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Chapter 1

Basic concepts

1.1 Loss function and risk

Let X be an observable random vector, X € X and P = {F,0 € O} be a system of
probability distributions, indexed by an unobservable parameter . We want to estimate
the function g(6) : © — R'. The observed values x of X create the data.

An estimator of g(0) is a function T'(X) : X + R'. The loss incurred when we estimate
g(0) by t is measured by the loss function L(#,t) which should satisfy

L(6,t) >0 Vo, t;
L(6,g9(6) =0 V0.
The quality of estimator T is measured by the risk function
R(0,T) = FE, L(0,T(X)).
We wish to get the uniformly best estimator 7', which satisfies
R(0,T) =min with respect to 7, uniformly in 6 € ©.

Such estimator exists only in special cases; if it does not exist, we minimize the risk only
over a subclass of estimators, e.g.

e unbiased estimators: bias = FyT'(X) — g(6) =0
e median unbiased estimators: Pp(T(X) < g(0)) = Pp(T(X) > ¢(0)).

o If X ~ F(z — ) (shift parameter) and L(6,t) = L(|0 — t|), then we consider the
equivariant estimators satisfying T(X; +¢,..., X, + ¢) = T(X) + c.

Other possibilities:

e Instead of minimizing the risk uniformly over § € ®, we can minimize
/@ R0, T)w(f)dd = min over T with respect to the weight function w.

Such estimator is called the formal Bayesian estimator with the (generalized) prior
density w(6)

e or sup, @ R(0,T) = min (minimax estimator).
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1.2 Convex loss function

Convex function: ¢(Ax + (1 — AN)y) < Ap(z) + (1 — X)o(y)

strictly convex: ¢(Az + (1 — N)y) < Ao(z) + (1 — N)o(y), x # v.

If ¢ is convex in I = (a,b) and ty € [ is fixed, then there exists a straight line y = L(z) =
c(t — to) + ¢(to) coming through the point [to, ¢(t9)] such that L(z) < ¢(z) Vz € I.

Theorem 1.2.1 Jensen inequality. If ¢ is convex on an open interval I and the random

variable X satisfies
P(Xel)=1 and |F X| < 0,

then
o(FE X) < FE ¢(X). (1.2.1)

If ¢ is strictly convex and X is not constant with probability 1, then (1.2.1) holds as a
sharp inequality.

Proof. Put ty = IF X. Let L(x) is the straight line such L(x) < ¢(x) coming through
point [tg, ¢(ty)]. Then

E ¢(X) > E L(X) = E[e(X — E X)| + 6(E X) = ¢(X).

If ¢ is strictly convex, then the line touches ¢ at ty only, otherwise L(x) < ¢(x). O

Definition 1.2.1 The statistic S : X — S is called sufficient for the system P if there is
a version of the conditional distribution Py (X € A | S =s) = X\s(A) independent of 6.

Theorem 1.2.2 Rao-Blackwell. Let X be an observable random vector with distribution
PyeP={Py: 9 € O}. Let S be a sufficient statistic for P. Consider the estimation
problem with a strictly convez loss function L(0,t). Let T be an estimator of g(6) with
finite expectation and risk, i.e. R(0,T) = Iy L(0,T(X)) < oo V6. Denote

T*(S) = E{T(X)|S(X) = s}.

Then T*(S(X)) is an estimator satisfying R(0,T*) < R(0,T), unless T(X) = T*(S(X))
with probability 1.

Proof. Because S is sufficient, 7%(S5) does not depend on # and thus it is an estimator.

Put ¢(t) = L(6,t). Then
¢(T"(s)) = L(0,T"(s)) = L0, E(T|S = s)] = ¢(E(Ts))

< E(@(T)]S = s) = E[L(0, T(X))|S = ]
unless T'(X) = T*(S(X)) with probability 1; hence

R(0,T%) = E,L[0, T*(S(X))] < EyL(6,T(X)).



Remark 1.2.1 If L(0,t) is convex, but not strictly, then Theorem 1.2.2 holds with an
unsharp inequality.

