundle for principal
bibundle. The product bundle M x H where left and right actions are the trivial ones on
H [i.e. k(x,h)<h' = (z,khh')] is a bibundle. We say that a bibundle T is trivial if 7" is
isomorphic to M x H.

Proposition 2. We have that T is trivial as a bibundle iff it has a global central section,
i.e. a global section o that intertwines the left and the right action of H on T':
Vhe H,Vx € M, ho(z) =0(z)<h (3)

Proof. Let o be a global section of T, define W, : M x H — T as Wy(z,h) = ho(z),
then T and M x H are isomorphic as left principal bundles. The isomorphism W, is also
a right principal bundles isomorphism iff (3) holds. O
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Note also that the section o is unique if H has trivial centre. An example of nontrivial
bibundle is given by the trivial left bundle M x H equipped with the nontrivial right
action (z,h) <h’ = (z,hx(h’)) where y is an outer automorphism of H. We thus see
that bibundles are in general not locally trivial. Short exact sequences of groups provide
examples of bibundles that are in general nontrivial as left bundles [cf. (112), (113)].

The ¢ map.
We now further characterize the relation between left and right actions. Given a bibundle
E., the map ¢ : ' x H — H defined by

Veec E,YVhe H, o, (h)e=e<h (4)

is well defined because the left action is free, and transitive on the fibers. For fixed e € E
it is also one-to-one since the right action is transitive and left and right actions are free.
Using the compatibility between left and right actions it is not difficult to show that ¢
is equivariant w.r.t. the left action and that for fixed e € F it is an automorphism of H:

Sohe(h’l> = hcpe<h’1)h’71 ) (5)

p.(hh) = p (M) (h') , (6)
we also have

Pean(h') = @ (BW'B7) . (7)

Vice versa given a left bundle £ with an equivariant map ¢ : E x H — H that restricts
to an H automorphism ¢,, we have that F is a bibundle with right action defined by (4).

Using the ¢ map we have that a global section o is a global central section (i.e. that
a trivial left principal bundle is trivial as bibundle) iff [cf. (3)], Vo € M and VYh € H

Po(w)(h) =h . (8)

In particular, since e € E can be always written as e = h'or, we see that ¢, is always an
inner automorphism,

P (h) = Puo(h) = Adp (h) - (9)

Vice versa, we have that

Proposition 3. If H has trivial centre then an H bibundle E s trivial iff @, is an inner
automorphism for all e € E.

Proof. Consider the local sections ' : U — E, since H has trivial centre the map k(t) :
U’ — H is uniquely defined by ¢ (h') = Adygh'. From (5), @ (h') = Ady Ady
and therefore the sections k(ti)_lti are central because they satisfy (Pk(ti)—lti<h, ) =Hh.
In the intersections U = U’ N U7 we have ¢ = hiit7 and therefore k(') ¢ = k(¢7) ¢
We can thus construct a global central section. O

Any principal bundle with H abelian is a principal bibundle in a trivial way, the map
@ is given simply by ¢.(h) = h.

Now let us recall that a global section & : M — FE on a principal H-bundle £ — M
can be identified with an H-equivariant map @ : £ — H. With our (left) conventions,
VE € F,

e=7a(e)o(x) .
Notice, by the way, that if E is a trivial bibundle with a global section o, then 7 is
bi-equivariant, i.e.: @(heh’) = ha(e)h’ iff o is central. We apply this description of
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a global section of a left principal bundle to the following situation. Consider an H-
bibundle E. Let us form Aut(H) xg FE with the help of the canonical homomorphism
Ad : H — Aut(H). Then it is straightforward to check that @ : [n,e] — 7 o ¢, with
n € Aut(H) is a global section of the left Aut(H)-bundle Aut(H) xy E. So Aut(H) xy E
is trivial as a left Aut(H)-bundle. On the other hand if E is a left principal H-bundle
such that Aut(H) xy E is a trivial left Aut(H)-bundle then it has a global section
o Aut(H) xg E — Aut(H) and the structure of an H-bibundle on E is given by
p, = a([id, e]). We can thus characterize H-bibundles without mentioning their right H
structure,

Proposition 4. A left H-bundle E is an H-bibundle if and only if the (left) Aut(H)-
bundle Aut(H) x g E is trivial.

Any trivial left H-bundle T" can be given a trivial H-bibundle structure. We consider
a trivialization of T" i.e. an isomorphism 7' — M x H and pull back the trivial right
H-action on M x H to T. This just means that the global section of the left H-bundle
T associated with the trivialization T' — M x H, is by definition promoted to a global
central section.

Product of bibundles. }
In order to define the product bundle FE we first consider the fiber product (Withney
sum) bundle

E®E={(e,0) | p(e) = p&)} (10)
with projection p : E'® E — M given by p(e, é) = p(e) = p(é). We now can define the
product bundle FE with base space M via the equivalence relation

Vh € H (e, hé) ~ (e<h,é) (11)
we write [e, €] for the equivalence class and
EE= E®y E={[eé]} (12)

the projection pp : EE — M is given by pple,€] = p(e) = p(€). One can show
that F'F is an H principal bundle; the action of H on EFE is inherited from that on E:

hle,é] = [he,é]. Concerning the product of sections we have that if s : U — Eis a
section of £ (with U C M), and § : U — E is a section of F, then
s§=[s,5] : U— FFE (13)

is the corresponding section of EE.

When also E is an H principal bibundle, with right action %, then EF is again an H
principal bibundle with right action < given by
le, €] Kh = [e,é<h] (14)

It is easy to prove that the product between H principal bibundles is associative.

Inverse bibundle.
The inverse bibundle E~! of E has by definition the same total space and base space of
F but the left action and the right actions 4! are defined by

het=(exh™) ™ etath=(hte)™! (15)
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here e! and e are the same point of the total space, we write e~! when the total space
is endowed with the E~! principal bibundle structure, we write e when the total space
is endowed with the E principal bibundle structure. From the Definition (15) it follows
that he™? = e ! <! ,(h). Given the sections t' : U" — E of E we canonically have
the sections £ : U' — E~! of E~! (here again ¢'(z) and ¢ ' (z) are the same point of
the total space). The section £t of E-'F is central, i.e. it satisfies (3). We also have
£ = ¢4 in UY; we can thus define a canonical (natural) global central section 7
of E7'E, thus showing that E~'FE is canonically trivial. Explicitly we have I[¢/"1,e] = h
with ¢’ <h = e. Similarly for EE~!. The space of isomorphism classes of H-bibundles on
M [cf. (2)] can now be endowed with a group structure. The unit is the isomorphism
class of the trivial product bundle M x H. The inverse of the class represented by E is
the class represented by E~!.

Consider two isomorphic bibundles E and E’ on M. The choice of a specific isomor-
phism between FE and E’ is equivalent to the choice of a global central section of the
bibundle EE'~1, i.e. a global section that satisfies (3). Indeed, let f be a global section
of EE'~!, given an element ¢ € E with base point x € M, there is a unique element
¢~! € E'7! with base point x € M such that [e,e/~!] = f(x). Then the isomorphism
E ~ FE'is given by e — ¢€'; it is trivially compatible with the right H-action, it is
compatible with the left H-action because of the centrality of f.

More generally let us consider two isomorphic left H-bundles F X E' which are not
necessarily bibundles. Let us write a generic element (e, ¢') € E@FE’ in the form (e, AW (e))
with a properly chosen h € H. We introduce an equivalence relation on E & E’ by
(e,hW(e)) ~ (h'e,hW(h'e)). Then T' = E @ E’'/ ~ is a trivial left H-bundle with
global section &([e, AW (e)]) = h™! (the left H-action is inherited from E). Recalling
the comments after Proposition 4, we equip 7' with trivial H-bibundle structure and
global central section . Next we consider the product TE’" and observe that any element
[[e, €1],e5] € TE' can be written as [[é, W (é)], W (é)] with a unique é € E. We thus have
a canonical isomorphism between E and T'E’ and therefore we write £ = TE’. Vice
versa if T is a trivial bibundle with global central section ¢ : T' — H and E.E’ are left
H-bundles and F = TE’, i.e E is canonically isomorphic to T'E’, then we can consider the
isomorphism E % E' defined by W ([t,€']) = a(t)e’ (here [t, €] is thought as an element of
E because of the identification £ = T'E’). It is then easy to see that the trivial bibundle
with section given by this isomorphism W is canonically isomorphic to the initial bibundle
T.

We thus conclude that the choice of an isomorphism between two left H-bundles E and
FE’ is equivalent to the choice of a trivialization (the choice of a global central section) of
the bibundle 7', in formulae

EXE < E=TF (16)

where T" has a given global central section.

Local coordinates description.

