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1 Distributions and weak derivatives

We denote by Llloc(]R) the space of locally integrable functions f : IR — IR. These are the
Lebesgue measurable functions which are integrable over every bounded interval.

The support of a function ¢, denoted by Supp(¢), is the closure of the set {x; ¢(x) # 0}
where ¢ does not vanish. By C°(IR) we denote the space of continuous functions with compact
support, having continuous derivatives of every order.

Every locally integrable function f € L}, (IR) determines a linear functional Ay : C°(IR) — IR,
namely

Arlo) = [ f@)o(a)do. (1)

Notice that this integral is well defined for all ¢ € C°(IR), because ¢ vanishes outside a
compact set. Moreover, if Supp(¢) C [a, b], we have the estimate

b
As(0)] < ( / If(:v)ldw> ¢lco- (1.2

Next, assume that f is continuously differentiable. Then its derivative

ey = g L)~ I

h—0 h

is continuous, hence locally integrable. In turn, f’ also determines a linear functional on
C(IR), namely

Apo) = [ F@oyde = — [ 1@d @) de. (1.3

At this stage, a key observation is that the first integral in (1.3) is defined only if f/(z) exists
for a.e. x, and is locally integrable. However, the second integral is well defined for every
locally integrable function f, even if f does not have a pointwise derivative at any point.
Moreover, if Supp(¢) C [a,b], we have the estimate

A0 < ( / b\f(w)\d:r> [l

This construction can be performed also for higher order derivatives.



Definition 1.1 Given an integer k > 1, the distributional derivative of order k of f € L},
1s the linear functional

Apeg(@) = (<1 [ f@)DFo(@) da
If there exists a locally integrable function g such that Apky = Ag, namely

| s@ol@yde = (1" [ j@D 0@ dz  for all 6 CZ(R)
R R

then we say that g is the weak derivative of order k of f.

Remark 1.1 Classical derivatives are defined pointwise, as limits of difference quotients. On
the other hand, weak derivatives are defined only in an integral sense, up to a set of measure
zero. By arbitrarily changing the function f on a set of measure zero we do not affect its weak
derivatives in any way.

Example 1. Consider the function

Its distributional derivative is the map

Ag) = — /0 v / da)de = [ H@) o) do

{ if z<0, (1.4)

where

if £>0.

In this case, the Heaviside function H in (1.4) is the weak derivative of f.

Example 2. The function H in (1.4) is locally integrable. Its distributional derivative is the

linear functional
- | H@ @ e ~ [T o@)da = 6(0).
R 0

This corresponds to the Dirac measure, concentrating a unit mass at the origin. We claim
that the function H does not have any weak derivative. Indeed, assume that, for some locally
integrable function g, one has

/g(m)(b(:c) dx = ¢(0) for all ¢ € C°.

By the Lebesgue Dominated Convergence Theorem,

h

fim [ lg(@)[dz =0



Hence we can choose § > 0 so that fi; lg(x)|dz < 1/2. Let ¢ : IR — [0,1] be a smooth
function, with ¢(0) = 1 and with support contained in the interval [—d, §]. We now reach a
contradiction by writing

—_

6 1
1=0(0) = A@) = [ g@@)de = [ g@)o@)de < maxlo()]- [ lg@)de < 5.

Example 3. Consider the function

2+ sinx if x is irrational .

. 0  if x is rational,
o+ |

Clearly f is discontinuous at every point x. Hence it is not differentiable at any point. On the
other hand, the function g(z) = cosx provides a weak derivative for f. Indeed, the behavior
of f on the set of rational points (having measure zero) is irrelevant. We thus have

- [t @) de = ~ [@+sine)d@)de = [(cosa) dla) da.
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Figure 1: The Cantor function f and a test function ¢ showing that g(z) = 0 cannot be the weak
derivative of f.

Example 4. Consider the Cantor function f : IR — [0, 1], defined by

0 if <0,

1 if a>1,
12 if xel[1/3,2/3],
@) = 1/4 if ze[1/9,2/9], (15)

3/4 it xe[7/9,8/9],

This provides a classical example of a continuous function which is not absolutely continuous.
We claim that f does not have a weak derivative. Indeed, let g € Llloc be a weak derivative of
f. Since f is constant on each of the open sets

R R R N N N )



we must have g(x) = f’(z) = 0 on the union of these open intervals. Hence g(z) = 0 for
a.e. x € IR. To obtain a contradiction, it remains to show that the function g = 0 is NOT the
weak derivative of f. As shown in Fig. 1, let ¢ € C° be a test function such that ¢(z) =1
for x € [0,1] while ¢(z) = 0 for > b. Then

[o@s@rds =0 2 1 = ~ [ f@) @) da.

1.1 Distributions

The construction described in the previous section can be extended to any open domain in
a multi-dimensional space. Let 2 C IR"™ be an open set. By L}OC(Q) we denote the space of
locally integrable functions on ). These are the measurable functions f : (2 — IR which are

integrable restricted to every compact subset K C €.

Example 5. The functions e?, and In |z| are in L}, ,(IR), while 27! ¢ L}, (IR). On the other
hand, the function f(z) = 27 is in L, .(]0, oo]) for every (positive or negative) exponent vy € IR.
In several space dimensions, the function f(z) = |27 is in L}, .(IR") provided that v < n.
One should keep in mind that the pointwise values of a function f € Llloc on a set of measure

zero are irrelevant.

By C2°(£2) we denote the space of continuous functions ¢ : 2 — IR, having continuous partial
derivatives of all orders, and whose support is a compact subset of Q. Functions ¢ € C°(Q)
are usually called “test functions”. We recall that the support of a function ¢ is the closure
of the set where ¢ does not vanish:

Supp (¢) = {r € Q; ¢(x) #0}.

We shall need an efficient way to denote higher order derivatives of a function f. A multi-
index a = (aq, o, ..., ay,) is an n-tuple of non-negative integer numbers. Its length is defined
as

o] = a1 +ag+--+ay.

Each multi-index « determines a partial differential operator of order |a|, namely
0\ [ 90 \* a0 \*
Def = (= B I A
d (8961) <0962> (&rn) d

Definition 1.2 By a distribution on the open set Q@ C IR™ we mean a linear functional
A :CX () — IR such that the following boundedness property holds.

e For every compact K C ) there exist an integer N > 0 and a constant C' such that
IA(P)] < C|élew for every ¢ € C* with support contained inside K. (1.6)
In other words, for all test functions ¢ which vanish outside a given compact set K, the value

A(¢) should be bounded in terms of the maximum value of derivatives of ¢, up to a certain
order N.



Notice that here both N and C' depend on the compact subset K. If there exists an integer
N > 0 independent of K such that (1.6) holds (with C' = Ck possibly still depending on K),
we say that the distribution has finite order. The smallest such integer NV is called the order
of the distribution.

Example 6. Let (2 be an open subset of IR™ and consider any function f € Li (). Then
the linear map Ay : C2°(2) — IR defined by

As(g) = /wax, (17)

is a distribution. Indeed, it is clear that A is well defined and linear. Given a compact subset
K C Q, for every test function ¢ with Supp(¢) C K we have the estimate

@) = |[ fods] < [ If@)]de maxlo@)] < C ol

Hence the estimate (1.6) holds with C' = [} |f|dx and N = 0. This provides an example of a
distribution of order zero.

The family of all distributions on 2 is clearly a vector space. A remarkable fact is that,
while a function f may not admit a derivative (in the classical sense), for a distribution A an
appropriate notion of derivative can always be defined.

Definition 1.3 Given a distribution A and a multi-index o, we define the distribution DA
by setting
DA(¢) = (—1)"IA(D%). (1.8)

It is easy to check that D*A is itself a distribution. Indeed, the linearity of the map ¢ —
D*A(¢) is clear. Next, let K be a compact subset of  and let ¢ is a test function with
support contained in K. By assumption, there exists a constant C' and an integer N > 0 such
that (1.6) holds. In turn, this implies

[D*A(¢)| = [A(DY¢)| < C[[D%lex < C@llen+ial-
Hence DA also satisfies (1.6), with N replaced by N + |af.

Notice that, if Af is the distribution at (1.7) corresponding to a function f which is |a-times
continuously differentiable, then we can integrate by parts and obtain

DAY(@) = (-1)IAs (D) = (-1 [ f@)D%6(a) dv = [ D f(@)d(x)dx = Apes(@).

This justifies the formula (1.8).

1.2 Weak derivatives

For every locally integrable function f and every multi-index o = (v, .. ., ay, ), the distribution
Ay always admits a distributional derivative D*A, defined acording to (1.8). In some cases,
one can find a locally integrable function g such that the distribution D*Af coincides with
the distribution A,. This leads to the concept of weak derivative.



Definition 1.4 Let f € L (Q) be a locally integrable function on the open set Q C IR™ and

loc
let Ay be the corresponding distribution, as in (1.7). Given a multi-index o = (o, ..., 0p), if

there exists a locally integrable function g € L}OC(Q) such that DAy = Ay, i.e.

/fDagbd:L“ = (=1l /ggf)daz for all test functions ¢ € C°(Q2), (1.9)

then we say that g is the weak a-th derivative of f, and write g = D*f.

In general, a weak derivative may not exist. In particular, Example 2 shows that the Heaviside
function does not admit a weak derivative. Indeed, its distributional derivative is a Dirac
measure (concentrating a unit mass at the origin), not a locally integrable function. On the
other hand, if a weak derivative does exist, then it is unique (up to a set of measure zero).