Definition 1.2.2 (Admissibility). The estimator T is called inadmissible if there ezists
another estimator T' dominating T, i.e. such that

R(0,T"Y < R(0,T), VO, with a sharp inequality at least for one 6. (1.2.2)

The estimator T is called admissible with respect to the loss L(0,t), if there is no estimator
T satisfying (1.2.2).

If L(0,t) is strictly convex, and an admissible estimator exists, then it is uniquely deter-
mined. More precisely,

Theorem 1.2.3 Let L(0,t) be strictly conver and T' be an admissible estimator of g(0).
If T" is another estimator with the same risk and T, i.e. R(0,T) = R(0,T") V0, then
T(X) =T (X) with probability 1.

Proof. Put 7% = (T + T"). Then
1
R(9,1) < 5[R(6,T) + R(9,T")] = R(6,T) 9,

unless 7' = T" with probability 1. But this contradicts with the admissibility of 7" a

1.3 Estimation of vector function

The situation is analogous for the estimation of the vector function g(6) = (¢1(f), . .., gx(0)).
Its estimator T(X) is also a k-dimensional vector. The function ¢ : E — R! where E is
a convex set, is called convex, if

d(Ax1 + (1 — N)x2) < Ap(x1) + (1 = N)p(x2) Vxi,x2 € E and 0 <\ < 1.

If ¢ is twice differentiable in E, then ¢ is convex [strictly convex] iff the Hessian matrix

- Pp(xy, ..., xx)
8@8% ij=1,..k

=1,...,

is positively semidefinite [positively definite].

If ¢ is convex defined on an open convex set £ C R*, then to every fixed point t°
there exists a hyperplane

k
y=L(x)=ot") + > cila; — 1))
i=1
going through the point (t°, #(t°)) and satisfying L(x) < ¢(x) Vx € E.

If X is a random vector such that P(X € A) = 1 for an open convex set A and FEX
exists, then X € A.






Chapter 2

Unbiased estimates

2.1 Uniformly best unbiased estimate

T(X) is unbiased estimate of g(0), if F(T(X)) = g(0) V0 € ©.

Example: Unbised estimates need not exist. Let X have binomial distribution B(n,p)
and let g(p) = }D. If T is an unbiased estimate of g(p), then

ilT(z’) ( 7; )pi(l . }9 Vp € (0,1). (2.1.1)

But if p | 0, then the left-hand side of (2.1.1) — T(0), while the right-hand side — oo,
what is a contradiction with the unbiasedness.

The function g(0) is called estimable, if there exists at least one unbiased estimate of g(6).

Lemma 2.1.1 [Structure of the class of unbiased estimates.] If Ty is an unbiased estimate
of g(0), then every unbiased estimate T of g(0) can be written in the form T = Ty — U,
where U is an unbiased estimate of zero, i.e. such that FEyU =0 V6 € ©.

Proof. If Tj is unbiased, then Ty — U is unbiased VU. If T' is any unbiased estimate, then
Ty — T = U is an unbiased estimate of zero and T' =Ty — U. a

Specifically, consider the quadratic loss L(6,t) = (t — g(6))?. Then the risk of an unbiased
estimate 7T is its variance:

R(0,T) = Ey(T — g(0))* = vargT(X).

If T° minimizes vargT(X) V6 among all unbiased estimates of g(6), then it is called best
minimum variance estimate (BMVE) of ¢(6).

Denote A the set of all unbiased estimates of g(6) satisfying FyT? < oo V0 € ©. Let
U be the set of all unbiased estimates of 0 which belong to A.

Theorem 2.1.1 Let X have distribution Py, 60 € ©, and let T € A. Then T is BMVE
of its expected value g(0) if and only if

Eo[T(X).UX) =0 YU €U and V0 € O,
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Proof.

(i) Necessity: Let T be BMVE, FyT = g(0). Let U € U, U # 0. Put T' = T+ AU, X € R
Then

FEyT'(X) = EyT(X) = g(0) V0
= varyT'(X) > vargT(X) VA = Eo(T')* > E,T?,
thus EyT? + N EgU? + 2AEy(T.U) > E,T?, and

N E,U? +20\Ey(T.U) >0 VA (2.1.2)
The roots of the quadratic equation A2 F,U? + 2\[Ey(T.U) = 0 are

2covy(T, U)

A=0 d AN=-—
a varU

Y

hence the quadratic function can be negative unless covy(T, U) = 0.