We recall that an atlas of charts for an H principal left bundle E with base space M
is given by a covering {U’} of M, together with sections t' : U’ — E (the sections
t' determine isomorphisms between the restrictions of E to U? and the trivial bundles
U? x H). The transition functions h¥ : U% — H are defined by ' = h¥t. They satisfy



on U%* the cocycle condition

h9hi* = n'* .
On U we have h'l = k7"~ A section s : U — E has local representatives {s'} where
st UNU*— H and in UY we have

s'h =g’ . (17)
If F is also a bibundle we set

' =pu U — Aut(H) (18)

and we then have V h € H | ¢'(h)h" = hpi(h), ie.

1

Adhij = gpi o g0j7 (19)

We call the set {h¥, ¢} of transition functions and ¢° maps satisfying (19) a set of local
data of E. A different atlas of E, i.e. a different choice of sections " = rit’ where

rt . U’ — H (we can always refine the two atlases and thus choose a common covering
{U"} of M), gives local data
Wil = pipiipi =t (20)
@' = Adyio " . (21)
We thus define two sets of local data {h, ©'} and {h¥ o'} to be equivalent if they are
related by (20), (21).

One can reconstruct an H-bibundle E from a given set of local data {h¥, p'} relative
to a covering {U'} of M. For short we write £ = {h" '}. The total space of this
bundle is the set of triples (x, h,i) where x € U’, h € H, modulo the equivalence relation
(x,h,i) ~ (2,1, 7) iff =2 and hh" = I/. We denote the equivalence class by [z, h, i].
The left H action is h'[x, h,i] = [x,h'h,i]. The right action, given by [z, h,i] <h' =
[z, hp'(R'), 4] is well defined because of (19). The h/’s are transition functions of the atlas
given by the sections t' : U' — E, t'(z) = [x,1,i], and we have ¢, = ¢'. It is now not
difficult to prove that equivalence classes of local data are in one-to-one correspondence
with isomorphism classes of bibundles. [Hint: t”‘*l(r"ti) is central and ¢ independent].

Given two H bibundles F = {h", ¢'} and E = {h¥,$'} on the same base space M, the
product bundle EE has transition functions and left H-actions given by (we can always
choose a covering {U?} of M common to F and E)

EE = {h9 (1), ¢' 0 '} (22)
If £ is not a bibundle the product EE is still a well defined bundle with transition
functions h* 7 (hi7). Associativity of the product (22) is easily verified. One also shows
that if s*,5" : UNU* — H are local representatives for the sections s : U — E and

3 : U — E then the local representative for the product section s§ : U — EFE is given
by

s'e'(8') . (23)
The inverse bundle of E = {h" '} is

E-t={o (W), ¢ ) (24)

(we also have @/ ' (h)"! = @ (A", If s : U — E is a section of E with

1

representatives {s'} then s7' : U — E~! has representatives {gorl(srl)}_
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A trivial bundle T with global central section ¢, in an atlas of charts subordinate to a
cover U® of the base space M, reads

T={ff"", Ads} (25)
where the section ¢ = ! has local representatives { fi_l} . For future reference notice
that 7-1 = {7, Adyi-1} has global central section f = {f'}, and that ET-'E~" is
trivial,

e B Y e S VY
ETTE= ={o'(f )P (), Ad¢i(fi_1)} : (26)
We denote by ¢(f) the global central section {©*(f!)} of ET"'E~!. Given an arbitrary
section s : U — E, we have, in U

o(f)=sfs" (27)

Prqof': fst = {fiAdfrl(cpi*l(sifl))} = {¢" (s )f} and therefore sfs™! =
{¢"(f)} = @(f). Property (27) is actually the defining property of ¢(f). Without
using an atlas of charts, we define the global section ¢(f) of ET"'E~! to be that section
that locally satisfies (27). The definition is well given because centrality of f implies that
@(f) is independent from s. Centrality of the global section f also implies that ¢(f) is
a global central section. If @ is the global central section of T', the corresponding global
section o'of ET1E~! is @[, t, e = @.(c(t))h with e = he'.

The pull-back of a bi-principal bundle is again a bi-principal bundle. It is also easy to
verify that the pull-back commutes with the product.

D-H bundles.

We can generalize the notion of a bibundle by introducing the concept of a crossed module.
We say that H is a crossed D-module [35] if there is a group homomorphism o : H — D

and an action of D on H denoted as (d, h) — h such that

Vh, W e H, “®p' = hh/h! (28)
and forall h e H, d € D,
a(®h) = da(h)d™ (29)
holds true.
Notice in particular that «(H) is normal in D. The canonical homomorphism Ad :
H — Aut(H) and the canonical action of Aut(H) on H define on H the structure of a

crossed Aut(H )-module. Given a D-bundle () we can use the homomorphism t : D —

Aut(H), t o a = Ad to form Aut(H) xp Q.

Definition 5. Consider a left D-bundle () on M such that the Aut(H )-bundle Aut(H) X p
Q is trivial. Let o be a global section of Aut(H) xp Q. We call the couple (Q,0) a D-H
bundle.

Notice that if 7 : Aut(H) xp Q > [n,q] — T([n,q]) € Aut(H) is a global section of
Aut(H) xp Q then
i) the automorphism v, € Aut(H) defined by
Y, =0(lid, q]) (30)
is D-equivariant,

Pag(h) = “b,(N) (31)



ii) the homomorphism &, : H — D defined by

§,(h) = aotp,(h) (32)

gives a fiber preserving action ¢ <h = §,(h)q of H on the right, commuting with the left
D-action. i.e.

Vhe Hde D,ge@, (dq<h=d(g<h) . (33)

Vice versa we easily have

Proposition 6. Let H be a crossed D-module. If Q) is a left D bundle admitting a right
Jiber preserving H action commuting with the left D action, and the homomorphism §,, :
H — D, defined by q<ah = §,(h)q is of the form (52) with a D-equivariant v, € Aut(H)
[ef. (31)], then Q is a D-H bundle.

There is an obvious notion of an isomorphism between two D-H bundles (@), o) and
(Q,&); it is an isomorphism between D-bundles Q and Q intertwining between ¢ and
& . In the following we denote a D-H bundle (@, o) simply as ¢ without spelling out
explicitly the choice of a global section o of Aut(H) xp Q. As in the previous section
out of a given isomorphism we can construct a trivial D-bibundle Z with a global central
section 27! such that Q and ZQ are canonically identified and we again write this as
@ = Z(@). The 1 map of Z is given by Adz-1.

Note that the product of a trivial D-bibundle Z and a D-H bundle () is well-defined
and gives again a D-H bundle.

The trivial bundle M x D — M, with right H-action given by (x,d) <h = (z,da(h)),
is a D-H bundle, we have 4, (h) = “h. A D-H bundle @ is trivial if it is isomorphic
to M x D. Similarly to the case of a bibundle we have that a D-H bundle is trivial iff it
has a global section o which is central with respect to the left and the right actions of H

on @,

o(x)<h=alh)o(z) . (34)
The corresponding map @ : () — D is then bi-equivariant
a(dg<h) =da(q)a(h). (35)

The pull-back of a D-H bundle is again a D-H bundle.

The trivial bundle Aut(H) xy E (cf. Proposition 4) is an Aut(H)-H bundle. Proof.
The left Aut(H) and the right H actions commute, and they are related by [n,e]h =
Adyy o, (ny[n; €]; we thus have 4, ; = 1o ¢,, which structures Aut(H) xyx E into an
Aut(H)-H bundle. Moreover ([, e]) = n o ¢, is bi-equivariant, hence Aut(H) Xy E is
isomorphic to M x Aut(H) as an Aut(H )-H bundle.

More generally, we can use the left H-action on D given by the homomorphism « :
H — D to associate to a bibundle £ the bundle D xy E. The H-automorphism ),
defined by 4 = “p.(h) endows D xy E with a D-H bundle structure.

There is the following canonical construction associated with a D-H module. We use
the D-action on H to form the associated bundle H x (). Using the equivariance property
(31) of 4, we easily get the following proposition.

Proposition 7. The associated bundle H xp @ is a trivial H-bibundle with actions
R'[h,q] = [¥,(h)h,q] and [h,q] <h" = [hap (I'),q], and with global central section given

by 5([h, ) =, ().
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The local coordinate description of a D-H bundle () is similar to that of a bibundle.
We thus omit the details. We denote by d* the transition functions of the left principal
D-bundle Q. Instead of local maps (18) we now have local maps ¢' : U — Aut(H), such
that (compare to (19))

Bih =yt o g7 (h). (36)
The product QFE of a D-H bundle @) with a H-bibundle E can be defined as in (11), (12).
The result is again a D-H bundle. If Q is locally given by {d, '} and H is locally given
by {h¥, o'} then QE is locally given by {d“&i (hi7), ipiop'}. Moreover if Z = {ziz1 ", Ad,:}
is a trivial D-bibundle with section z7! = {ziil}, then the well-defined D-H bundle Z(@)
is locally given by {z'dz7"", # o 4/"}. He have the following associativity property

(ZQ)E = Z(QE) , (37)

and the above products commute with pull-backs.
Given a D-H bundle @ and a trivial H-bibundle T" with section ' there exists a
unique trivial D-bibundle &(7") with section &(f~') such that

QT = ¢(T)Q , (38)

i.e. such that for any local section s of ) one has sf~' = £(f!)s. The notations &(T),
E(FY) are inferred from the local expressions of these formulae. Indeed, if locally T =
{7177, Adp} and £ = {}, then £(T) = {€1(f)€1 (7)1, Ade(soy} and E(f) = {€(/)}.