Lemma 1.1 (uniqueness of weak derivatives). Assume f € L, .(Q) and let g, € L}, .(Q)
be weak a-th derivatives of f, so that

[1000dr = (-0 [godn = (-1 [gods

for all test functions ¢ € C°(2). Then g(x) = g(x) for a.e. x € Q.

Proof. By the assumptions, the function (g — §) € L}, () satisfies
/(g —g)pdr = 0 for all test functions ¢ € C°(92).

By Corollary A.1 in the Appendix, we thus have g(z) — g(x) = 0 for a.e. z € Q. O

If a function f is twice continuously differentiable, a basic theorem of Calculus states that par-
tial derivatives commute: fy 4, = fz,2,- This property remains valid for weak derivatives. To
state this result in full generality, we recall that the sum of two multi-indices o = (v, ..., o)
and f = (B1,...,0,) is defined as o+ 5 = (a1 + B1, ..., + Bn).

Lemma 1.2 (weak derivatives commute). Assume that f € L}, (Q) has weak derivatives
D>f for every |a| < k. Then, for every pair of multi-indices «, 8 with |a| 4+ |B| < k one has

DY(DPfy = DP(Df) = D*Pf. (1.10)

Proof. Consider any test function ¢ € C°(£2). Using the fact that D¢ € C(Q) is a test
function as well, we obtain

| DPr DR ods = (~1)Fl o £ (D26) d
=~ D [ (D) g do
Q

= ()P [(D* ) gda.
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By definition, this means that D8 f = D#(D?f). Exchanging the roles of the multi-indices
« and f3 in the previous computation one obtains D2 f = D*(D? f), completing the proof.
O

The next lemma extends another familiar result, stating that the weak derivative of a limit
coincides with the limit of the weak derivatives.

Lemma 1.3 (convergence of weak derivatives). Consider a sequence of functions f, €

L} .(Q). For a fived multi-indez o, assume that each f, admits the weak derivative g, = D f,,.

If fo — [ and g, — g in L, (), then g = D" f.

Proof. For every test function ¢ € C°(Q2), a direct computation yields

— — 7 _1)lel a — (_1)\lal a
[g¢de = lm [ giode = lim (-1l [ f,D%de = (<)) [ fDodo.

By definition, this means that g is the a-th weak derivative of f. UJ

2 Mollifications

As usual, let Q C IR™ be an open set. For a given € > 0, define the open subset

Q. ={zreR"; B(z,e)CQ}. (2.1)

Then for every u € L} () the mollification

loc
wle) = (Lru@) = [ Lo -yuly)dy
B(xz,e)

is well defined for every =z € Q.. Moreover, u. € C*(2:). A very useful property of the
mollification operator is that it commutes with weak differentiation.

Lemma 2.1 (mollifications). Let Q. C Q be as in (2.1). Assume that a function u €
L} .(Q) admits a weak derivative D*u, for some multi-index ov. Then the derivative of the
mollification (which exists in the classical sense) coincides with the mollification of the weak
derivative:

DY(J: xu) = J.*x D% for all € Q.. (2.2)

Proof. Observe that, for each fixed z € )., the function ¢(y) = J-(z —y) is in C°(2). Hence
we can apply the definition of weak derivative D%u, using ¢ as a test function. Writing DY



and Dy to distinguish differentiation w.r.t. the variables z or y, we thus obtain

D2 ([ Jeta ) utv) y)

= [ Deda -y ulw)dy
Q

D%u,(x)

— (-1 [ Dp(e y)uly) dy

= (=0l [ (e =) Dyuty) dy

= (Ja * Dau) (x).

Figure 2: Left: the open subset (2. C Q of points having distance > ¢ from the boundary. Right: the
domain €2 can be covered by countably many open subdomains V; = Qy,;_1) \ Q1/(j41)-

This property of mollifications stated in Lemma2.1 provides the key tool to relate weak deriva-
tives with partial derivatives in the classical sense. As a first application, we prove

Corollary 2.1 (constant functions). Let Q@ C IR™ be an open, connected set, and assume
u € Li (Q). If the first order weak derivatives of u satisfy

loc

Dyu(z) = 0 for i=1,2,...,n andae €,

then u coincides a.e. with a constant function.

Proof. 1. For € > 0, consider the mollified function u. = J. * u. By the previous analysis,
ue : {2 — IR is a smooth function, whose derivatives D,,u. vanish identically on €2.. Therefore,
ue must be constant on each connected component of €2..

2. Now consider any two points x,y € (). Since the open set {2 is connected, there exists
a polygonal path I' joining x with y and remaining inside Q. Let 6 = min,er d(z,09) be



the minimum distance of points in I' to the boundary of 2. Then for every ¢ < § the whole
polygonal curve I' is in €2.. Hence z,y lie in the same connected component of .. In
particular, us(z) = us(y).

3. Call (z) = lim.—0 us(z). By the previous step, @ is a constant function on 2. Moreover,
t(x) = u(z) for every Lebesgue point of u, hence almost everywhere on €. This concludes the
proof. L]

: p : i : Q i i :Q
Figure 3: Left: even if Q is connected, the subdomain Q. = {x € Q; B(z,¢) C Q} may not be

connected. Right: any two points z,y € Q can be connected by a polygonal path I'" remaining inside
Q. Hence, if € > 0 is sufficiently small,  and y belong to the same connected component of (2..

In the one-dimensional case, relying again on Lemma 2.1, we now characterize the set of
functions having a weak derivative in L!.

Corollary 2.2 (absolutely continuous functions). Consider an open interval Ja,b] and

assume that u € L} (Ja, b]) has a weak derivative v € L*(Ja,b[). Then there exists an absolutely

continuous function 4 such that

a(z) = u(x) for a.e. x €]la,bl, (2.3)
v(x) = }lli% UGk h})L — i) for a.e. x €]la,bl. (2.4)

Proof. Let zy €]a,b] be a Lebesgue point of u, and define

T

u(z) = u(xo)+ | v(y)dy

zo
Clearly @ is absolutely continuous and satisfies (2.4).

In order to prove (2.3), let J. be the standard mollifier and call u. = J. *xu, v. = J.*v. Then
Ue, Ve € C¥(Ja+¢€, b—¢[). Moreover, Lemma 2.1 yields

us(z) = ug(:co)—l—/:vg(y) dy forall x €la+e, b—gl. (2.5)

Letting ¢ — 0 we have u.(xg) — u(xo) because zg is a Lebesgue point. Moreover, the right
hand side of (2.5) converges to u(x) for every x €]a,b[, while the left hand side converges
to u(z) for every Lebesgue point of u (and hence almost everywhere). Therefore (2.3) holds.

O



If f,g € L}, .(Q) are weakly differentiable functions, for any constants a,b € IR it is clear that
the linear combination af + bg is also weakly differentiable. Indeed, it satisfies

We now consider products and compositions of weakly differentiable functions. One should be
aware that, in general, the product of two functions f, g € Llloc may not be locally integrable.
Similarly, the product of two weakly differentiable functions on IR™ may not be weakly differ-
entiable (see problem 20). For this reason, in the next lemma we shall assume that one of the

two functions is continuously differentiable with uniformly bounded derivatives.

Given two multi-indices o = (aq,...,ay) and 8 = (B1,...,Bn), we recall that the notation
B8 < a means 3; < «; for every i = 1,...,n. Moreover,

<a> - al B ! ' ao! ao!
B Bl (o — B)! Bi! (a1 — B1)! B! (a2 — B2)! Ba! (ag — Ba)!

Lemma 2.2 (products and compositions of weakly differentiable functions). Let
Q C IR™ be any open set and consider a function u € L}OC(Q) having weak derivatives D%u of
every order |a| < k.

(i) If n € C¥(Q), then the product nu admits weak derivatives up to order k. These are given
by the Leibniz formula

D*(nu) = % (a)DﬂnDa—ﬂu. (2.7)

(ii) Let Q' C IR™ be an open set and let ¢ : Q' +— Q be a C* bijection whose Jacobian matriz
has a uniformly bounded inverse. Then the composition u o ¢ is a function in L}OC(Q’) which
admits weak derivatives up to order k.

Proof. To prove (i), let J. be the standard mollifier and set u. = J. * u. Since the Leibniz
formula holds for the product of smooth functions, for every € > 0 we obtain

D(nue) = Z (g)DﬁnDo‘Bue. (2.8)

BLa

For every test function ¢ € C2°(£2), we thus have

(0 [preds = [ Dueds = X () [ (DD s,

BLla

Notice that, if € > 0 is small enough so that Supp(¢) C ., then the above integrals are well
defined. Letting € — 0 we obtain

(0e! [ mptsde = [ (

By definition of weak derivative, (2.7) holds.

Z (g) DﬁnDa_Bu) ¢dx.

BLa
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2. We prove (ii) by induction on k. Call y the variable in Q" and = (y) the variable in
O
dy;
(Q), proving the theorem in the case k = 0.

Q. By assumption, the n x n Jacobian matrix (

1
loc

)i7 i=1,m has a uniformly bounded inverse.