(ii) Sufficiency: Let FEy(T.U) =0 VU € U and let 7" be an unbiased estimate of g(6). If
varyT' = 0o, the T" cannot be better than T'. Let vargT’ < oo. Then vary(T—T") < oo
and T'—T" € U, thus

Ey(T(T —T")) =0= EyT? = Ey(T.T' = EyT? — ¢*(0) = Eo(T.T") — g*(0)
= varyT = covy(T,T') = 0 < varg(T — T') = varyT + varyT' — 2varyT
= vargT < varyT’.

O

Definition 2.1.1 The statistic S(X) is called complete for the system of distributions
P ={Dy, 0 € O} if, for any function h(S)

Eoh(S(X)) =0 V0 = h(S(X)) =0 a.s.[P], V0 € ©,

Theorem 2.1.2 Let X follow distribution Py € P and let S be a complete and sufficient
statistic for P. Then every estimable function g(0) has one and only one unbiased estimate,
which is a function of S.

Proof. Let T' be an unbiased estimate of ¢g(#). Then 7*(S(X)) = E(T(X)|S(X)) is an
unbiased estimate which is a function of S.

Let T1(S) and T5(S) be two unbiased estimates of (). Then Ey(T) —Tp) =0 V6,
and because S is complete, it implies that T3 — Ty = 0 s.j. [Py], 0 € ©. O
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Theorem 2.1.3 (Lehmann-Scheffé). Let X follow distribution Py € P and let S be a
complete and sufficient statistic for P. Then

(i) For every estimable function g(8) and every loss function L(0,t) convex in t, there
exists an unbiased estimate T' of g(0) which uniformly minimizes the risk R(0,T).

(i) T is the only unbiased estimate which is a function of S. If L is strictly convex in t,
then T is the only unbiased estimate with minimum risk.

Proof. The Rao-Blackwell theorem holds for S and convex loss function. By Theorem
2.1.2 the estimate T*(S(X)) = F(T(X)|S(X)) is unique, and because S is complete, it
cannot be further improved. O

2.1.1 How to find the best unbiased estimate
Let S(X) be a complete and sufficient statistic.

Method 1: The best unbiased estimate of an estimable function ¢(#) is any function
T(S) such that
E,T(S)=g(0) VOecO.

Method 2: Let us start with any unbiased estimate 7'(X). Then

T'(X) = E(T(X)|S) is the best unbiased estimate.
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Chapter 3

Equivariant estimators

3.1 Estimation of the shift parameter

Let X1,..., X, be a sample from a distribution with distribution function F'(z — 6) and
density f(x — 6). The problem is to estimate § € R! with respect to the loss L(6,1).

Consider the loss which is invariant to the shift, i.e. L(6,t) = L(0+c,t+c¢) Vce R
Then L(0,t) = L(0,t — 0), hence the loss depends only on the difference ¢ — 6. If the loss
is invariant, then the whole problem is invariant to the shift. If we estimate 6 by T'(X),
then a natural estimate of 6 + ¢ is T'(X) + c.

Definition 3.1.1 The estimator T(X) is called equivariant (with respect to the shift) if
it satisfies

T'Xi+c¢....Xp+¢)=T(X;...,X,)+¢c VeeR and VX eR"

Lemma 3.1.1 The bias, risk and variance of an equivariant estimate T'(X) do not depend
on value of 8, and hence are constant with respect to 6.

Proof. If X; has d.f. F(z—0), then P(X;—6 < 2) = P(X; < z2+60) = F(2), thus X; — ¢
has distribution function F'(-). Then

bias = b(0) = Ep(T(X)) — 0 = FEy(T(X; —0,..., X, —0)) = Eo(T(X)) = b,
vargT(X) = E¢(T(X) — E¢T(X))? = E¢ [T(X — 0) + 0 — EgT(X))°

= Ey (T(X = 0) = b)* = Eo(T(X) = b)?,
R(T,0) = Eo|L(T(X) — 0)] = Ep[L(T(X — 0))] = Eo[L(T(X))] = R(T).