Finally, as was the case for bibundles, we can reconstruct a D-H bundle () from a given
set of local data {d"”, '} relative to a covering {U’} of M. Equivalence of local data for
D-H bundles is defined in such a way that isomorphic (equivalent) D-H bundles have
equivalent local data, and vice versa.

3. Connection and Curvature on Principal Bibundles

Since a bibundle £ on M is a bundle on M that is both a left principal H-bundle
and a right principal H-bundle, one could then define a connection on a bibundle to
be a one-form a on E that is both a left and a right principal H-bundle connection.
This definition [more precisely the requirement A" = 0 in (49)] preserves the left-right
symmetry property of the bibundle structure, but it turns out to be too restrictive,
indeed not always a bibundle can be endowed with such a connection, and furthermore
the corresponding curvature is valued in the center of H. If we insist in preserving the left-
right symmetry structure we are thus led to generalize (relax) the notion of connection.
In this section we will see that a connection on a bibundle is a couple (a, A) where a is
a one-form on F with values in Lie(H) while A is a Lie(Aut(H)) valued one-form on M.
In particular we see that if A = 0 then a is a left connection on F where E is considered
just as a left principal bundle. We recall that a connection a on a left principal bundle
E satisfies [31]

i) the pull-back of @ on the fibers of E is the right invariant Maurer-Cartan one-form.
Explicitly, let e € E, let g(t) be a curve from some open interval (—¢,¢) of the real line
into the group H with ¢(0) = 1y, and let [g(¢)] denote the corresponding tangent vector
in 1y and [g(¢)e] the vertical vector based in e € E. Then

alg(t)e] = =[g(1)] - (39)
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Equivalently a[g(t)e] = (gt Where (4 is the right-invariant vector field associated with
[9(t)] € Lie(H), i.e. Cyeenl, = —[g(t)A].

ii) under the left H-action we have the equivariance property

"a= Adya (40)
where [" denotes left multiplication by h € H.
Now property ) is compatible with the bibundle structure on E in the following sense, if

a satisfies i) then —¢p~!(a) pulled back on the fibers is the left invariant Maurer-Cartan
one-form

—¢ Ha)leg(t)] = [9(1)] , (41)
here with abuse of notation we use the same symbol ¢~! for the map ¢! : £ x H —
H and its differential map ¢, ! : F x Lie(H) — Lie(H). Property (41) is equivalent
to alg(t)e] = &gy where gy is the left-invariant vectorfield associated with [g(t)] €
Lie(H), i.e. {gyl, = [hg(t)]. Property (41) is easily proven,

—¢ " a)leg(t)] = —p. (alp.(g(t))e]) = . [ (g(t)] = l9(t)] -
Similarly, on the vertical vectors v, of E we have (r"’a—a)(v,) =0, (I""¢~(a)—
(@) (v,) =0 and

(lh*a — Adha) (v,) =0, (42)

("¢ (@) — Adirp7(@)) (v,) = 0. (43)

On the other hand property i) is not compatible with the bibundle structure, indeed if
a satisfies (40) then it can be shown (see later) that —p~'(a) satisfies

™M a) = Ady 17 (@) — T/ () (44)

where T'(h) is a given one-form on the base space M, and p : E — M. In order
to preserve the left-right symmetry structure we are thus led to generalize (relax) the
equivariance property i) of a connection. Accordingly with (42) and (44) we thus require

I"a = Adna + p*T(h) (45)
where T'(h) is a one-form on M. From (45) it follows
T(hk) = T(h) + AdyT(k) . (46)

i.e., T is a 1-cocycle in the group cohomology of H with values in Lie(H) @ Q'(M). Of
course if T is a coboundary, i.e. T'(h) = hxh™' — x with x € Lie(H) ® Q'(M), then
a + x is a connection. We thus see that eq. (45) is a nontrivial generalization of the
equivariance property only if the cohomology class of T" is nontrivial.

Given an element X € Lie(Aut(H)), we can construct a corresponding 1-cocycle Tx in
the following way,

Tx(h) = [he™ (h71)]

where [he!® (h™1)] is the tangent vector to the curve he!X(h~!) at the point 1y; if H is
normal in Aut(H) then e'* (h™1) = eXh~leX and we simply have Tx(h) = hXh™ ' — X.
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Given a Lie(Aut(H))-valued one-form A on M, we write A = A?X? where {X”} is a
basis of Lie(Aut(H)). We then define T4 as

TA = APTX/J . (47)
Obviously, p*Ty = T},+4. Following these considerations we define

Definition 8. A 2-connection on E is a couple (a, A) where:

i) a is a Lie(H) valued one-form on E such that its pull-back on the fibers of E is the
right invariant Maurer-Cartan one-form, i.e. a satisfies (39),

i) A is a Lie(Aut(H)) valued one-form on M,

iii) the couple (a, A) satisfies

I"a = Adpa + p*Ta(h) . (48)

This definition seems to break the left-right bibundle symmetry since, for example,
only the left H action has been used. This is indeed not the case

Theorem 9. If (a, A) is a 2-connection on E then (a", A"), where a” = —¢p '(a),
satisfies (39) and (48) with the left H action replaced by the right H action (and right-
invariant vectorfields replaced by left-invariant vectorfields), i.e. it satisfies (41) and

rha’ = Ady-ra” + p*Tar(h7Y) (49)
here A" is the one-form on M uniquely defined by the property
PA” =@ (P A+ ada)p + ¢ dp (50)
Proof. First we observe that from (39) and (48) we have
"a = Adya+ pTa(W) + h'dh/~ (51)
where now h' = h/(e), i.e. h' is an H-valued function on the total space E. Setting

I = @(h), with h € H we have
Ma=19""a = Adyuma+p Talp(h) + e(h)de(h™)

— a+o(Tu(h) (52)
in equality (52) we have defined
A = ' (PP A+ ada)p + ¢ 'dp . (53)
Equality (52) holds because of the following properties of T,
Tp1ap(h) = 7" (p(h)de(h™)) (54)
To1pag(h) = @7 (Tpralep(h)) (55)
Todg(h) = Adpa — a . (56)

From (52), applying ¢! and then using (7) one obtains
rh*a” = Ady-1a” + Ty (1) . (57)

Finally, comparing (43) with (57) we deduce that for all h € H, T4 (h)(v,,) = 0, and
this relation is equivalent to A"(v,,) = 0. In order to prove that A" = p*A” where A" is
a one-form on M, we then just need to show that A" is invariant under the H action,
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I"" A" = A". This is indeed the case because ["" (¢~ ldp) = @ Ad,-1dAdyp = ¢~ 'dep,
and because
" (' (P A+ ada)p) = @ 'Adp-1(p*A + 1" ady) Adyp
o (Adp-1p*AAdy + adg + adaa, ,1,.,n)) P
= @ (P A+ ada)p .
U

Notice that if (a, A) and (a’, A’) are 2-connections on E then so is the affine sum
(P*Na+ (1—p*Na', MA+ (1 - NA") (58)

for any (smooth) function A on M.

As in the case of principal bundles we define a vector v € T,E to be horizontal if
a(v) = 0. The tangent space T.F is then decomposed in the direct sum of its horizontal
and vertical subspaces; for all v € T,E, we write v = Hv + Vo, where Vo = [e~t®V)¢].
The space of horizontal vectors is however not invariant under the usual left H-action,
indeed

a(l".(Hv)) = Ta(h)(v) ,

in this formula, as well as in the sequel, with abuse of notation Ty stands for T}4.

Remark 10. It is possible to construct a new left H-action £, on T, FE, that is compatible
with the direct sum decomposition T,E = HT,E + VT,E. We first define, for all h € H,

" - T.E — VT.E,

T.E>v — [TaWWhe] € VT E (59)
and notice that L% on vertical vectors is zero, therefore Lo L% = 0. We then consider
the tangent space map,

=4 (60)
It is easy to see that L' = £ L£* and therefore that £, defines an action of H on T, H.
We also have

LM a = Adya . (61)
Finally the action Ef: preserves the horizontal and vertical decomposition T, E = HT, F +
VT, E, indeed

Hiho = chae Ve = £hvo (62)
Proof. Let v = [y(t)]. Then HL'v = HiMv = [hy(t)] — [etoWle] = [ny(t)] +
[et(lh*“)(”)he] = [hy(1)] + [heteWe] + [eTaP W he] = LM (v + [ef*e]) = LIHuv |

Curvature.