Hence the composition u o ¢ lies in L

Next, assume that the result is true for all weak derivatives of order |a| < k — 1. Consider
any test function ¢ € C°(€'). and define the mollification u. = J; * u. For any ¢ > 0 small

enough so that go(Supp(d))) C ., we have

_/Q/(UEOSO)'Dyﬂde = /Q/Dyi(ueoﬁp)'ﬁbdy

Letting ¢ — 0 we conclude that the composition u o ¢ admits a first order weak derivative,
given by

Dy, (uop)(y) = > Dau(e(y)) - Dy,o;(y). (2.9)
j=1

By the inductive assumption, each function D, (u o ) admits weak derivatives up to order
k—1, while D, ¢; € C*~1()). By part (i) of the theorem, all the products on the right hand
side of (2.9) have weak derivatives up to order k — 1. Using Lemma 1.2 we conclude that the
composition u o ¢ admits weak derivatives up to order k. By induction, this concludes the
proof. L]

3 Sobolev spaces

Consider an open set 2 C IR™, fix p € [1,00] and let k be a non-negative integer. We say that
an open set Q' is compactly contained in Q if the closure ' is a compact subset of .

Definition 3.1 (i) The Sobolev space W¥P?(Q) is the space of all locally summable functions
u: Q — IR such that, for every multi-index o with || < k, the weak derivative D*u ezists
and belongs to LP(Q).

On WP we shall use the norm

1/p
lullwer = (Z / |D°“u|pdx) if 1<p<oo, (3.1)
jal<k 7€

ullypree = D ess-sup|D% if p=o0. (3.2)
|a\§k FISY)

(ii) The subspace Wé’p(Q) C WHP(Q) is defined as the closure of C°(Q) in WHP(Q). More
precisely, u € Wég’p(Q) if and only if there ezists a sequence of functions u, € C°(QQ) such
that

lu — wpllypre — 0.

11



(iii) By W/Zf(Q) we mean the space of functions which are locally in W*P. These are the
unctions u : Q — IR satisfying the following property. is an open set compactly containe

ti Q — IR satisfying the follow: ty. If QY i t tl tained
in €2, then the restriction of u to € is in WP ().

Intuitively, one can think of the closed subspace Wol P(Q) as the space of all functions u €
W1P(Q) which vanish along the boundary of 2. More generally, I/VéC P(Q) is a space of functions
whose derivatives D®u vanish along 01, for |a| < k — 1.

Definition 3.2 In the special case where p = 2, we define the Hilbert-Sobolev space
H*(Q) = WF2(Q). The space H*(Q) is endowed with the inner product

(u,v)gr = Z /DauDavdaz. (3.3)
M

Similarly, we define H}(Q) = W§’2(Q).

Theorem 3.1 (basic properties of Sobolev spaces).
(i) Each Sobolev space W*P(Q) is a Banach space.

(ii) The space Wg’p(ﬂ) is a closed subspace of W*P(Q). Hence it is a Banach space, with the
same norm.

(i4i) The spaces H*(Q)) and HE(QY) are Hilbert spaces.

Proof. 1. Let u,v € W*kP(Q). For |a| < k, call D%, D%v their weak derivatives. Then,
for any A, 4 € IR, the linear combination Au + uv is a locally integrable function. One easily
checks that its weak derivatives are

DY(Mu+ pv) = AD%u+ uD%. (3.4)

Therefore, D*(Au + pv) € LP(Q) for every |a| < k. This proves that W"P(Q) is a vector
space.

2. Next, we check that (3.1) and (3.2) satisfy the conditions (N1)-(N3) defining a norm.
Indeed, for A € IR and u € W*P one has

[Aullwer = A l[wllwse

lullwer = fullLe > 0,

with equality holding if and only if u = 0.

12



Moreover, if u,v € W*P(Q), then for 1 < p < oo Minkowski’s inequality yields

1/p
lu+vllwesr = (Z HD“quDav!’ip)

|| <k

1/p
( > (ID%ulus + HD%uLp)p)

<
|| <K
1/p 1/p
< | > ID%ulig, + 1 D IID%|L,
|| <k lo| <k

= llullwes + [lvflwes-

In the case p = 0o, the above computation is replaced by

lutollpre = 3 [1D%u+D[ee < 3 (1D ullioe+[ Dl ) = [fullyroc+[o e
o<k la|<k

3. To conclude the proof of (i), we need to show that the space Wwkip () is complete, hence it
is a Banach space.

Let (uy)n>1 be a Cauchy sequence in W*P(Q). For any multi-index o with || < k, the
sequence of weak derivatives D%u,, is Cauchy in LP(£2). Since the space LP(Q2) is complete,
there exist functions u and u, such that

|un, — ullLr — 0, | D%uyp, — ug||re — 0 for all |a| <k. (3.5)

By Lemma 1.3, the limit function u,, is precisely the weak derivative D®u. Since this holds for
every multi-index o with |a| < k, the convergence u,, — u holds in W*P(Q). This completes
the proof of (i).

4. The fact that I/V(/;c P(Q) is a closed subspace of W*P(Q) follows immediately from the
definition. The fact that (3.3) is an inner product is also clear. O

Example 7. Let Q =]a,b] be an open interval. By Corollary 2.2, each element of the
space W1P(Ja,b[) coincides a.e. with an absolutely continuous function f :]a,b[ IR having
derivative [’ € L”(]a, b[).

Example 8. Let 2 = B(0,1) C IR™ be the open ball centered at the origin with radius one.
Fix v > 0 and consider the radially symmetric function

n —v/2
u(z) = |z|77 = (Zx?) 0<|z| <1.
i=1

13



ux) = IxI”

T

X

Figure 4: For certain values of p,n a function u € W1?(IR") may not be continuous, or bounded.

Observe that u € C1(Q2\ {0}). Outside the origin, its partial derivatives are computed as

N —(v/2)-1 g

— 2 J— i

Usy = — 3 (Zzlwl> 2x; = P (3.6)
Hence, the gradient Vu = (ug,, ..., ug,) has norm

n 1/2
Vu(z)| = (Dum(m?) = L
=1

On the open set 2\ {0}, the function u clearly admits weak derivatives of all orders, and these
coincide with the classical ones.

We wish to understand in which cases the formula (3.6) defines the weak derivatives of u on
the entire domain 2. This means

/uzi¢d$ = f/ugbxidx
Q Q

for every smooth function ¢ € C°(2) whose support is a compact subset of € (and not only
for those functions ¢ whose support is a compact subset of 2\ {0}).

Observe that, for any € > 0, one has
[ wods = [ ul@)é(@) () ds
e<|z|<1 |z|=¢

where dS is the (n — 1)-dimensional measure on the surface of the ball B(0,¢), and v;(z) =
—x;/|x|, so that v = (v1,va,...,14) is the unit normal pointing toward the interior of the ball

14



B(0,¢). Since ¢ is a bounded continuous function, we have
[ @@ n@)]ds < [éle onemt = 0 as €0
|z|=¢

provided that n — 1 > . In other words, if v <n — 1, then

o 1 i
0 !:clziz ¢(z)dr = /Q || Gu,;(z) dz: for every test function ¢ € C°(Q),

and the locally integrable function u,, defined at (3.6) is in fact the weak derivative of u on
the whole domain €.

Observe that

1 p 1
/ (1> dx = / |z| PO g = O'n/ POt g < 0o
Q |$"7+ zeR™, |z|<1 0

ifand only if n — 1 —p(y+1) > —1,ie. v < %.
The previous computations show that, if 0 < v < %, then u € WHP(Q).

Notice that w is absolutely continuous (in fact, smooth) on a.e. line parallel to one of the
coordinate axes. However, there is no way to change u on a set of measure zero, so that it
becomes continuous on the whole domain (2.

An important question in the theory of Sobolev spaces is whether one can estimate the norm
of a function in terms of the norm of its first derivatives. The following result provides an
elementary estimate in this direction. It is valid for domains 2 which are contained in a slab,
say

Q C {zr=(r1,22,...,2p); a<mz <b}. (3.7)

Theorem 3.2 (Poincare’s inequality - I). Let Q C IR™ be an open set which satisfies (3.7)
for some a,b € IR. Then, every u € H}(Q) satisfies

[ullzi) < 2(b—a) |Dayullpzg) - (3.8)

Proof. 1. Assume first that u € C2°(£2). We extend u to the whole space IR" by setting
u(z) =0 for z ¢ Q. Using the variables x = (z1,2’) with 2’ = (29, ..., 2,), we compute

1
u?(z1,2") :/ 2ug, (t,2') dt.
a

An integration by parts yields

b T1
ulf. = /nu2(x)dx = /anq/ 1- (/ 2uum1(x1,x’)dt> dry dx’

b
= / /(b—x1)2uum(t,x’)dm1dx' < 2(b—a)/ |u| |ug, | dx
R"1 Ja R
< 2(b = a)|ullp2[ua (L2 -
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Dividing both sides by |lu||2 we obtain (3.8), for every u € C2°().

2. Now consider any u € H}(Q2). By assumption there exists a sequence of functions u,, €
C°(Q2) such that ||uy, — u||g1 — 0. By the previous step, this implies

lulgs = Jim [lunllge < lim 20— )| Daytnllge = 20— a) [ Dayulge

To proceed in the analysis of Sobolev spaces, we need to derive some more properties of weak
derivatives.

Theorem 3.3 (properties of weak derivatives). Let Q C IR"™ be an open set, p € [1, 0],
and |a| < k. If u,v € WkP(Q), then

(i) The restriction of u to any open set Q C Q is in the space W5P(Q).
(ii) D%u € Whlelr(Q).