O
We shall look for an equivariant estimate with minimal risk (MRE), i.e. T* such that

R(T*) < R(T) for any equivariant estimator 7T # T*.
First we should investigate the structure of the class of equivariant estimators.

13
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Lemma 3.1.2 Let To(X) be an equivariant estimate. Then the estimate T'(X) is equiva-
riant if and only if there exists a statistic U(X), invariant to the shift, i.e. satisfying

UXi+c....,.Xn+c)=U(Xy,...,X,) VeeR' VX, (3.1.1)

such that
T(X) = Tp(X) + U(X) vX. (3.1.2)

Proof.
e Let T satisfy (3.1.1) and (3.1.2). Then

TX+c)=To(X+c)+UX+c)=Ty(X) +c+UX) =T(X) + ¢,
thus T is equivariant.

e Let T be equivariant, and let T be any equivariant estimator.
Put U(X) = T(X) — Tp(X). Then U is invariant and T = T + U. O

Lemma 3.1.3 The function U(x) is invariant if and only if it depends only on differences
Yi =T — T1, © = 2,...,n in case that n > 2. If n = 1, then the only invariant are the
constant functions.

Proof. If n =1, then U(z + ¢) = U(z) iff U(x) is a constant.
Let n > 2 and U(x + ¢) = U(x). Then )
Uxy,...,zn) =U(xy — 21,00 — 1, ..., T — 1) = U(0,92, ..., Yn) =U(yo, ..., ys). O

Corollary 3.1.1 Let Ty be an equivariant estimate and n > 2. Then the estimator T' is
equivariant if and only if there exists a function U(Ya,...,Yn) of Y = (Ya,...,Y,) such
that T(X) = To(X) — U(Y).

Remark 3.1.1 The differences Yo = Xo—X4,...,Y, = X, —X; deéermz'ne all differences
X, — Xj, © # j. Instead of Y we may take e.g. X; — X,..., X, — X.

Definition 3.1.2 The statistic S(X) is called mazimal invariant with respect to the shift,
if it is invariant and if

S(Xy) = S(Xy) if and only if Xy =X, +c for some c€ R

We see that Ys,...,Y, or X; — X,..., X,, — X are maximal invariants. Maximal
invariants are important, because of the following property:

Lemma 3.1.4 The function U(x) is invariant if and only if it is a function of a mazimal
mvariant.

Proof. If U is a function of S, i.e. U(x) = h(S(x)), then it is invariant.
Let U be invariant and let S(x;) = S(x2). Then x5 = x; + ¢, hence U(zy) = U(x;). O



15

Theorem 3.1.1 (Minimum risk estimate). Let Ty be an equivariant estimate with a finite
risk. If for any value of differences y there exists v*(y) which minimizes

Ey { LIT(X) = o(Y)]| Y =y}
with respect to functions of y, then there exists a minimum risk estimate and is equal to
T*(X) = To(X) — v*(Y).
Proof. Let T(X) = T5(X) — v(Y). Then

Ry(T(X),0) = Ep[L(To(X) — v(Y) = 0)] = Eo{L[To(X) — v(Y)]}
Eo [E {1030~ o(V)|Y}] = [ B {21000 - o)) [y} ds(y)

should be minimized with respect to v(:). But this is minimized if the integrand in mini-
mized for every y. O

Corollary 3.1.2 (a) If L(t — 0) = (t — )2, then v*(y) = Ey {TO(X)‘ Y = y} :

(b) If L(t — 0) = |t — 0|, then v*(y) is the conditional median of To(X) with respect to
the conditional distribution of X given Y =y.

Example 3.1.1 Let X;,..., X, be a sample from the normal distribution N (&, 0?) with
o known. Put Ty(X) = X. Then X and Y = (X5 — X;,..., X,, — X)) are independent,
hence when we consider Ey[L(X — v(Y)[Y = y]|, we conclude that v(y) = const and is
determined by the condition that Fy[L(X — v)] = min. Thus, if L is a convex and odd
function, then v = 0 and X is the MRE (minimum risk estimator).