An n-form 19 is said to be horizontal if ¥ (u, us, ... u,) = 0 whenever at least one of the
vectors u; € T, FE is vertical. The exterior covariant derivative Dw of an n-form w is the
(n 4 1)-horizontal form defined by

Dw(v1,vs, ..., vp11) = dw(Hoy, Hog, ..o Hopyr) — (—1)"Ta(w)(Hoy, Hog, ..o, Hop )
(63)
for all v; € T,E and e € E. In the above formula T4 (w) is defined by

Th(w) = w* ANTu, (X)), (64)
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where Ty, : Lie(H) — Lie(H) ® Q'(FE) is the differential of Ty : H — Lie(H) @ QY(FE).
If H is normal in Aut(H) we simply have Ty (w) = w? A p*A?[X?, X°| = [w, p*A], where
now X” are generators of Lie(Aut(H)).

The 2-curvature of the 2-connection (a, A) is given by the couple
(k,K) = (Da,dA+ ANA). (65)

We have the Cartan structural equation
1
k=da+ é[a, al+T4(a) , (66)

where 1[a,a] = 1a® A a’[X®, XP] = a A a with X* € Lie(H),
The proof of eq. (66) is very similar to the usual proof of the Cartan structural equation
for principal bundles. One has just to notice that the extra term T4(a) is necessary since

da(Vv,Hu) = —a([Vv,Hu]) = Ty, (a(Vv))(Hu) = =T4(a)(Vv, Hu).
The 2-curvature (k, K) satisfies the following generalized equivariance property
"k = Adpk + Tk (h) | (67)

where with abuse of notation we have written Tk (h) instead of T,-x(h). We also have
the Bianchi identities, dK + A A K =0 and

Dk =0. (68)

Given an horizontal n-form ¥ on F that is ©-equivariant, i.e. that satisfies "9 =
Adp9 + Te(h) , where © is an n-form on M, we have the structural equation

where [a,9] = a® A 9°[X*, XP] = a A9 — (—1)"9 A a. The proof is again similar
to the usual one (where © = 0) and is left to the reader. We also have that D is
(d© + [A, ©])-equivariant,

" DY = Ady9 + Tuo1jae)(h) - (70)
Combining (69) and (68) we obtain the explicit expression of the Bianchi identity
dk + [a, k] + Tk(a) — Ta(k) =0 (71)
We also have
D*9 = [k, 9] + To(k) — (—1)"Tk(¥) . (72)

As was the case for the 2-connection (a, A), also for the 2-curvature (k, K') we can have
a formulation using the right H action instead of the left one. Indeed one can prove that
if (k, K) is a 2-curvature then (k", K") where
k' = —p (k) , K" = ¢ (K +ady)p
is the right 2-curvature associated with the right 2-connection (a”, A™). In other words
we have that k" is horizontal and that
kT:kar 5 KT:KAT

(for the proof we used Ty (0 (X)) = ¢ H[X,a] + Ta(X)) + dp 1 (X), X € Lie(H)).
We also have

"k = Adp-1k" + Tyer(K7Y) . (73)
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More in general consider the couple (¥, ©) where 19, is an horizontal n-form on E that is
O-equivariant. Then we have the couple (9", 0") where 9" = —¢~1(9) is an horizontal
n-form on E that is right ©"-equivariant,

9" = Adp-19" + Tor(h7Y) . (74)
with ©" = 1O + ady)ep.

The pull-back of a 2-connection (or of a horizontal form) on a principal H-bibundle is
a 2-connection (horizontal form) on the pulled back principal H-bibundle, moreover the
exterior covariant derivative -and in particular the definition of 2-curvature- commutes
with the pull-back operation.

Local coordinates description.

Let’s consider the sections ¢ : U’ — FE subordinate to the covering {U’} of M. Let
v Hx U — p (U C E be the local trivialization of E induced by ' according to
t(z,h) = ht'(x), where x € M. We define the one-forms on U? C M

a=t"a, (75)
then, the local expression of a is ha'h™* + T4 (h) + hdh™!, more precisely,
(@) @y (Var, var) = ha' (2)h ™ (var) + Tagey (h) (var) + hdh™ (vn) | (76)

where vy, ,ug are respectively tangent vectors of U* C M at z, and of H at h, and where
—hdh~! denotes the Maurer-Cartan one-form on H evaluated at h € H. Similarly the
local expression for k is hk'h~! + Ty (h), where k' = t"k.

Using the sections {¢'} we also obtain an explicit expression for A7,

A" =" A" = o7 YA+ adyi) s + @5 ;. (77)
Of course in U” we have t" A" = /" A", so that A" is defined on all M. In U¥ we also
have a' = ha?h " + hi9dh~" Ty (ki) and k' = h9kinii ™" + Ty (h) .

Sum of 2-connections.

If the group H is abelian, on the product bundle F;FE, there is the natural connection
a,+ay obtained from the connections a; and a, on E; and E,. In this subsection we
generalize to the nonabelian case the sum of connections. Consider the following diagram

B, ¢ FE,——~ B, (78)
|
1
B, B\ B,

and let (a1, A2) be a 2-connection on E; and (as, Ay) a 2-connection on Es. Recalling
the definition of the product E;F5, we see that the one-form on F; @& Es

Tia1 + ¢ (T3a2) (79)
is the pull-back of a one-form on E) Es iff, for all vy € T, E, v, € T,,E and h € H,
(Tra1 + ¢y(m3as)) ., (V1 02)
= (71';0,1 + ¥ (W;(G’Q))(elhflﬁ@)(rfvla ZZZUQ)

T (man + 01 (1302)) s oy ([E1h 7 (0. [h0)e2])
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where h(t) is an arbitrary curve in H with h(0) = 15. Since a; and a, satisfy the Cartan-
Maurer condition (39) the last addend vanishes identically and therefore the expression
is equivalent to
Ty + ¢y (myaz) = 1" (1iay + ¢ (13a2)) (80)
where
" E 0 E, — EQE,,
(61,62) — (Glhil,heg) .
Now, using (7), and then (52) we have
i (mias+ @y (m3a2)) = 7w a4 @, Adyr (731 an)
= mai+ ¢ (mas)
+ @y (M Tay(h™) + 15 Adyy-1Ta, ()
and the last addend vanishes iff
A=A (81)
In conclusion, when (81) holds, there exists a one-form on E; Es, denoted by a;+as, such
that
Te(a1+as) = mia; + ¢, (13a2) (82)
From this expression it is easy to see that (a;+as, Ay) is a 2-connection on E;FE,. We
then say that (a1, A;) and (az, Az) (or simply that a; and as) are summable and we write

(a1, A1) + (ag, A7) = (a1+aq, Ay) . (83)

Notice that the sum operation + thus defined is associative (and noncommutative).
In other words, if a; and a; are summable, and if a, and as are summable then
a1+ (ax+as3) = (a1+az)+as and (a;+as+as, Ay) is a 2-connection on Fy EsFs.

We also have a summability criterion for the couples (1, ©1) and (92, ©3) where 9;, i =
1,2 is an horizontal n-form on E; that is ©;-equivariant. We have that (1, ©1)4 (92, 02) =
(’1914—192, @1) where

To(Ph+d2) = 7t + ¢y (139:) (84)
is a well defined horizontal ©;-equivariant n-form on F; F, iff
O, =0,". (85)
We have
(Day 91, Da,01)+(Day 02, Day)O2 = (D, 44, (V1+92), Da,©1), (86)

with obvious notation: Dy¥ = dd+[a, 9]+ Te(a)—(—1)"Ta(¥) and D,© = dO+[A, O].
Also the summability of curvatures is a direct consequence of the summability of their
corresponding connections. If (a1, A;) 4+ (a2, As) = (a14aq, A;) then

(kl,K1)+ (kQ,KQ) - (k1+k2,K1) y (87)
and we also have

k. 4., =ki+ks. (88)

Summability is preserved under isomorphism, i.e. if a; are summable connections on
E; (i = 1,2) and we have isomorphisms o; : E! — E;, then ¢/ (a;) are summable and
oi(as)+0o5(ay) = ojy(a1+as), where we have considered the induced isomorphism o5 =
o109 : E1E), — F1FE5. The same property holds for horizontal forms.
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4. Nonabelian Bundle Gerbes

Now that we have the notion of product of principal bibundles we can define nonabelian
bundle gerbes generalizing the construction studied by Murray [5] (see also Hitchin [3]
and [4]) in the abelian case.

Consider a submersion o : Y — M (i.e. a map onto with differential onto) we can
always find a covering {O,} of M with local sections o, : O, — Y, ie. poo, =id. The
manifold Y will always be equipped with the submersion o : Y — M. We also consider
Y =Y %), Y X3 Y ... x5 Y the n-fold fiber product of YV, i.e. Y = {(y,,...9,) €
Y™ p(y) = p(y2) = ... p(yn) }-

Given a H principal bibundle £ over Y2 we denote by &5 = p%,(£) the H principal
bibundle on Yl obtained as pull-back of p1o : Yl — Y12 (p}, is the identity on its first
two arguments); similarly for €5 and Ea;.