(iii) If n € CK(QQ), then the product satisfies nu € WFP(Q). Moreover there exists a constant
C' depending on Q2 and on ||n||cx but not on u, such that

Inullwer) < Cllullwrs) - (3.9)

(iv) Let Q' C IR"™ be an open set and let o : Q' + Q be a C* diffeomorphism whose Jacobian
matriz has a uniformly bounded inverse. Then the composition satisfies uo @ € WFP(QY).
Moreover there exists a constant C, depending on Q' and on ||¢||cr but not on u, such that

[uoellwrry < Cllullwrs) - (3.10)

Proof. The statement (i) is an obvious consequence of the definitions, while (ii) follows from
Lemma 1.2.

To prove (iii), by assumption all derivatives of 7 are bounded, namely
ID%nLe < nllcx for all |8 <k.

Hence the bound (3.9) follows from the representation formula (2.7).

We prove (iv) by induction on k. By assumption, the n x n Jacobian matrix (D, ;)i j=1,..n
has a uniformly bounded inverse. Hence the case k = 0 is clear.

Next, assume that the result is true for k =0,1,...,m — 1. If u € W™P(Q), we have

1Dz, (w0 @)lwm-1py < C'IIVullwm-100) l@llem@y < Cllullwme@),

showing that the result is true also for £ = m. By induction, this achieves the proof. Ul
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4 Approximations and extensions of Sobolev functions

Theorem 4.1 (approximation with smooth functions). Let 2 C IR™ be an open set.
Let u € WhP(Q) with 1 < p < co. Then there exists a sequence of functions uy, € C*(Q) such
that [lug — ullywer) — 0 as n — oo.

Proof. 1. Let € > 0 be given. Consider the following locally finite open covering of the set €2,
shown in fig. 2:

1 1 1
Vi={zeq; d(x,89)>§}, vi={zeq; 1 < d(a:,69)<jj} j=2,3,...

Let n1,m2,... be a smooth partition of unity subordinate to the above covering. By Theo-
rem 7.3, for every j > 0 the product n;u is in WFP(Q). By construction, it has support
contained in Vj.

2. Consider the mollifications J. * (n;u). By Lemma 7.3, for every |a| < k we have

D%(Je x (nju)) = Jex (D%(nju)) — D(nju)

as € — 0. Since each 7; has compact support, here the convergence takes place in LP(€2).
Therefore, for each j > 0 we can find 0 < €; < 277 small enough so that

Inju— Je;  (nju) lwrs@) < €277

3. Consider the function -
U = Z Je; * (nju)
=1

Notice that the above series may not converge in W#P. However, it is certainly pointwise
convergent because every compact set K C (2 intersects finitely many of the sets V;. Restricted
to K, the above sum contains only finitely many non-zero terms. Since each term is smooth,
this implies U € C*(2).

4. Consider the subdomains

Q= {er; d(x,89)>%}.

Recalling that }; nj(z) = 1, for every n > 1 we find
n+2 n+2 '
U = ullwro,,y £ D lInju—Jey * () lweaa, ) < D €277 < e
j=1 j=1
This yields

U = ullwroq) = sup U —ullweeq,,) < €
n>1

Since € > 0 was arbitrary, this proves that the set of C* function is dense on W*»((Q). |
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Using the above approximation result, we obtain a first regularity theorem for Sobolev func-
tions (see fig. 5).

Theorem 4.2 (relation between weak and strong derivatives). Let u € WhH(Q),
where 0 C IR™ is an open set having the form

Q = {:1: = (z,2"); 2/ =(29,...,2,) €, ala) <z < B(m’)} (4.1)
(possibly with o« = —o0 or = +oc). Then there exists a function 4 with a(x) = u(z) for
a.e. © € Q, such that the following holds. For a.e. ¥’ = (x3,...,1,) € ' C R"! (w.r.t. the
(n — 1)-dimensional Lebesque measure), the map

x1 = a(z, 2’)

is absolutely continuous. Its derivative coincides a.e. with the weak derivative Dy, u.

X

Figure 5: The domain Q at (4.1). If u has a weak derivative D,,u € L*(£2), then (by possibly changing
its values on a set of measure zero), the function u is absolutely continuous on almost every segment
parallel to the x;-axis, and its partial derivative Ou/dx; coincides a.e. with the weak derivative.

Proof. 1. By the previous theorem, there exists a sequence of functions u; € C*°(Q2) such
that
ug — ullprn < 27F. (4.2)

We claim that this implies the pointwise convergence
ug(x) — u(z), Dy ug(x) = Dyyu(x) for a.e. z € Q.

Indeed, consider the functions

f@) = @)+ fupsa (@) =@, g(@) = [Doyur@)]+Y | Dayups (2) =Dy ur(a)]
k=1

k=1
(4.3)
By (4.2), there holds

lur = upsallyrr < 2'7F,
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hence f,g € L'(£2) and the series in (4.3) are absolutely convergent for a.e. x € 2. Therefore,
they converge pointwise almost everywhere. Moreover, we have the bounds

lug(z)] < f(x), | Dy u ()] < g(x) forall n>1, ze€Q. (4.4)

2. Since f,g € L'(Q), by Fubini’s theorem there exists a null set N” C ' (w.r.t. the n — 1
dimensional Lebesgue measure) such that, for every 2’ € Q' \ A one has

5) , sy

/ fz1,2")dzy < o0, / g(x1,2")dx; < oo. (4.5)
a(z') a(z')

Fix such a point 2/ € @'\ N. Choose a point y; €]a(z’), B(a’)] where the pointwise

convergence u(y1, ') — u(y1,2’) holds. For every a(z') < 21 < B(2'), since ug is smooth we

have
z1

ur(z1,2") = up(yr,2') + Dy ug(s,2’) ds. (4.6)
!

We now let n — oo in (4.6). By (4.4) and (4.5), the functions D, ug(-,2’) are all bounded by
the integrable function g(-,2’) € L'. By the dominated convergence theorem, the right hand
side of (4.6) thus converges to

xr1

w(zy,2") = u(yl,:rr')—l—/ Dy u(s, ') ds. (4.7)
Y1

Clearly, the right hand side of (4.7) is an absolutely continuous function of the scalar variable
1. On the other hand, the left hand side satisfies

a(xy,x’) = nli_{gouk(xl,:v') = u(wy,2) for a.e. z1 € [a(2), B(2))].
This achieves the proof. O
Remark 4.1 (i) It is clear that a similar result holds for any other derivative Dy,u, with
1=1,2,...,n.

(i) If u € Wk’pgﬁ) and Q C Q, then the restriction of u to Q lies in the space W5P(Q). Even
if the open set 2 has a complicated topology, the result of Theorem 4.2 can be applied to any
cylindrical subdomain  C Q admitting the representation (4.1).

(iii) If @ C IR™ is a bounded open set and u € W*P(Q), then u € Wk4(Q) for every q € [1,p).

The next theorem shows that, given a bounded open domain € C IR" with C! boundary, each
function u € WP () can be extended to a function Eu € W1P(IR").

Theorem 4.3 (extension operatgrs). Let Q cC Q C IR" be open sets, such that the
closure of Q is a compact subset of Q. Moreover, assume that O € CL. Then there exists a
bounded linear operator E : W1P(Q) — WLP(IR™) and a constant C' such that

(i) Eu(x) = u(x) for a.e. x € Q,
(ii) Bu(z) =0 for z ¢ Q,

(i4) One has the bound || Eullwiomny < Cllullwie)-
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Proof. 1. We first prove that the same result holds in the case where the domain is a
half space: Q = {x = (z1,22,...,2n); x1 > 0}, and Q = IR™. In this case, any function
u € WP(Q) can be extended to the whole space IR" by reflection, i.e. by setting

(Eﬁu)(ZEl,.IQ, s ,fL'n) = U( |.’E1|, L2, T3y -5 ZEn) : (48)

By Theorem 4.2, for every ¢ € {1,...,n} the function u is absolutely continuous along a.e. line
parallel to the x;-axis. Hence the same is true of the extension Ffu. A straightforward
computation involving integration by parts shows that the first order weak derivatives of Efu
exist on the entire space IR"™ and satisfy

DxlEﬁu(—xl,azg,...,xn) = — Dy u(xy,xo,...,xy,),
ijEﬁU(—.%l,ZL‘Q,. . 'axn) Drju($17$27"'axn) (] = 27"')”)7

for all z; > 0, 3,...,7, € IR. The extension operator E* : WHP(Q) s WIP(IR") defined at
(4.8) is clearly linear and bounded, because

IE*ullyro(mny < 2lullwis) -

Figure 6: The open covering of the set Q. For every ball B; = B(x;, r;) there is a C! bijection ¢;
mapping the open unit ball B C IR™ onto B;. For those balls B; having center on the boundary €2, the
intersection B; N Q is mapped into BT = BN {y; > 0}.

2. To handle the general case, we use a partition of unity. For every x € Q (the closure of ),
choose a radius 7, > 0 such that the open ball B(z,r;) centered at x with radius r,0 satisfies
the following conditions

- If x € Q, then B(z,ry) C Q.

-If & € 99, then B(x,7,) C Q. Moreover, calling B = B(0,1) the open unit ball in IR", there
exists a C! bijection ¢* : B + B(x,r;), whose inverse is also C!, which maps the half ball

n
Bt = {yz(yl,yz,---,yn); yi<l, wn >0}
i=1
onto the set B(x,r*) N Q.
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Choosing r, > 0 sufficiently small, the existence of such a bijection follows from the assumption
that Q has a C! boundary.

Since € is bounded, its closure € is compact. Hence it can be covered with finitely many balls
B; = B(x;,ri),i=1,...,N. Let ¢; : B+ B; be the corresponding bijections. Recall that ¢;
maps BT onto B; N Q.