Theorem 3.1.2 Let F be the class of all distribution functions with Lebesque densities
f, which have a finite fived variance, say o = 1. Let X4,...,X,, be a sample from the
distribution with density f(x —&), where £ = IE X. Let r,(f) be the risk of the MRE of £
with respect to the quadratic loss function. Then r,(f) is mazimal over F for the normal

f.
Proof. If F is normal, then X is the MRE and FE(X — £)* = 1/n. Because 1/n is also
the quadratic risk of X for every F' € F, the risk of the MRE < 1/n. O
Remark 3.1.2 [t follows from Corrollary 3.1.2 that the MRE should satisfy

T*(X) = X — Ey(X]Y), hence

T*(X) = X <= Eo(X[Y)=0.

But by Theorem of Kagan-Linnik-Rao (1967), Eo(X|Y) = 0 is true if and only if the
distribution of X1, ..., X, is normal.
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Example 3.1.2 FExponential distribution. Let Xy, ..., X, have the distribution function

F(z—0)=

l—exp{z—0} ... >0
0 oox <.

Put T5(X) = Xy, where X1y < X9y < ... < X, are order statistics. Then

=1

hence the density of X(y) is nexp{—n(z —0)}.

Because X(1) and Y are independent, the invariant function v(Y) = const, similarly
as in Example 3.1.1. We look for v such that Fo[L(X1) — v)] = min.

If L(t —0) = (t — 0)?, then Ey(X(1) —v)* = min for

[e.e]

o 1 1
v=IFEXq = n/ xexp{—nx}dr = —/ yexp{y}tdy = —
0 nJo n

and the MRE is T*(X) = Xy — + .

3.1.1 The form of Pitman (MRE) estimator

Let Xi,..., X, be a sample form a distribution with density f(z — #). Then the Pitman
(MRE) estimator with respect to quadratic loss is T7%(X) = Tp(X) — FEo[To(X)|Y], where
To is an initial equivariant estimator with a finite risk. Then 7*(X) can be also written
in the following form:

St X =) f(X = t)dt
X =t f(X - t)dt

" (X)
Proof. Put Ty(X) = X;. We shall look for the conditional density of X; given Y =y

under § = 0. Make the substitution

Yi=x; —T1, 1=2,...,M

Ty = 1.
Then the density of Y* = (X1,Y5,...,Y,) is
p(y") = f(z1, 21+ 2, .., @1 + Yn)
and the conditional density of X given y = (ya,...,ys) is

f(x1>$1+y27--~;551+yn)
f_oooof(u,u+y2,...,u+yn)du '
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Hence,
o ufu,u+yo, .. u+ys)du
f_oooof(u7u+y27au+yn)du

_ f_“";o(X1 —Of( X1 —t,Xo—t,..., X, — t)dt
ff‘;o f(Xy—t,..., X, —t)dt ’

EX|Y =y)=

where we inserted t = Xy —u, y; = X; — Xy, 1 =2,...,n. Then
[ (X =0 f(X =t Xo—t,..., X, — t)dt
[ X =t X, —t)dt

et (X =) f(X = t)dt
X =ty (X = )t

a

Example 3.1.3 Let Xi,..., X, be a sample from the uniform distribution R(6—3,6+1)
and let L(t — ) = (t — 0)%. Then

f(l‘l, R

) {1 e =1 <Xy < Xy <041,
y In) =

0 ... otherwise
Then, under 6 = 0,

1 ... X(n)—
flzy —t,.. .z, —t) =

0 ... otherwise

Put Ty, = %(X(l) + X(n))- Then

Xoyts
[ttt =i = [ b= 4 + P (X - 3]
Xmy—3
and
Xtz
/f(a:l—t,...,xn—t)dt:/ dt:1—<X(n)—X(1)).
X(m=3
Finally,

ey LX) + X)) = (X — X))
r=5 (1= (X — X)) a

DN |

(X + Xwy)-
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3.2 Relation of equivariance and unbiasedness
Lemma 3.2.1 Let L(t — 0) = (t — 6)*.

(i) If T(X) is equivariant and has constant bias FEyT(X) — 60 = b (a non-null constant),
then T(X) — b is an equivariant and unbiased estimator, whose risk is less that the

risk of T'(X).
(ii) If the MRE is uniquely determined, then it is unbiased.