Consider the quadruple (€,Y, M, f) where the H principal bibundle on Y, €583 £
is trivial, and f is a global central section of (123 5131)_1 i.e. f satisfies (3)]. Re-
calling the paragraph after formula (15) we can equivalently say that & 2&3 and &3 are
isomorphic, the isomorphism being given by the global central section ' of

T = 512523 5131 . (89)

We now consider Y and the bundles o, Eas, 13, Eou, Esa, E1a on Y relative to the
projections pio : Yyl - vyl etc., and '715?}, '71541, Tﬁi relative to pio3 Y — yBl ete..
Since the product of bundles commutes with the pull-back of bundles, we then have

Ti21E12(To31 E23E31) = Ti30 (T35 €12E8)E34 = En (90)
as bundles on Y%, The first identity in (90) is equivalent to
Tiot E0Tpi€1' = T iy (91)

Let us now consider the global central section f of 77! = £13£,5'€5" and denote by .,
(fa34, etc.) the global central section of 7,54 (Zos4, etc.) obtained as the pull-back of f.
Consistently with (91) we can require the condition

F120P12(Fa31) = F134 Fro (92)

where, following the notation of (27), @15(fas4) is the section of 7,3, that in any open
Ucyd equals 312f23431_21 where s15 : U — &1o is any section of &5, in particular we
can choose s15 to be the pull-back of a section s of £.

Definition 11. A Bundle gerbe G is the quadruple (E€,Y, M, f) where the H principal
bibundle on YBI, £5Ex 51’31 is trivial and f is a global central section of (512523 51’31)_1
that satisfies (92).

Recall that when H has trivial centre then the section f of 7! is unique; it then follows
that relation (92) is automatically satisfied because the bundle on the Lh.s. and the bundle
on the r.h.s. of (91) admit just one global central section, respectively fi54 ©19(F234)
and fi44 fi23.- Therefore, if H has trivial centre, a bundle gerbe G is simply the triple
(E,Y, M), where E15E3 Er3' is trivial.

Consider an H principal bibundle N over Z an let N7 = pi(N), N2 = p5(N), be
the pull-back of N obtained respectively from p; : Z@ — Z and py : ZB — Z (p,
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projects on the first component, p, on the second). If (€, Z, M, f) is a bundle gerbe also
(MENS, Z, M, @, (f)) is a bundle gerbe. Here ¢, (f) is the canonical global central
section of the bibundle N77 'A! and now A is the pull-back of N via p; : ZB — Z;
locally @,(f) = s1fs;' where s; is the pull-back of any local section s of N. Similarly
also (n€, 2, M, £f31f5012(£23)£12) is a bundle gerbe if n~! is a trivial bundle on Z? with
global central section £ (as usual ¢,,(£23) denotes the canonical section of £19m53'Eat).
This observations lead to the following definition [36]

Definition 12. Two bundle gerbes G = (£,Y, M, f) and G' = (£,Y', M, f') are stably
isomorphic if there exists a bibundle N over Z =Y x,,Y" and a trivial bibundle n=* over

ZBR with section £ such that
M ENT =nq€ (93)
and
©1(¢"F') = £33 " Fp12(€23) 1o (94)
where ¢*€ and ¢*E' are the pull-back bundles relative to the projections ¢ : ZP¥ — Y2

and ¢ ZB — Y'BI. Similarly ¢*f and ¢*f are the pull-back sections relative to the
projections q : ZB — YBl and ¢ - ZB — YB3,

The relation of stable isomorphism is an equivalence relation.

The bundle gerbe (£,Y, M, f) is called trivial if it is stably isomorphic to the trivial
bundle gerbe (Y x H,Y, M, 1); we thus have that & and N 'N, are isomorphic as H-
bibundles, i.e.

8 (g Nl_lNQ (95)
and that f = ;' (€5 £23£12) where £ is the global central section of 7! = NoEIN; .

Proposition 13. Consider a bundle gerbe G = (€,Y, M, f) with submersion o : Y — M;
a new submersion ¢ @ Y' — M and a (smooth) map o : Y — Y compatible with o and
@ (ie. poo = ¢'). The pull-back bundle gerbe c*G (with obvious abuse of notation)
is given by (6*E,Y',M,c*f). We have that the bundle gerbes G and o*G are stably
equivalent.

Proof. Consider the following identity on Y4:
511/51'2/52_2} = M2&12 (96)

where 7, = 7'11/2/’]'1521, so that m}l has section £;5 = ff212,f11/2/; the labelling 1,1',2,2’
instead of 1,2,3,4 is just a convention. Multiplying three times (96) we obtain the
following identity between trivial bundles on Y & Tyrorg 51_1} = N1 E10M23E1y" Thos 771_31-
The sections of (the inverses of) these bundles satisfy

‘P11/<f/) = £1_31f8012<£23)£12 ) (97)

thus £y and &5 give stably equivalent bundle gerbes. Next we pull-back the bundles
in (96) using (id, 0,id, o) : ZP¥ — Y where Z = Y x,; Y; recalling that the product
commutes with the pull-back we obtain relation (93) with n = (id, 0, id, 0)*n2 and N =
(id,0)*E. We also pull-back (97) with (id, 0,id, 0,id,o) : ZB — Y% and obtain formula
(94). O

Theorem 14. Locally a bundle gerbe is always trivial: Yx € M there is an open O of x
such that the bundle gerbe restricted to O 1is stably isomorphic to the trivial bundle gerbe
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(Y|[OZ] x H,Y|p,0,1). HereY]|o is Y restricted to O: Y]o ={y € Y|p(y) € O C M}.
Moreover in any sufficiently small open U of Y|[g} one has

f= 33’35,;315f21 (98)
with 35, 8% and s respectively sections of 5}, €y and Ei3 that are pull-backs of
sections of £.

Proof. Choose O C M such that there exists a section o : O — Y/|p. Define the maps
Y|O _ Y‘ [n+1]
(yl,---yn) (W15 Ym0 (0(yn)))
notice that o(p(y1)) = o(p(y2)) ... = o(p(yn)). It is easy to check the following equalities
between maps on Y|[O2], P12 0T = id , P13 O T = T[] ©P1 , P23 O Tz = T[1 © P2, and

between maps on Y| g}
P123 0 T[3 = id , pi24 © T3] = T2 P12 , P234OT[3) = T[21 ©P23 , P134CT[3] = T2 © P13 - (99)

We now pull back with 7 the identity & = 751352_31 and obtain the following local
trivialization of £

£ =riy(T) M Ny

where N; = pi(N), Na = p5(N) and N =1, (£). Let U = Uxo U'xo U" C Y|§) where
U,U’',U" are opens of Y|p that respectively admit the sectionsm: U — N, n’: U' — N,

n'” : U" — N. Consider the local sections s = 7’[*2}<f Dbt s Ux, U — &,

s’ = ry(f” Datn ™ Ux, U — &, s = riy(F~ Don? ™ Ux, U — £ and
pull them back to local sections s15 of 1o, 83 of E93 and sf5 of £13. Then (98) holds
because, using (99), the product 3’1’33’25131’21 equals the pull-back with 73 of the section

ff3141f1248012<f234) = a3 [cf. (92)]. O

Local description.

Locally we have the following description of a bundle gerbe; we choose an atlas of charts
for the bundle £ on Y&, ie. sections t' : U’ — & relative to a trivializing covering
{U"} of YA, We write & = {n¥, ¢}, We choose also atlases for the pull-back bundles
Era, Eaz, Er3; we write £ = {h, 01}, Eas = {hil, hs}, E1z = {h', ¢is}, where these
atlases are relative to a common trivializing covering {U} of Y. Tt then follows that
T = {fifi", Ady:} where {fi™'} are the local representatives for the section f~* of 7.
We also consider atlases for the bundles on Y4 that are relative to a common trivializing
covering {U'} of Y (with abuse of notation we denote with the same index i all these
different coverings'). Then (89), that we rewrite as £12E»3 = T &13, reads

.. L 1 . . .
Whpla(h) = FIRBFT, Pla o phy = Adyi 0 ¢ (100)
L An explicit construction is for example obtained pulling back the atlas of £ to the pull-back bundles on
Y and on Y4, The sections ¢ : U* — £ induce the associated sections tiy, = pi,(t)) : Uiy, — E12 where
p1z : VB = Y and Uf, = pry (U'). We then have £15 = {hih, i, } \'y/l'th Iy = P12(hw) <P12 = pia(¢").
Similarly for &3, E23. The Y covering given by the opens U! = U™ = Ui, N L{23 N Z/l13 can then be
used for a common trivialization of the &2, €13 and E23 bundles; the respective sections are 1, = ti,]

t£3 = t) 3|u17 t{3 = t13|ulv
we then have f~! = fI~ 1t{2t1 th '

ul’
similarly for the transition functions hi,, his, ki, and for l,, pls, 0ls. In U!
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and relation (92) reads - o
P12(fa34) flas = fios iz - (101)

Bundles and local data on M.