3. Let n1,...,nx be a smooth partition of unity subordinated to the above covering. For
every x € {2 we thus have

N
u(z) = Zm(m)u(aj) (4.9)
i=1
We split the set of indices as
{1,2,...,.N} = TUJ,
where Z contains the indices with x; € Q) while J contains the indices with x; € 0.

For every i € J, we have n;u € W1P(B;NQ). Hence by Theorem 3.3 (iv), one has (n;u) o p; €
WLP(BT). Applying the extension operator E* defined at (4.8) one obtains

Eﬁ((mu) ° %‘) e Whr(BY), En((mu) ° Sﬁi) ot € WH(By).
Summing together all these extensions, we define

Eu = Z niu + Z Eﬁ((niu) o gpi) o cpfl.

i€l eJ

It is now clear that the extension operator F satisfies all requirements. Indeed, (i) follows
from (4.9). The property (ii) stems from the fact that, for every u € W1P(Q), the support
of Fu is contained in Uij\ilBi c Q. Finally, since E is defined as the sum of finitely many
bounded linear operators, the bound (iii) holds, for some constant C. L]

For any open set  C IR", in Theorem 4.1 we approximated a function u € W*P(Q) with C>
functions uy defined on the same open set €. In principle, these approximating functions wuy
might have wild behavior near the boundary of . Assuming that the boundary 09 is C!,
using the extension theorem, we now show that u can be approximated in WP by smooth
functions which are defined on the entire space IR™.

Corollary 4.1 Let Q C IR™ be a bounded open set with C* boundary. Given any u € W1P(Q)
with 1 < p < oo, there exists a sequence of smooth functions u, € C°(IR™) such that the
restrictions of up to Q satisfy

lim [Jug — ullpre) = 0. (4.10)
k—o0

Moreover,
ukllwiemny < Cllullwie@) s (4.11)

for some constant C' depending on p and Q but not on u.
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Proof. Let ) = B(2,1) be the open neighborhood of radius one around the set Q. By
Theorem 4.3 the function u admits an extension Eu € W1P(IR") which vanishes 2. Then the
mollifications uy = Jy 4, * Eu € C2°(IR™) satisfy all requirements (4.10)-(4.11). Indeed,

lukllwio@mny < [Eullwis@mny < Cllullwie@) (4.12)
dm g —ullwieg) < lim flug = Buflwisgny = 0.
|

Figure 7: Making sense of the trace of a function u € WP(€). Left: the thick curve I' is a portion of
the boundary which admits the representation {z; = «(z2)}. Since u is absolutely continuous along
almost all lines parallel to the zi-axis, along I' one can define the trace of of u by taking pointwise
limits along horizontal lines. Right: the standard way to construct a trace. Given a sequence of smooth
functions u, € C*°(IR™) whose restrictions uk‘Q converge to u in W1P(Q), one defines the trace as

Tu = limg— oo ukf 5o This limit is well defined in L!(0€) and does not depend on approximating
sequence.

5 Traces

Let Q C IR™ be a bounded open set with C! boundary. Call L?(9) the corresponding space
of functions v : 02 — IR, with norm

) 1/p
lollwson = ([, loPds) (5.1

where dS denotes the (n — 1)-dimensional surface measure on 0.

Given a function u € W'P(Q), we seek to define the “boundary values” of u. Before giving a
precise theorem in this direction, let us consider various possible approaches to this problem.

(i) If w is uniformly continuous on the open set 2, one can simply extend u by continuity
to the closure Q. For any boundary point 2 € 9, we can thus define the Trace of u at
x by setting
Tu(z) = lim  wu(y). (5.2)
y—x, yed
By uniform continuity, this limit is well defined and yields a continuous function T :
0Q + IR. In general, however, a function u € W'P(Q) may well be discontinuous.
Hence the limit in (5.2) may not exist.
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(ii) Consider a portion of the boundary 02 that can be written in the form (see fig. 7, left)
{x = (21,...,2,) = (z1,2"); 21 = a2}

By Theorem 4.2, the function u is absolutely continuous along a.e. line parallel to the
x1-axis. Therefore the pointwise limit

U(Cl(ﬂfl), * ) - x1—>a(:v/1)in(lx1 x/)GQU(J:l’ 1‘/)

exists for a.e. '.

This provides is a good way to think about the trace of a function. With this approach,
however, the properties of these pointwise limits are not easy to derive. Also, it is not
immediately clear whether by taking the limit along the x; direction or along some other
direction one always obtains the same boundary values.

(iii) The standard approach, which we shall adopt in the sequel, relies on the approximation of
u with smooth functions uy defined on the entire space IR™ (see fig. 7). By Corollary 2.2
there exists a sequence of smooth functions uy € C*(IR™) such that their restrictions
to Q approach v in WHP(Q). A more careful analysis shows that the restrictions of
these smooth functions to 92 form a Cauchy sequence in LP(952). Hence it determines a
unique limit v = Tuw € LP(0N). This limit, that does not depend on the approximating
sequence (uy)g>1 is called the trace of u on Of).

Theorem 5.1 (trace operator). Let Q C IR" be a bounded open set with C* boundary, and
let 1 < p < co. Then there exists a bounded linear operator T : WP (Q2) s LP(0S)) with the
following properties.

(i) If u e WP(Q)NC%(Q), then
Tu = ulyg - (5.3)

(i) There exists a constant C depending only on p and on the set 0 such that

|TullLra0) < Cllullwir@) - (5.4)

Proof. Given any function u € C*°(IR"™), we claim that its restrictions to € and to 9S2 satisfy

[ulltran) < Cllullwie@), (5.5)

for some constant C' depending only on p and on the set 2. This key inequality will be proved
in the next two steps.

1. Let u € C*°(IR") be a smooth function which vanishes outside the unit ball B. Consider the
(n — 1)-dimensional disc T = {(z1,...,2,); Y, 27 <1, 1 =0,}. Setting 2’/ = (z2,...,7,)
and BT = BN {z; > 0}, we claim that

[lurd < ¢ [ (ju@)p + Va@)) do (56)
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for some constant C] depending only on p. Indeed, since u vanishes outside B, using Young’s
inequality ab < % + E with ¢ = T we find

> d
/]u(O,x/)\pdx/ = —/( —|u(zy, ") P dx1> da’
r r\Jo dx

o0
S/ (/ plufP™ |u:v1|d371> dx' < Cl/ (Mp—i-\um\p) dz
r \Jo -

2. As in the proof of Theorem 4.3 (see fig. 6), we can cover the compact set Q with finitely
many balls By, ..., By having the following properties. For every i € {1,..., N} there exists
a C! bijection ; : B — B; with C! inverse, such that either B; C ), or

0i(BT) = (B;NQ)

Let m1,...,mny be a smooth partition of unity subordinated to this covering. Call J C
{1,..., N} the set of indices for which ¢;(B) intersects the boundary of Q. If u € C*(R"),
we now have the estimate

llrony < S lumlison < 3C: ol
7

< Cs Z/ (miu) o @il + ’V i) © ;) )dy

i€J
< Oy ;/Bmﬁ (|77iu\p + \V(mu)|p> dr < C’g,/Q <|u|p + |Vu|p) dr .

for suitable constants Cs, ..., Cs. Notice that the third inequality is a consequence of (5.6). To
obtain the other inequalities, we used the fact that the functions n;, ¢;, and Lpi_l are bounded
with uniformly bounded derivatives. The above arguments establish the a priori bound (5.5).

3. Next consider any function u € WP(Q). By Corollary 4.1 there exists a sequence of
functions u, € C*°(IR") such that ||um — ullwie@) — 0. By the previous step, for any
n,m > 1 we have
lim sup [|uy, — UnHLP(t?Q < C limsup [[um — upllp, P(Q) = 0. (5.7)
m,n—00 m,n—00
Hence the restrictions uy|,, provide a Cauchy sequence in L”(0€2). The limit of this sequence
is a function Tu € LP(0f2), which we call the Trace of w. By (5.7), this limit does not depend
on the choice of the approximating sequence.

4. It remains to check that the operator u — Tu constructed in the previous step satisfies the
required properties (i)—(ii).

If u € WP(Q) N CO(R), then its extension Eu € WHP(IR") constructed in Theorem 4.3 is
continuous on the whole space IR". The sequence of mollifications uy = J; /5, * (Eu) converge
to Fu uniformly on compact sets. In particular, they converge to u uniformly on 02. This
proves (i). By the definition of trace, the bound (ii) is an immediate consequence of (5.5).

O
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Remark 5.1 Let ©u — Fu be an extension operator, constructed in Theorem 4.3. Then the
trace operator can be defined as
Tu =

m (J. x Fu) ‘ (5.8)

li
e—0 o0

where J. denotes a mollifier and the limit takes place in LP(9).

6 Embedding theorems

In one space dimension, a function u : IR — IR which admits a weak derivative Du € L'(IR)
is absolutely continuous (after changing its values on a set of measure zero). On the other
hand, if Q C IR™ with n > 2, there exist functions u € WP(Q) which are not continuous, and
not even bounded. This is indeed the case of the function u(z) = |z|~7, for 0 < vy < %.

In several applications to PDEs or to the Calculus of Variations, it is important to understand
the degree of regularity enjoyed by functions u € W*P(IR™). We shall prove two basic results
in this direction.

1. (Morrey). If p > n, then every function u € W1P(IR") is Holder continuous (after a
modification on a set of measure zero).