(iii) If there exists a uniformly best unbiased estimate which is equivariant, then it is the

MRE.
Proof.
(i) Let T1(X) = T(X) — b. Then it is equivariant and Fy(71(X)) =60 +b—b =6, and

Eo(T1(X))* = Eo(T(X) — b)* = EyT*(X) — b* < ET*(X).

(ii) Let T* be the MRE and T be any equivariant estimate with finite risk. Then

T*(X) =T(X) - BE(TY), EyT*)?< ET? EJT*=0.

(iii) Let 7" be uniformly best unbiased and also equivariant. Let T} be equivariant. Then
EyTy = 0+ b and if b # 0, then Fy(T) — b)*> < EyT?. This implies that

Ey(T —0)* = Ey(T)* < B(Ty — b)* < E T}

Definition 3.2.1 Estimator T of g(0) is called risk unbiased with respect to the loss L,
if

EgL(0,T) < EyL(0',T) VO 6.
The following theorem shows that the MRE is risk unbiased:

Theorem 3.2.1 Let X1,..., X, be a sample from a distribution with the density f(x—8).
Then the MRE with respect to the loss L(0,t) = L(t — 0) is risk unbiased.

Proof. The risk unbiasedness means that
EoL(T(X) —0") > EyL(T(X) — 6) Vo' # 0,
otherwise speaking,

EoL(T(X) — a) > ByL(T(X))  Va #0.
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Let T* be the MRE. Then 7T*(X) = T5(X) — v*(Y) where

Eo[L(Ty(X) — v*(Y)[Y =] = min.

Then
EG[L(T(X) — a)] = Eo[L(To(X) — v*(Y) — a)]
= Eo{ Eo[L(To(X) — v*(Y) — a)[ Y]} = Eo{ Eo[L(To(X) — v*(Y)[|Y]}
= o[ L(T(X))]

where we used the fact that v*(Y) + a is also an invariant function. 0
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Chapter 4

Asymptotic behavior of estimates

4.1 Consistency

Let X;,...,X, be independent observations with distribution Py, 6 € ©. We want to
estimate the function g(#). Then the estimator 7T, is called

weakly consistent estimate of ¢(f) if T,, == g(6) VO € ® as n — oo
strongly consistent estimate of g(0) if T,, — ¢(0) a.s.[Py] V0 € © as n — oc.
Let R(0,T,) = IEy(T(X) — g(0))? be the quadratic risk. Then
Theorem 4.1.1 (i) Iflim, .., R(0,7,) =0 VO € O, then T, is weakly consistent.
(i) If
lim FE,T,(X) = g(0) Vo € O,

n—oo

lim vargT,(X) =0 VO ®

n—oo

then T, 1s weakly consistent.

(iii) Especially, if T, is unbiased ¥n and lim,, ., varyT,(X) =0 VO € ©, then T, is
weakly consistent.

Proof.

(i) By Chebyshev inequality,

PAIT. (X)) = 9(6)| > ) < o (Tu(X)) — 9(0)) = SR, T,) — 0.
(i)
PAIT,(X)) ~ g(0)] > ) < By (IT:(X) — 9(0)) <

1 2
E—QEQ [T, — EyT, + EyT, — g(0))° < = (varg Ty + (ba(6))?) — 0.

21
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O

The parameter 6 or the function g(f) can be estimated by a consistent estimate only
if 0 is identifiable, i.e. if [0y # Os] = [Py, # Po,)-

4.2 Efficiency

Definition 4.2.1 (Limiting risk efficiency of T, to T). Assume that two sequences
{T.}, {T7} of estimates satisfy

lim n"R(T,,0) = lim n"R(T}, ,0) (4.2.1)

n—~o0 n—oo

for some sequence {m,}>>, and a fired r > 0. Then the limit
mn

lim —,
n—oo M

if it exists and is independent of the special choice of {m,}, is called the
limiting risk efficiency of T,, with respect to T).

Definition 4.2.2 (Relative asymptotic efficiency of T, to T ). Let

VT, — g(6)) = N(0,0%) as n — o, (4.2.2)
V(T — g(9)) 2, N(0,0%) as n — oo.

Then the limit
. my
err~ = lim —,

n—oo M

if it exists and is independent of the special choice of {m,}, is called the relative asymptotic
efficiency (ARE) of T,, to T}.