Up to equivalence under stable isomorphisms, there is an alternative geometric description
of bundle gerbes, in terms of bundles on M. Consider the sections o, : O, — Y, relative
to a covering {O,} of M and consider also the induced sections (04,05) : Oup — Y12,
(Ca,08,0y) : Onpy — Y Bl Denote by Eap, Tapy the pull-back of the H-bibundles £ and
7 via (04,03) and (04,03, 0,). Denote also by f ., the pull-back of the section f. Then,
following Hitchin description of abelian gerbes,

aBy

Definition 15. A gerbe is a collection {E.p} of H principal bibundles E,5 on each Oyp
such that on the triple intersections Oag, the product bundles Sagé'mé'@jvl are trivial, and
such that on the quadruple intersections Oupys we have f55005(F 51s5) = FarsFapy -

We also define two gerbes, given respectively by {£};} and {€.3} (we can always
consider a common covering {O,} of M), to be stably equivalent if there exist bibundles
N, and trivial bibundles 7,5 with (global central) sections K;é such that

N 5’ 5./\/ = T}aggag s (102)

Colfapm) = Lo FasyPasls)as - (103)
A local description of the &5 bundles in terms of the local data (100), (101) can be
given considering the refinement {O}} of the {O,} cover of M such that (04, 05)(0}3) C
U7 C Y the refinement {O!} such that (o4, 03, 07)(02[];/) Uk < YBl and similarly
for Y. We can then define the local data on M
hly : Oy —H ¢yt Oly— Aut(H)

hzg = h12 0 (0a;0p) Soiyﬁ = 9032 0 (0as0p) (104)
and
czvﬁv : Oéﬁ“f —H
foizﬁ“/ =flo (Ca,08,0,) . (105)

It follows that &,5 = {haﬁ,gogﬁ} and 7,3, = {féﬁvfiﬁfyl,fldfém}. Moreover relations
(100), (101) imply the relations between local data on M
ij i 1

haﬁgoaﬁ<h’6]fy> = aﬁ'yh’oZ'y iﬁ’y ) (106)

9035 © 90%7 = Adfgm © 90377 @aﬁ(fﬁyé)faﬁé = fém Zw(s- (107)

We say that (107) define a nonabelian Cech 2-cocycle. From (102), (103) we see that two

sets {haﬁ, s fapy b {hgjﬁ, ©ngs fug,t of local data on M are stably isomorphic if

hi el (W) %waﬁ o (W) = g0 (108)
gp’aocpaﬁ ogpﬁ = Ad@' ocpfw, (109)
@a(faﬁfy) glﬁ@aﬁ( ) é{ﬁfy f:v;l ) (110)

here N = {1, 0a} . ELp = (. ols} amd 7p = {656, Adys ).
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We now compare the gerbe {€,3} obtained from a bundle gerbe G using the sections
0o @ On — Y to the gerbe {& 3} obtained from G using a different choice of sections
oy, © Oq — Y. We first pull back the bundles in (96) using (0, 07, 05,0%) : Oap — Yy
recalling that the product commutes with the pull-back we obtain the following relation
between bundles respectively on O, Ong, Og and on Oup, Oug ,

N 5’5./\/ 1 T}aggag y

here N, equals the pull-back of &1/ with (04,0") : On — Y. We then pull back (97)
with (04, 0,,03,04,04,0) © Oapy — Y% and obtain formula (103). Thus {&£ o) and
{€.p} are stably equivalent gerbes. We have therefore shown that the equivalence class of
a gerbe (defined as a collection of bundles on O, C M) is independent from the choice
of sections o, : O, — Y used to obtain it as pull-back from a bundle gerbe.

It is now easy to prove that equivalence classes of bundle gerbes are in one to one
correspondence with equivalence classes of gerbes {€,3}, and therefore with equivalence
classes of local data on M. First of all we observe that a bundle gerbe G and its pull-back
0*G = (0*&,Y", M, *f) (cf. Theorem 13) give the same gerbe {€,3} if we use the sections
ol O, — Y’ for 0*G and the sections o ool : O, — Y for G. It then follows that
two stably equivalent bundle gerbes give two stably equivalent gerbes. In order to prove
the converse we associate to each gerbe {€,3} a bundle gerbe and then we prove that
on equivalence classes this operation is the inverse of the operation G — {€,3}. Given
{&€4p} we consider Y = UQO,, the disjoint union of the opens O, C M, with projection
o(z,a) = 2. Then Y is the disjoint union of the opens O,p, i.e. Y& = 10,5 = U0, 3,
where O, 5 = {(a, 3,7) / # € Oup}, similarly Y = 00,5, = UO, 3., etc.. We define &
such that &|p, ;, = £up and we define the section Flof T = £5E3EL to be given by
fﬁl‘oa,@w = fam, thus (92) holds. We write (UEqs3, UOq, M, UF ,5,) for this bundle gerbe.

If we pull it back with o, : O, — Y, 04(2) = (z,a) we obtain the initial gerbe {E,5}-
In order to conclude the proof we have to show that (UEqs, WOy, M,UF ,5,) is stably
isomorphic to the bundle gerbe G = (£,Y, M, f) if {€,5} is obtained from G = (£,Y, M, f)
and sections o, : O, — Y. This holds because (U&us, U0y, M,Uf,5,) = 0*G with
o : UO, — Y given by o[, = 0,.

We end this section with a comment on normalization. There is no loss in generality if
we consider for all «, 6 and for all ¢

oo =1d , flag=1, flgz=1 (111)
Indeed first notice from (106) and (107) that ¢!, = Adyi_ and ¢!, (fi05) = fhae S0 that
iap = fhroalo e Now, if f . # 1 consider the stably equlvalent local data obtained

. From (109) we
have ¢, = id; from (110) we have f 5 =1, it then also follows wss = 1.

-1
aao |O

from & op = = Napap Where 1,5 = {E’aﬁﬁaﬁ , Ady: } with £} 5 =

5. Nonabelian Gerbes from Groups Extensions
We here associate a bundle gerbe on the manifold M to every group extension

1-H—->ESG—1 (112)
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and left principal G bundle P over M. We identify G with the coset z\ E so that E is
a left H principal bundle. E is naturally a bibundle, the right action too is given by the
group law in F

e<h =eh = (ehe ')e (113)

thus o.(h) = ehe™'. We denote by 7 : PPl — G, 7(p1,p2) = gi2 the map that associates
to any two points p1,ps of P that live on the same fiber the unique element ¢, € G
such that p; = giopo. Let €& = 7°(E) be the pull-back of £ on PP explicitly £ =
{(p1.p2se) | m(e) = 7(p1,p2) = g12}. Similarly €2 = {(p1,p2,p3i€) | w(e) = 7(p1,p2) =
912}, for brevity of notations we set ejo = (p1, p2, ps3; €). Similarly with 3 and &3, while
ers is a symbolic notation for a point of £;3'. Recalling (15) we have

(he)3 = (ek) 3t =k ten' , e < h=kep! (114)
where k = e~ 'he. We now consider the point
I (pr.p2,ps) = [ern, ehs, (e€)15] € E12EasErs! (115)

where the square bracket denotes, as in (12), the equivalence class under the H action®.
Expression (115) is well defined because 7w(ee’) = m(e)m(€') = gi12g23 = ¢13 the last

equality following from py = giapa, p2 = gosps, p1 = gi3ps. Moreover f(pi,pa,ps) is
independent from e and €', indeed let é and € be two other elements of E such that

m(é) = 7w(e), m(¢') = m(e'); then é = he, & = h'e’ with h, k' € H and [é19, &3, (6¢)15] =
[heis, W €3, et~ te thee (e€') 5] = [e12, €hs, (€€')15]. This shows that (115) defines
a global section f~' of T = £12E23E5". Using the second relation in (114) we also have
that f' is central so that 7 is a trivial bibundle. Finally (the inverse of) condition
(92) is easily seen to hold and we conclude that (£, P, M, f) is a bundle gerbe. It is the
so-called lifting bundle gerbe.

6. Bundle Gerbes Modules

The definition of a module for a nonabelian bundle gerbe is inspired by the abelian
case [6].

Definition 16. Given an H-bundle gerbe (£,Y, M, f), an E-module consists of a triple
(Q,Z,z) where @ — Y is a D-H bundle, Z — Y is a trivial D-bibundle and z is a
global central section of Z=% such that:
i) on Y12
Q.& = 20, (116)

and moreover )

P12 = ‘bfl 0 12 0h,. (117)
i) (116) is compatible with the bundle gerbe structure of £, i.e. from (116) we have
o7 = 21222321_31 Q, on YB and we require that

2923212 = Z1351(f) (118)
holds true.