2. (Gagliardo-Nirenberg). If p < n, then every function v € W1?(IR") lies in the space
L?" (IR"™), with the larger exponent p* = p + np—jp .

In both cases, the result can be stated as an embedding theorem: after a modification on a set
of measure zero, each function u € WHP(2) also lies in some other Banach space X. Typically
X =(C%, or X = L9 for some q > p. The basic approach is as follows:

I - Prove an a priori inequality valid for all smooth functions. Given any function
u € C®° NWFP(Q), one proves that u also lies in another Banach space X, and there exists a
constant C depending on k, p, ) but not on u, such that

lullx < Cllullyrs for all uw e C®NWHP(Q). (6.1)

IT - Extend the embedding to the entire space, by continuity. Since C* is dense
in Wk for every u € WFP(Q) we can find a sequence of functions u, € C> such that
|l — wn|lyyrr — 0. By (6.1),

limsup ||ty — uy|lx < limsup C||um — upllyprs = 0.

m,n— oo m,n—oo
Therefore the functions wu, form a Cauchy sequence also in the space X. By completeness,
un, — U for some 4 € X. Observing that @(z) = u(x) for a.e. z € Q, we conclude that, up to
a modification on a set ' C Q of measure zero, each function v € W¥*P(Q) lies also in the
space X.
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6.1 Morrey’s inequality

In this section we prove that, if u € WHP(IR"), where the exponent p is higher than the
dimension n of the space, then u coincides a.e. with a Hélder continuous function.

Theorem 6.1 (Morrey’s inequality). Assume n < p < oo and set v =1 — % > 0. Then
there exists a constant C', depending only on p and n, such that

ullcor(mmy < Cllullwiemn (6.2)

for every u € CL(IR™) N WLHP(IR™).

Figure 8: Proving Morrey’s inequality. Left: the values u(y) and u(y’) are compared with the average
value of u on the (n — 1)-dimensional ball centered at the mid-point z. Center and right: a point = in
the cone T is described in terms of the coordinates (r, &) € [0, p] x B .

Proof. 0. Before giving the actual proof, we outline the underlying idea. From an integral
estimate on the gradient of the function u, say

| vu@pras < c, (6.3)
Bn
we seek a pointwise estimate of the form

lu(y) —u(y) < Cily =y for all y,y" € R". (6.4)

To achieve (6.4), a natural attempt is to write

ly—y/|do. (6.5)

)~ = | [ o a-ow)] @) < [ [wutoy+a-o)

However, the integral on the right hand side of (6.5) only involves values of Vu over the
segment joining y with ¢/. If the dimension of the space is n > 1, this segment has zero
measure. Hence the integral in (6.5) can be arbitrarily large, even if the integral in (6.3) is
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small. To address this difficulty, we shall compare both values u(y), u(y’) with the average
value up of the function u over an (n — 1)-dimensional ball centered at the midpoint z = %y,,
as shown in Figure 8, left. Notice that the difference |u(y) — up| can be estimated by an
integral of |Vu| ranging over a cone of dimension n. In this way the bound (6.3) can thus be
brought into play.

1. We now begin the proof, with a preliminary computation. On IR", consider the cone

n
r = {:U:(xl,xg,...jxn); Zx?ﬁx%, 0<:C1<p}
Jj=2

and the function )

po
Ly

Let g = p%l be the conjugate exponent of p, so that % + % = 1. We compute

1 \? P 1 \? P
1 - df = / Cp— fL‘nil dm = Cp— / S(?’L—l)(l—q) dS ,
Wity = [ () @ = [l () a0 = o ]

where the constant c,_; gives the volume of the unit ball in IR"~!. Therefore, 1 € L4(T) if
and only if n < p. In this case,

1
P n—1 q —-n\ p —n
[YllLery = (Cn—l/o s » T d8>q = c(p“) o= cppT, (6.7)

for some constant ¢ depending only on n and p.

2. Consider any two distinct points v,y € IR". Let p = %|y —4/|. The hyperplane passing
y+y'

through the midpoint z = 5% and perpendicular to the vector y — 3’ has equation
H = {xeﬂ%"; (x—2,y—9y) = ()}.
Inside H, consider the (n — 1)-dimensional ball centered at z with radius p,

B, = {xEH; |:17—z|<p}.

Calling u4 the average value of u on the ball B, the difference |u(y) —u(y’)| will be estimated
as

u(y) —u(@)| < Ju(y) —wal + [ua —u(y)| - (6.8)

3. By a translation and a rotation of coordinates, we can assume
y=1(0,...,0) € R", B, = {l‘: (21, @2, ..., 20); T1=0p, » < pQ}.

To compute the average value w4, let By be the unit ball in IR"~!, and let ¢,,_; be its (n—1)-
dimensional measure. Points in the cone I' will be described using an alternative system of
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coordinates. To (r,&) = (r, &,...,&) € [0,p] x By we associate the point z(r,§) € T,
defined by
(1,22, ... xn) = (r, 1) = (r, 1€, ..., 1&). (6.9)

Define U(r, &) = u(r, r€), and observe that U(0,&) = u(0) for every £. Therefore

U9 =v0.0+ [ [200e)] ar.

up — u(0) = Qil/;1<éphiﬁﬂnfﬂch)d£. (6.10)

We now change variables, transforming the integral (6.10) over [0, p] x B into an integral
over the cone I'. Computing the Jacobian matrix of the transformation (6.9) we find that its
determinant is 7”1, hence

deidry - dzy, = ™ tdrdéy - dE, .

Moreover, since |[{| < 1, the directional derivative of w in the direction of the vector
(1,&,...,&,) is estimated by

n

1=2

< 2|Vu(r,€)|. (6.11)

U8 -

Using (6.11) in (6.10), and the estimate (6.7) on the L? norm of the function v (z) = 21",
we obtain

2 1
s —u(0)] < A L Vu(x)|do
1

Cn—1 X
< 2 Wl [ Vuls (a--2) (6.12)
- Cn—1 (F) (F) p—l

p—n
< Cp 7 |ullwieme
for some constant C'. Notice that the last two steps follow from Holder’s inequality and (6.7).

4. Using (6.12) to estimate each term on the right hand side of (6.8), and recalling that
p= 3|y —y'|, we conclude

u
lu(y) — u(y)| < 2C ly=v'1\ 7 1
y)—uy)l < 2 5 [wllwm(mm)- (6.13)

This shows that u is Holder continuous with exponent v = %.

5. To estimate sup, |u(y)| we observe that, by (6.13), for some constant C7 one has
w@)| < [u(@)] + Crllulwroga for all =€ By,1).

Taking the average of the right hand side over the ball centered at y with radius one we obtain

lu(y)| < 7{3( )|U($)|d$+01||u||wm(m) < Collullpr(mrry + Chllullwipo(mny.  (6.14)
Yy

)
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6. Together, (6.13)-(6.14) yield

. |u(y) — u(y)]
lullco(mny = suplu(y)]+ sup < Cllullwromny
T(R™) y iy ly—v P(IR")
for some constant C' depending only on p and n. Ul

Since C* is dense in WP, Morrey’s inequality yields

Corollary 6.1 (embedding). Let Q C IR" be a bounded open set with C' boundary. Assume
n<p<ooand sety=1-— % > 0. Then every function f € WP(Q) coincides a.e. with a

function f € C%7(Q). Moreover, there exists a constant C' such that

I fllcor < Cllfllwre for all feWhP(Q). (6.15)

Proof. 1. Let Q = {z € IR"; d(z,9) < 1} be the open neighborhood of radius one around
the set 2. By Theorem 4.3 there exists a bounded extension operator E, which extends each
function f € W1P(Q) to a function Ef € W1P(IR") with support contained inside €.

2. Since C!(IR") is dense in WYP(IR"), we can find a sequence of functions g, € C!(IR")
converging to Ef in WHP(IR"). By Morrey’s inequality

imsup [|gm — gnllcor(rry < C limsup [|gm — gnllwirmny = 0.

m,n—0o m,n—00

This proves that the sequence (gn)n>1 is a Cauchy sequence also in the space C%7. Therefore
it converges to a limit function g € C%Y(IR™), uniformly for = € IR".

3. Since g, — Ef in WHP(IR™), we also have g(z) = (Ef)(x) for a.e. z € IR". In particular,
g(x) = f(x) for a.e. z € . Since the extension operator E is bounded, from the bound (6.2)
we deduce (6.15). O

6.2 The Gagliardo-Nirenberg inequality

Next, we study the case 1 < p < n. We define the Sobolev conjugate of p as

pr=—"2 s (6.16)
n—p
Notice that p* depends not only on p but also on the dimension n of the space. Indeed,
1 1 1
— = ———. (6.17)
p p n

As a preliminary, we describe a useful application of the generalized Hélder’s inequality. Let

1
n — 1 non-negative functions g1, ga, . . ., gn—1 € L*(Q) be given. Since g/~ € L"~1(Q) for each
1, using the generalized Holder inequality one obtains

1 1 1 1
(2

11 1 n—1 1 n—1 1
R A | (S P | (T (618)
=1 i=1
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Theorem 6.2 (Gagliardo-Nirenberg inequality). Assume 1 < p < n. Then there ezists
a constant C', depending only on p and n, such that

Al (rry < CUIVFllLemn for all f e CLR"). (6.19)
X3
(x],xz,x3) (sl,xz,x3)
X
Xy

Figure 9: Proving the Gagliardo-Nirenberg inequality. The integral ffooo | Dy, f(s1,22,23)| ds1 depends
on 9, x3 but not on x;. Similarly, the integral ffooo |D,., f(x1, s2,23)| dso depends on z1,x3 but not
on Ia.