Theorem 4.2.1 Let

VT, — g(6)) = N(0,0%) as n — oo, (4.2.3)

Then
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Proof. Assume (4.2.3). Then

VAT, = 80) = | (T, = 9(0)

and
V(T — g(0)) = N(0,0 —
mpy eTT*
Vin(Ts, — 9(6)) = N(0,02),
thus e« = 02/0?. O

Consider the system of distributions P = {Fp; 6 € ©} with densities f(x,0) satisfying
(Ao) Pgl 7é P,92 for 01 §£ 92.
(A1) B={z: f(x,0)> 0} is independent of 0.

(Ag) Let X,..., X, be a sample from a distribution with density f(z,6), where 6y €
Z C O for an open interval 7.

Theorem 4.2.2 Under conditions (Ag)—(Asz), it holds for any 0 # 6y, 6 € ©

Jim P, {ﬁ f(Xi,00) > ﬁf(Xi,Q)} =1 (4.2.4)

i=1 i=1

Proof. By the law of large numbers and Jenssen inequality, as n — oo,

1 (X0, 60) P f(X,0) f(X,0)
Zl X0 2 [y, log X0 < log Egof(X o

This implies
IEN f(Xi,0)
Py, < — log ~————=
0o {nz og (X, 60) > 0} — 0
and that gives (4.2.4). O
Denote

L(0,X) =log [[ f(Xi.0)  (the likelihood).
=1

The maximum likelihood estimate (MLE) of 6 is defined as a solution of the maximization
L(#,X) = max, 6 € ©.
It is one of the solutions of the likelihood equation

aLex f(Xi,0) _
Z

) (4.2.5)
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Assume that conditions Ag—As are satisfied and that f(x,0) is differentiable in 6 €
7 C O, where Z 3 0y. Then

Theorem 4.2.3 Under the above conditions, there exists a root 6., of the likelihood equa-
tion (4.2.5) such that

~ Py,
9n e 90

as n — oQ.

Proof. Let a > 0 is such that (6p — a,0y +a) C Z. Let
Sn = {x: L(0y,x) > L(6p — a,x) and L(Oy,x) > L(Oy + a,x)}.

By Theorem 4.2.2 is lim,, o Py,(S,) = 1. There is a local maximum 0, between 0y — a
and 0 + a and it satisfies L'(0,,) = 0. Let 6% be the root of L'(@) = 0 the closest to 6.
Then

JLI{:OPQO(|92_90| <a)=1 Va > 0.

Remark 4.2.1 We know that ©], exists as the root the closest to 6y, but we are not able
to find it, because 6y is unknown.

FEverything holds only with probability tending to 1.

If the likelihood equation has only one root T,, ¥Yn and Vx, then T,, is consistent estimate

Of 90.

Theorem 4.2.4 Let the conditions (Ag)—(As) be satisfied, and let it further hold

03 log f(x,0)

(43) 003

<

forx € B and for |0 — 6| < C, where M(x) is such that g, M (X) < co. Then every con-
sistent sequence 6, = 0,,(X) of roots of the likelihood equation is asymptotically normally
distributed, i.e.

L0 — 0)) = N (O’ %)

2
where Z(0) = [ (moga—j;(:e,@> f(z,0)du is the Fisher information.

Some steps of the proof.

0= n—1/2L;(én) _ n—1/2 Z f(Xm QAn)
i=1 f(Xu Qn)

=021 (60) + n'2(0, — 00) - LLI(00) + in 202 (B, — 0,))*L L2 (67)
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with 6% between 6y and 6,,. Then

N —1/2L/ (9 ) 1 . n_lL”/(Q*)
1/2 . n n\“0 n \Yn
e 7 I A )
We should show that
n V2L (0) = N(0, Z(6,)) (4.2.6)
2
" f X’HH 1 &
——L (6o) = Z X 92 - 25 T(6) (4.2.7)
(3 i=1
HLjf(@;i) = O,(1). (4.2.8)

(4.2.7) follows from the central limit theorem, (4.2.8) from the law of large numbers,
(4.2.8) from the consistency of ¢,, and from (As). Then we obtain

. A 1 - 21
— o —1/271 ~ o 1/2 . _ = opmpx
0= n V2L (00) = A0, Z(00)) = /(6 — 0T (00) + 5~ (\/ﬁ(en 90)> —L(67),
thus
X nTV2L(0)) 1,5 n~tL"(60%) 1
— ~ _— ny — T nAn 1
ﬁ(en 00) n_lL;/L(@()) 2(671 90) n_le(e(]) N (07 I(QO)> + OP( )

Remark 4.2.2 Such estimator is called the efficient likelihood estimator. It is usually
the maximal likelihood estimator, but not neccessary.