%It can be shown that a realization of the equivalence class [e;2, ehs] € E12€23 is given by (p1, p2, ps; e€’)
where ee’ is just the product in E. (We won’t use this property).
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Remark 17. Let us note that the pair (Z, 271) and the pair (7, £ ') in the above definition
give the isomorphisms

2: Q1€ — Qy , [:&0€s3— & (119)
respectively of D-H bundles on Y2 and of bibundles on Y. Condition 4) in Definition
16 is then equivalent to the commutativity of the following diagram

Q1608 —2L, 0,6,

a1 idgl lm (120)

Q2523 & Q3

Definition 18. We call two bundle gerbe modules (Q, Z,z) and (Q',Z',2") (with the
same crossed module structure) equivalent if:

i) Q@ and Q' are isomorphic as D-H bundles; we write Q@ = TQ' where the D-bibundle T
has global central section i~' and ¥ = o ’

i) the global central sections z, z' and i~ satisfy the condition 2’y = iy " 212%;.

Let us now assume that we have two stably equivalent bundle gerbes (€,Y, M, f) and
(Y, M, f') with Y' =Y. We have [cf. (93), (94)] n12E12 = MELNG ! and ¢, (f) =
05 fp,5(€93)815. Let Q be an £-module and 7 a trivial D-bibundle with a global central
section i~'. Tt is trivial to check that ZON is an &-module with 2|, = Z,&,(1n12) Z12Z;
and 2/, = 45 212€(n12)41. It is now easy to compare modules of stably equivalent gerbes
that in general have Y # Y.

Proposition 19. Stably equivalent gerbes have the same equivalence classes of modules.

Now we give the description of bundle gerbes modules in terms of local data on M.
Let {EE,z} be a gerbe in the sense of definition 15.

Definition 20. A module for the gerbe {E,3} is given by a collection {Q.} of D-
H bundles such that on double intersections O,p there exist trivial D-bibundles Z,3,
Qn€ap = Z039p, with global central sections zqp of Zt;ﬁl such that on triple intersections
Oaﬁv

ZpyZap = Zar€a(Fapy) (121)

and on double intersections Oqgp

Pos =o' 0 " oty (122)

Canonical module.

For each H-bundle gerbe (£,Y, M, f) we have a canonical £-module associated with it;
it is constructed as follows. As a left Aut(H )-bundle the canonical module is simply the
trivial bundle over Y. The right action of H is given by the canonical homomorphism
Ad: H — Aut(H). For (y,n) € Y x Aut(H) we have &,y (h) = no Adjon" = Ad,xand
Yy () =n(h). The Aut(H)-H bundle morphism 2 : (Y X Aut(H)):E — (Y X Aut(H)),
is given in the following way. A generic element of (Y x Aut(H)),€ is of the form
[(y,9, (y,n)), €] where n € Aut(H), (y,y’) € Yand e € € such that p; o p(e) = y and
p2 o p(e) =9 Here p is the projection p : £ — Y. We set

2([(w, 95 (ysm),el) = (v, v, (¥, m o @)
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The commutativity of diagram (120) is equivalent to the following statement

7o Sof[el,eg} =no Soel © Soeg
and this is a consequence of the isomorphism of H-bibundles
[ &2€az — Ens.
We have
f(ler, ea]h) = (fler, e2])h,
but we also have
f(ler, e2)h) = f(pe, 0 e, (h)[e1, €2]) = @, o @, (h) f([e1, €2]).

On the other hand we can write

(fler, ea])h = S"f[el,eg](h)f[elv ea].
Hence
Sof[el,eg}<h) = Soel © <p€2<h>

and the commutativity of diagram (120) follows. We denote the canonical module as can
in the following.

In the case of a bundle gerbe £ associated with the lifting of a G-principal bundle P,
as described in Section 5, we have another natural module. We follow the notation of
Section 5. In the exact sequence of groups (112)

l1-H—-FES5G—1,

H is a normal subgroup. This gives the group H the structure of a crossed E-module.
The &-module Q is simply the trivial £-H bundle P x E — P. The D-H bundle
morphims 2’ : Q1€ — Qy is given by (recall p; = 7(€)ps)
zl[<p17p27 <p17 6), (p17p27 é)] = (p17p27 (p27 €é)),

which of course is compatible with the bundle gerbe structure of £. Due to the exact
sequence (112) we do have a homomorphism E — Aut(H) and hence we have a map

t:Y X E—Y x Aut(H),

which is a morphism between the modules compatible with the module structures, i.e.
the following diagram is commutative

Q1512 L QQ

tl lt (123)

219
caniE1y ——— cany

More generally given any bundle gerbe £ and an £-module Q we have the trivial Aut(H)-
H bundle Aut(H) xp Q (see Section 2). This gives a morphism t : Q — can.

Now suppose that the bundle gerbe £ is trivialized (stably equivalent to a trivial bundle
gerbe) by &g ~ Nl_lf\/g with A an H-bibundle on Y, hence a £-module satisfies

Qo ~ Q1&19 ~ Q1N1_1N2,
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hence
QN '~ QN (124)
It easily follows from (124) that QN1 — Y gives descent data for a D-H bundle @ over

M. Conversely given a D-H bundle @ — M the bundle p*(@)/\/’ is a £&-module. This
proves the following

Proposition 21. For a trivial bundle gerbe (£,Y, M, f) the category of E-modules is
equivalent to the category of D-H bundles over the base space M.

7. Bundle Gerbe Connections

Definition 22. A bundle gerbe connection on a bundle gerbe (£,Y, M, f) is a 2-connection
(a,A) on & — Y such that
apptag = fTa, (125)
or which is the same L .
agtaptay =f df +Ta(f ) (126)
holds true.

In the last equation ?_1 is the bi-equivariant map ?_1 : 7 — H associated with the
global central section f~' of 7. Moreover we used that (a”, A”) is a right 2-connection
on & and a left 2-connection on £~ [cf. (15)].

Remark 23. Tt follows from (125) that for a bundle gerbe connection A;3 = A3 must be
satisfied, hence A is a pull-back via p; on Y of a one form defined on Y. We can set
Ay = Ay = Ajz. Definition 21 contains implicitly the requirement that (aj2, @s3) are
summable, which means that A] = As. More explicitly (see (53)):

Ai + ada,, = 1042075 + prader; - (127)

The affine sum of bundle gerbe connections is again a bundle gerbe connection. This
is a consequence of the following affine property for sums of 2-connection. If on the
bibundles E; and Fy; we have two couples of summable connections (aq,as), (a},al),
then Aa; + (1 — A)a] is summable to Aas + (1 — A)a), and the sum is given by

(Aa; + (1 = Na))+Aas + (1 — Na),) = Mai+as) + (1 — N)(a}+a)) . (128)
We have the following theorem:

Theorem 24. There ezists a bundle gerbe connection (a, A) on each bundle gerbe (E£,Y, M, f).

Proof. Let us assume for the moment the bundle gerbe to be trivial, & = N[ *ZN; with
a bibundle A/ — Y and a trivial bibundle Z — Y2 with global central section z~'.
Consider on Z the 2-connection (a, A), where the Lie(Aut(H))-valued one-form A on Y
is the pull-back of a one-form on M. Here e is canonically determined by A and z™!,
we have a = z7'dz + T4(27"). Next consider on N an arbitrary 2-connection (@, A).
Since A is the pull-back of a one form on M we have that the sum a = aj+a+a,
is well defined and that (a,A = A") is a 2-connection on £. Notice that under the
canonical identification Zlg./\fg./\f{lZgg = Z19Z93 we have the canonical identification
aotas+as+ a3 = o+, The point here is that /\/2/\/2_1 has the canonical section



26

1 =[n,n"'], n €Ny, and that as+a} = 1d1~" + T4(1) independently from @,. Then
from £ = N;lz/\/Q we have 51252351_31 = /\/’1_121222321_31/\/'1 and for the connections we
have

aptag+taij; = ajt+aptontaij;+a; . (129)

We want to prove that the r.h.s. of this equation equals the canonical 2-connection

ffldf - TAI(?A) associated with the trivial bundle 7 with section f~'. We first ob-
serve that a similar property holds for the sections of Z15Z323" and of 7 f! =
w1 (215 295 213) = Ny ' 215 253 213n1 independently from the local section 1, of Nj. Then
one can explicitly check that this relation implies the relation aj+o2+oaus+af;+a, =
?_1d? +T Al(f_l). This proves the validity of the theorem in the case of a trivial bundle
gerbe. According to Theorem 14 any gerbe is locally trivial, so we can use the affine

property of bundle gerbe connections and a partition of unity subordinate to the covering
{04} of M to extend the proof to arbitrary bundle gerbes. O

A natural question arises: can we construct a connection on the bundle gerbe (£, Y, M, f)
starting with:

e its nonabelian Cech cocycle 771 T —H, ¢op:ExXxH—H
e sections o, : O, — Y
e a partition of unity {p,} subordinate to the covering {O,} of M ?