Proof. 1. For each ¢ € {1,...,n} and every point = = (x1,...,2;,...,2,) € IR", since f has
compact support we can write

i
flxy,. oo xiy . xy) = / Dy f(x1,...,8iy...,xpn)ds;.
—0o0

In turn, this yields

oo
If(x1,...,2n)] < / ’Dxif(xl,...73i,...,xn)‘d$i 1<i<n,
—o0

n—1

)T < f[l(/_o:o|Dxif(a:1,...,si,...,xn)\dsi> . (6.20)

We now integrate (6.20) w.r.t. 1. Observe that the first factor on the right hand side does
not depend on x1. This factor behaves like a constant and can be taken out of the integral.
The product of the remaining n — 1 factors is handled using (6.18). This yields

n

1 1
/ 7 da < (/ \Dmf]dsl) / H(/ \Dxif|dsi) day
—00 —00 —O()i:2 —0o0
(/ \Dgclf]dsl) H(/ / \Dmif]dsida:l) .
—00 i—9 \J—o00J—0c0

Notice that the second inequality was obtained by applying the generalized Holder inequality
to the n — 1 functions g; = [%0_ |Dy, fldsi, i =2,...,n.

(6.21)

IN

We now integrate both sides of (6.21) w.r.t. zo. Observe that one of the factors appearing in
the product on the right hand side of (6.21) does not depend on the variable xo (namely, the
one involving integration w.r.t. sg). This factor behaves like a constant and can be taken out
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of the integral. The product of the remaining n — 1 factors is again estimated using Holder’s
inequality. This yields

1

L 0o foo P
/ / |71 day dy < </ / | Dz, f d$1d$2) " (/ / | D, f| da:ldx2> '
n 0o po0  fOO %
< I (/ / / Dy f| dsi dxlda:2> "
i—3 \J—00J—00J—00

Proceeding in the same way, after n integrations we obtain

(6.22)

n 1
/ / \flF T day - dzn, < H

i 1</—o:o"'/_o;|Dccif!dx1...dl,n>m
= (/]Rnfvfdxyﬂl_

(6.23)

This already implies

Pheeion = ([ 175as) © < [ (vsias, (6:21)

proving the theorem in the case where p = 1 and p* = 5.

2. To cover the general case where 1 < p < n, we apply (6.24) to the function

p(n—1)

g = |fI” with g = (6.25)
n—p
Using the standard Holder’s inequality one obtains
n—1
Bn_ n _
([ r#ar) ™ < [ e vsde
Bn Rn
(6.26)
G-p  \ 5 7
<p(f 1 an) " ([ vipds)
R" R
Our choice of § in (6.25) yields
B-—Lp  pn _ nmp
p—1 n—1 n—op
Therefore, from (6.26) it follows
n-1 p—1 1
([ armas) ™ <o ([ 1pae) ([ wsras)”.
R" R" R"
; n=1_ p=1 _n=p _ 1
Observing that - = mp — po We conclude
1 1
([ war)” < ([ wpa)
R" R™
O
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If the domain  C IR" is bounded, then L?(Q) C LP () for every ¢ € [1,p*]. Using the
Gagliardo-Nirenberg inequality we obtain

Corollary 6.2 (embedding). Let Q C IR" be a bounded open domain with C' boundary,

and assume 1 < p < n. Then, for every q € [1,p*] with p* = n”—_ﬁ), there exists a constant C
such that
[fllLay < Cllfllwiro) for all feWhP(Q). (6.27)

Proof. Let Q = {z € IR"; d(z,Q) < 1} be the open neighborhood of radius one around the
set . By Theorem 4.3 there exists a bounded extension operator E : W1P(Q) s W1P(IR"),
with the property that Ef is supported inside €2, for every f € WLP(Q). Applying the
Gagliardo-Nirenberg inequality to Ef, for suitable constants C, Cs, C3 we obtain

[flla@) < Cillflwr @ < CollEflur (mey < Csllfllwrn) -

6.3 High order Sobolev estimates

Let Q C IR™ be a bounded open set with C! boundary, and let u € W*P(2). The number

Lo "
b

will be called the net smoothness of u. As in Fig. 10, let m be the integer part and let
0 <~ < 1 be the fractional part of this number, so that

k—% = m+7. (6.28)

In the following, we say that a Banach space X is continuously embedded in a Banach
space Y if X C Y and there exists a constant C such that

lully < Clullx forall ue X.

m+ 7Y

Figure 10: Computing the “net smoothness” of a function f € W*»? c ¢™".

Theorem 6.3 (general Sobolev embeddings). Let Q C IR"™ be a bounded open set with
C' boundary, and consider the space W*P(Q). Let m,~y be as in (6.28). Then the following
continuous embeddings hold.
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() If k—2<0 then WFP(Q) C LIQ), with } = L& = %(ﬂ—k).
(it) If k—3 =0, then WHEP(Q) C LI(Q) for every 1 <q < oo.
(iii) If m >0 and v >0, then WFP(Q) C C™7(Q).

(w) If m>1 and ~v=0, then for every 0<~' <1 one has W+P(Q) C Cc™ 1 (Q) .

Remark 6.1 Functions in a Sobolev space are only defined up to a set of measure zero. More
precisely, by saying that W*P(Q) C C™7(Q) we mean the following. For every u € W*P(Q)
there exists a function 4 € C™7(f2) such that a(z) = u(x) for a.e. x € Q. Moreover, there
exists a constant C', depending on k, p, m,~ but not on u, such that

[ullema@) < Cllallwrrg) -

Proof of the theorem. 1. We start by proving (i). Assume k — 7+ <0 and let u € WhP(Q).
Since D% € WHP(Q) for every |a| < k — 1, the Gagliardo-Nirenberg inequality yields

D%l o= () < Cllullwro la| <k -—1.

Therefore u € W*=1P"(Q), where p* is the Sobolev conjugate of p.

This argument can be iterated. Set p1 =p*, ps =pj, ... ,p; =pj_;. By (6.17) this means
111 11
mp n’ pj p n’

provided that jp < n. Using the Gagliardo-Nirenberg inequality several times, we obtain

wkr(Q) ¢ whktryQ) ¢ wh2rQ) c ... c WkIRI(Q). (6.29)

After k steps we find that u € WPk (Q) = LP(Q), with pik =
(i) is proved.

1_k_1 =
ST h T g Hence pr = ¢ and

2. In the special case kp = n, repeating the above argument, after £k — 1 steps we find

1 1 k-1

1
Pk—1 p n n’

Therefore pr._1 = n and
wkP(Q) ¢ whr(Q) Cc WhhE(Q)

for every € > 0. Using the Gagliardo-Nirenberg inequality once again, we obtain

2
Ln—c C 14 _ n(n —¢) _n —en'
u e W (©Q) € LYD) q i P -
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Since € > 0 was arbitrary, this proves (ii).

3. To prove (iii), assume that m > 0 and v > 0 and let u € W*P(Q). We use the inequalities
(6.29), choosing j to be the smallest integer such that p; > n. We thus have

1 j—1

_1<1
p n Dj n p n

: ue Wk=iPi(Q).
Hence, for every multi-index o with |a| < k — j — 1, Morrey’s inequality yields

D% € W'i(Q) C C*(9) with y=1-— = 1— 24,
by D

Since o was any multi-index with length < k& — j — 1, the above implies
u e CFITL(Q).

To conclude the proof of (iii), it suffices to check that
. n .
k—— = (k‘]l)+<1+]),
p p
so that m = k — j — 1 is the integer part of the number k — %, while ~ is its fractional part.

n

4. To prove (iv), assume that m > 1 and j = 7 is an integer. Let u € WFP(Q), and fix any
multi-index with |a| < j—1. Using the Gagliardo-Nirenberg inequality as in step 2, we obtain

D% e Wk=Iir(Q) € whi(Q)
for every 1 < q < co. Hence, by Morrey’s inequality
Du e Wh(Q) C c®'"i(Q).

Since ¢ can be chosen arbitrarily large, this proves (iv). O

Example 9. Let Q be the open unit ball in IR?, and assume u € W42(Q2). Applying two
times the Nirenberg-Gagliardo inequality and then Morrey’s inequality, we obtain

u e WH2(Q) ¢ wHE(Q) ¢ w20Q) c cli(Q).

DUt
Il

Observe that the net smoothness of u is k — % =4 — 1+ %

7 Compact embeddings

Let  C IR™ be a bounded open set with C! boundary. In this section we study the embedding

WP(Q) C LY(Q) in greater detail and show that, when % > }D— %, this embedding is compact.
Namely, from any sequence (U, )m>1 which is bounded in W1 one can extract a subsequence

which converges in L9.
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As a preliminary we observe that, if p > n, then every function v € W'P(Q) is Holder
continuous. In particular, if (,,)m>1 is a bounded sequence in W1P(Q) then the functions u,y,
are equicontinuous and uniformly bounded. By Ascoli’s compactness theorem we can extract
a subsequence (upm,;);>1 which converges to a continuous function u uniformly on €. Since (2
is bounded, this implies ||t — ul|pe(@) — 0 for every g € [1, 00]. This already shows that the
embedding W1P(Q2) € L4(Q) is compact whenever p > n and 1 < ¢ < oo.