Corollary 4.2.1 If the likelihood equation has only one root, or if it has a multiple root
with probability tending to 0 as n — oo, then, under the conditions of Theorem 4.2./, the
mazimal likelihood estimator is asymptotically efficient.

Example 4.2.1 One-parameter exponential family.

f(,0) = exp{0T (x) + A(0),

Zlonghﬁ —HZT ) +nA(f) = max

1 n
— T(X;)=-A6 T(X (likelihood tion). (4.2.9
jn; ( < Z ) ikelihood equation). ( )
On the other hand, because [ f(z,0)du =1,

_ / (A(0) + T(x)) exp{0T(x) + AO)}dp —> A'(6) = —E,T(X).
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We can show that T (X) is increasing in 6 : Indeed,

%EQT(X) = / T(x)(A(0)+T(x)) exp{0T (x)+A(0)dp = EyT*(X)—(EyT(X))? = varyT(X) > 0.

Thus the likelihood equation
EyT(X) =~ T(X))

has at most one solution, and the conditions of Theorem 4.2.4 are satisfied. Thus, with
probability tending to 0 the likelihood equation has one root 6,, which is consistent,
asymptotically efficient and asymptotically normal

ﬁ(én—e)iu\/(o, ! )

varg T
because )
1 X, 0
I(@) = E@ {%‘g,)} = E@[T(X) + A/(Q)P == VaI'gT(X).
Example 4.2.2 Truncated normal distribution. Let X4,..., X, have normal distribu-

tion N (0, 1) truncated at (a,b), a < b, with the density

(z—0)?
p(x,&): #exp{— 2 }/[@(5—9)—@@—9)] .a<zxz<b
0 ... otherwise.
Thus
2 2 1
p— - _ l _ B B _
p(r.0) = explfr =5 =5 log 7~ logl@(b =) ~ #la = 6)] = T(x) =«

and the likelihood equation has the form
X, = EyX.

If  — +oo, then X & a or b, thus also EyX—a or band FpX is continuous, hence
the likelihood equation has a root.

4.2.1 Shift parameter

Let X1,..., X, be asample from the population with density f(z —6). The MLE 0, is a

solution of
n

Hf(Xl —0) := max

=1



27

and it is equivariant. The Pitman estimate 7} is asymptotically equivalent to 6, in the

sense that /n(f, — T*) % 0 as n — oo (Stone 1974). The likelihood equation can be
rewritten as

— f'(X; = 0)
—=0. 4.2.10
2% —0) 210
If f is strongly unimodal, i.e. —f7/ is strictly increasing, then (4.2.10) has at most one
root. Because [[;_, f(z; —0) — 0 as § — £o0, then [];_, f(X; — 6) has the maximum

inside the real line, hence the root of (4.2.10) exists and is asymptotlcally efficient.

4.2.2 Multiple root
Let L(0,x) =log [[\—, f(z;,0). Assume that the equation

J'(Xi,0)
Z ) (4.2.11)

can have a multiple root, but that there exists a consistent estimate 52

Theorem 4.2.5 (i) Let 6° be a consistent estimate and the conditions (Ag) ——(Asz) hold.
Then the root of equation (4.2.11), the closest to 00 is also consistent, and hence it
is asymptotically efficient.

(ii) Let 0, be a consistent initial estimate satisfying
Vn(b, —0) = 0,(1) as n — oo,

Put

L'(6,)
L”(én) )

Then T, is an asymptotically efficient estimate of 0, i.e.

:én—

VT, — 0) =5 N(0,1/Z(0)).

Proof is similar to the proof of Theorem 4.2.4.