The answer is positive. Let us describe the construction. First we use the local sections
2
2w,y - [0al),y, ¢, where o(y) = p(y) = =,

0, to map Y|g]a to Y via the map rq
similarly 7l : Y] [O”a — YBl Next let us introduce the following H-valued one form a

* — .1
o= pr i (FaT™). (130)
We easily find that

"™a = Adya + p} (hz parl =1 (d go(h1)> :

The Lie(Aut(H))-valued 1-form ) par(g]*go_l d e is, due to (5), well defined on Y. We

set

A=Y parlletde—d (131)
for the sought Lie(Aut(H))-valued 1-form on Y. Using the cocycle property of f and ¢
we easily have
Proposition 25. Formulas (130) and (131) give a bundle gerbe connection.

Using (88) we obtain that the 2-curvature (k, K) of the bundle gerbe 2-connection
(a, A) satisfies

kixtkoz+ki3 = Tk, T (132)
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Connection on a lifting bundle gerbe.

Let us now consider the example of a lifting bundle gerbe associated with an exact
sequence of groups (112) and a G-principal bundle P — M on M. In this case, for
any given connection A on P we can construct a connection on the lifting bundle gerbe.
Let us choose a section s: Lie(G) —Lie(E); i.e a linear map such that m o s = id. We
first define A = s(A) and then consider the Lie(E) valued one-forms on P2 given by
Ay = pts(A) and Ay = pis(A), were p; and p, are respectively the projections onto the
first and second factor of P2, We next consider the one-form a on & that on (p1,p2;€) € E
is given by

a=edye ! +ede — Ay, (133)

here A; = p*(A;) and Ay = p*(A,), with p : € — PP It is easy to see that 7*a = 0 and
that therefore a is Lie(H) valued; moreover (a,ady) is a 2-connection on £. Recalling
that on & we have ¢, ..y = Ad,, it is now a straightforward check left to the reader to
show that (a,ad,) is a connection on the lifting bundle gerbe.

Connection on a module.

Let us start discussing the case of the canonical module can = Aut(H) X Y (see Section
6). Let (@, A) be a connection on our bundle gerbe (£,Y, M, f). The Lie(Aut(H))-valued
one-form A on Y lifts canonically to the connection A on can defined, forall (n,y) € can,
by A = nAn~! 4+ ndn~'. Let us consider the following diagram

2

cany & & £ (134)
L X
™1
can can E —= cany .

As in the case of the bundle gerbe connection we can consider whether the Lie( Aut(H))-
valued one-form A; + £&(a) that lives on cany ® € is the pull-back under ¢ of a one-form
connection on can,&. If this is the case then we say that A; and a are summable and
we denote by A;+ad, the resulting connection on can €. Let us recall that on can we
have £, v = Ad o,y with ¥, (h) = n(h). It is now easy to check that A and a
are summable and that their sum equals the pull-back under z of the connection As; in
formulae

Ai4ad, = 2* A, . (135)
We also have that equality (135) is equivalent to the summability condition (127) for

the bundle gerbe connection a. Thus (135) is a new interpretation of the summability
condition (127).

We now discuss connections on an arbitrary module (Q, Z, z) associated with a bundle
gerbe (£,Y, M, f) with connection (a, A). There are two natural requirements that a left
connection A" on the left D-bundle Q has to satisfy in order to be a module connection.

The first one is that the induced connection AP on Aut(H) xp Q has to be equal (under
the isomorphism o) to the connection A of can. This condition reads

AP =AY~ apdap! (136)

where in the Lh.s. AP is tought to be Lie(Aut(H)) valued. In other words on Y we
require 0* AP = A, where o is the global section of Aut(H) xp Q.
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Next consider the diagram

Q¢ (137)

SN

Qi QE—> Q.

We denote by A{)—i—a(a) the well defined D-connection on Q& that pulled back on Q1 HE
equals 7 AP + €(m3a). It is not difficult to see that AP is indeed summable to a if forall
h e H, a(Tap(h)) = Ty sp1 payp-1 (7). This summability condition is thus implied by
(136). The second requirement that A" has to satify in order to be a module connection
is

AP+ a(a) = 2 AD . (138)
These conditions imply the summability condition (127) for the bundle gerbe connection
a.

Concerning the D-valued curvature K” = d AP + AP A AP we have
KPtra(ky) = 21,KP . (139)

In terms of local data a gerbe connection consists of a collection of local 2-connections
(anp, Aa) on the local bibundles £,5 — O,p. For simplicity we assume the covering
{O,} to be a good one. The explicit relations that the local maps fu3, : Ougy — H,
©Yap : Oup — Aut(H) and the local representatives A,, Ka, aop and k,s (forms on O,,
O,p, etc.) satisfy are

fapyfars = Pap(foy5) faps » (140)
PaBPpy = Adfagﬁoaw ) (141>
(ap + @aﬁ(aﬁv) = faﬁ“/aa'yfa_ﬁla, + faﬁw d fa_ﬁl’y + T, (ftﬁ’y) ) (142>
A + ada,y = PapAppos + Pasdong (143)
kop + Soaﬁ(kﬁv) = faﬁfykaw (;517 + Tk, (faﬁ’y) (144)
and
Ko+ ady,, = 0apKap - (145)

8. Curving

In this section we introduce the curving two form b. This is achieved considering a
gerbe stably equivalent to (€,Y, M, f). The resulting equivariant H-valued 3-form h is
then shown to be given in terms of a form on Y. This description applies equally well to
the abelian case; there one can however impose an extra condition [namely the vanishing
of (147)]. We also give an explicit general construction of the curving b in terms of a
partition of unity. This construction depends only on the partition of unity, and in the
abelian case it naturally reduces to the usual one that automatically encodes the vanishing

of (147).
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Consider a bundle gerbe (£€,Y, M, f) with connection (a, A) and curvature (kq, K4)
and an H-bibundle N' — Y with a 2-connection (¢, A). Then we have a stably equivalent
gerbe (NT'ENL, Y, M, (f)) with connection (8, A™) given by

0 =cl'+a+c,. (146)
Also we can consider a K 4-equivariant horizontal 2-form b on A. Again on the bibundle
NTEEN; — Y we get a well defined K'}!-equivariant horizontal 2-form

6 =bl'+ke+b,. (147)

Contrary to the abelian case we cannot achieve § = 0, unless K 4 is inner (remember 4 is
always K')'-equivariant). Next we consider the equivariant horizontal H-valued 3-form h
on N given by

h=D.b. (148)
Because of the Bianchi identity dK 4 + [A, K] = 0 this is indeed an equivariant form on
N. Obviously the horizontal form ¢~!(h) is invariant under the left H-action

"o~ (h) = ¢ (h) (149)

and therefore it projects to a well defined form on Y.
Using now the property of the covariant derivative (86) and the Bianchi identity (68)
we can write

hi4+hy = Dgd . (150)
Finally from (72) we get the Bianchi identity for h
Dch = ke, b + Tk, (ko) — T, () . (151)

For the rest of this section we consider the special case where N is a trivial bibundle
with global central section & and with 2-connection given by (¢, A), where ¢ is canonically
given by &,

c=ado " +Ta) .
Since the only H-bibundle N’ — Y that we can canonically associate to a generic bundle
gerbe is the trivial one (see Proposition 7), the special case where N is trivial seems quite
a natural case.

In terms of local data curving is a collection {b,} of K,-equivariant horizontal two
forms on trivial H-bibundles O, x H — O,. Again we assume the covering O, to be a
good one and write out explicitly the relations to which the local representatives of b,
and h, (forms on O,) are subject:

kap + Pap(bs) = ba + Gag (152)
dap + Pas(0py) = fapyOary ;ﬁlfy + Ty (fapy) (153)
Vo = K, — ady,, (154)
ha:dba_TAa<ba>a ( )
ap(hp) = ha + ddap + [aap, dap] + Tk (ap) = Tao(0ap) (156)
and the Bianchi identity

dho + Ti, (ba) = 0. (157)
Here we introduced 0o5 = @ (0as) . Equations (140)-(145) and (152)-(157) are the same

as those listed after Theorem 10.1 in [26].
We now consider the case Y = LO,; this up to stable equivalence is always doable.
Given a partition of unity {p,} subordinate to the covering {O,} of M, we have a natural
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choice for the H-valued curving 2-form b on UO, x H . It is the pull-back under the
projection LIO, x H — LUO,, of the 2-form

U ppkas (158)
B

on Y = UO,. In this case we have for the local H-valued 2-forms d,s3 the following
expression

5&,6’ = Zp,y<faﬁﬁ/]€afy 0761’7 - ka’y + TKa(fCM,B’Y))

v

= >0y (kas + Paslhs) = ko). (159)
v
We can now use Proposition 25 together with (158) in order to explicitly construct from
the Cech cocycle (f, ) an H-valued 3-form h.
We conclude this final section by grouping together the global cocycle formulae that
imply all the local expressions (140)-(145) and (152)-(157),

F12aP12(Fa3a) = Fr3a Fras (92)

aptass = a3, (125)

6 =bl'+ko+b,, (147)

h=D.b. (148)
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