In the remainder of this section we thus focus on the case p < n. By the Gagliardo-Nirenberg
inequality, the space W1P(Q) is continuously embedded in L?"(Q), where p* = n”—_pp. In turn,

since  is bounded, for every 1 < ¢ < p* we have the continuous embedding LP" (Q) C LI(1Q).

Theorem 7.1 (Rellich-Kondrachov compactness theorem). Let 2 C IR" be a bounded
open set with C' boundary. Assume 1 < p < n. Then for each 1 < ¢ < p* = 22 one has the

compact embedding n—=p
Wl’p(Q) cc LIY(Q).

Proof. 1. Let (um)m>1 be a bounded sequence in W1P(Q). Using Theorem 4.3 on the
extension of Sobolev functions, we can assume that all functions wu,, are defined on the entire
space IR" and vanish outside a compact set K:

Supp(u,) € K € Q = B(Q,1). (7.1)
Here the right hand side denotes the open neighborhood of radius one around the set €.

Since ¢ < p* and Qs bounded, we have
HumHL‘Z(an) = HumHLq(ﬁ) < C HumHLp*(ﬁ) < HumHWLp@)
for some constants C, C’. Hence the sequence u,, is uniformly bounded in LI(IR"™).
2. Consider the mollified functions ui, = J. * u,,. By (7.1) we can assume that all these

functions are supported inside Q. We claim that

l|uy, — umHLq@) -0 as € —0, uniformly w.r.t. m. (7.2)

Indeed, if u,, is smooth, then (performing the changes of variable ¥/ = ey and 2z = = — ety)

e~ @) = [ ) (e o) ()] dy

- /| J(@)[um (@ = ey) = um (@)} dy

= /|y<1 J(y) (/01 %(um(m — aty)) dt) dy

= —5/|y|<1 J(y) </01 Vup(z — ety) -y dt> dy .
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In turn, this yields

IN

[ 150 (@) = () da

g/ﬁ/mgl J(y) (/01 |V, (z — ety)| dt) dy dx

E/ﬁ |V, (2)|dz.

IN

By approximating u,, in WP with a sequence of ‘smooth functions, we see that the same
estimate remains valid for all functions u,, € W1P(Q). We have thus shown that

”uin_um”]_,l(ﬁ) < 5||Vum||L1(§) < ECHumHWLp@)a (7'3)

for some constant C. Since the norms ||uy,||j1.» satisfy a uniform bound independent of m,
this already proves our claim (7.2) in the case ¢ = 1.

3. To prove (7.2) also for 1 < g < p*, we now use the interpolation inequality for L” norms.
Choose 0 < 8 < 1 such that

1 1
q p
Then
[uin = wmllpa@ < llwm = umllil(ﬁ) g, — umH;f@) < Cye’. (7.4)

for some constant Cj independent of m. Indeed, in the above expression, the L! norm is
bounded by (7.3), while the LP" norm is bounded by a constant, because of the Gagliardo-
Nirenberg inequality.

4. Fix any § > 0, and choose € > 0 small enough so that (7.4) yields

J
0
HUfn—UmHLq(ﬁ) < Coe” < 3 forall m>1.

Recalling that u;, = J; * up,, we have
[umllLee < [[Jelluee [JumllLe < Ch,

IVug e < IV JellLes lumlpr < G,

where C1, Cy are constants depending on € but not on m. The above inequalities show that,
for each fixed ¢ > 0, the sequence (u$,)m>1 is uniformly bounded and equicontinuous. By
Ascoli’s compactness theorem, there exists a subsequence (u%ﬂ) which converges uniformly on

) to some continuous function u¢. We now have

lim sup ||umj — U, |10
J,k—o00

< timsup ([lum, — ufy o + 65, — v o + [ = g, o + [, — g /la)
J,k—o00

IN

2 2
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5. The proof is now concluded by a standard diagonalization argument. By the previous step
we can find an infinite set of indices I; C IN such that the subsequence (up,)mer, satifies

limsup  |jug — Um|Le < 270
fm—oo, £ymel
By induction on j = 1,2,..., after I;_; has been constructed, we choose an infinite set of
indices I; C I;—1 C IN such that the subsequence (um)mer, satisfies

limsup  [Jug — wplle < 277,
Lm—o00, £,mel;

After the subsets I; have been constructed for all j > 1, again by induction on j we choose
a sequence of integers m; < mg < mg < --- such that m; € I; for every j. The subsequence
(tm,)j>1 satisfies

limsup [[tm; — tm,[lLa = 0.
J,k—00
Therefore this subsequence is Cauchy, and converges to some limit u € L. L]

As a first application of the compact embedding theorem, we now prove and estimate on the
difference between a function u and its average value on the domain €.

Theorem 7.2 (Poincare’s inequality - IT). Let Q C IR™ be a bounded, connected open set
with C1 boundary, and let p € [1,00]. Then there exists a constant C depending only on p and

Q) such that
U — ][udzn
Q Lr(Q

< CVullee(q) (7.6)

for every uw € W1P(Q).

Proof. If the conclusion were false, one could find a sequence of functions u, € W1P(2) with

U — ][ukdx > kHVuk”Lp(Q)
Q Lr(Q

for every k =1,2,... Then the renormalized functions
Up — f uy, dx
v = Q
up — 7[ uy, dx
Q Lr(Q)
satisfy
1
]{lvk de=0, ol = 1. Dol < © k=12,... (7.7)

Since the sequence (vg)g>1 is bounded in WHP(Q), if p < oo we can use the Rellich-Kondrachov
compactness theorem and find a subsequence that converges in LP(2) to some function v. If
p > n, then by (6.15) the functions vy, are uniformly bounded and Hélder continuous. Using
Ascoli’s compactness theorem we can thus find a subsequence that converges in L () to
some function v.
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By (7.7), the sequence of weak gradients also converges, namely Vvr — 0 in LP(f2). By
Lemma 1.3, the zero function is the weak gradient of the limit function v.

We now have
]lvdx = lim vpdr = 0.
Q

k—oo JQ

Moreover, since Vv = 0 € LP(2), By Corollary 2.1 the function v must be constant on the
connected set 2, hence v(z) = 0 for a.e. x € Q. But this is in contradiction with

[vler@) = lim flokller) = 1.

8 Differentiability properties

By Morrey’s inequality, if Q C IR" and w € W'P(Q) with p > n, then w coincides a.e. with a
Holder continuous function. Indeed, after a modification on a set of measure zero, we have

. 1/p
u(e) ~w@)| < Clo—y/'? ( L, |Vw<z>rpdz> . (5.)

Zz, |y—$\)

This by itself does not imply that u should be differentiable in a classical sense. Indeed, there
exist Holder continuous functions that are nowhere differentiable. However, for functions in a
Sobolev space a much stronger differentiability result holds.

Theorem 8.1 (almost everywhere differentiability). Let Q C IR™ and let u € Wéf(ﬂ)
for some p > n. Then u is differentiable at a.e. point x € Q, and its gradient equals its weak
gradient.

Proof. Let u € T/Vlif(Q) Since the weak derivatives are in L | the same is true of the weak

loc?

gradient Vu = (D, u, ..., Dy, u). By the Lebesgue differentiation theorem for a.e. z € Q we
have

][ |\Vu(z) — Vu(z)|Pdz — 0 as r—0. (8.2)

B(z,r)
Fix a point x for which (8.2) holds, and define
w(y) = u(y) —u(z) = Vu(z) - (y — ). (8.3)
Observing that w € VVllof(Q), we can apply the estimate (8.1) and obtain
[w(y) —w(@)| = [wy)] = [uly) —u(z) = Vu(z) - (y — =)

1/p
< Cly—al'F ( [ vl - Vu<z>|pdz>
B(z, ly—=])

1/p
<y — x| ][ |Vu(z) — Vu(z)|P dz
B(a, ly—=l)
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for suitable constants C, C’. Therefore

[wly) = w(z)| - 0 as |ly—x| —0.
ly — |
By the definition of w at (8.3), this means that u is differentiable at z in the strong sense,
and its gradient coincides with its weak gradient. U
9 Problems

1. Determine which of the following functionals defines a distribution on Q2 C IR.

(i) A(g) = i k! D*¢(k), with Q = R.
k=1

(i) A(g) = i 27k DE@(1/k), with Q = IR.

k=1
(i) A(6) = d’(lk/’“), with Q = IR.
k=1
(iv) A(gp) = /OOO qji;:) dz, with Q=]0,00].

2. Give a direct proof that, if f € W1P(]a,b[) for some a < b and 1 < p < oo, then, by
possibly changing f on a set of measure zero, one has

f(@) = fy)| < Cle—y' for all z,y € Ja,b[.

Compute the best possible constant C'.

3. Consider the open square
Q={(z1,29); O0<z1 <1, 0<ag<1} CR%.

Let f € WH(Q) be a function whose weak derivative satisfies Dy, f(z) = 0 for a.e. 7 € Q.
Prove that there exists a function g € L'([0, 1]) such that

flx1,22) = g(x2) for a.e. (z1,22) € Q.

4. Let Q) C IR™ be an open set and assume f € L}OC(Q). Let g = D,, f be the weak derivative
of f w.r.t. x1. If fis C' restricted to an open subset ' C €, prove that ¢ coincides with the
partial derivative df/Ox; at a.e. point z € Q.
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5. (i) Prove that, if u € W1H*(Q) for some open, convex set Q C IR", then u coincides
a.e. with a Lipschitz continuous function.

(ii) Show that there exists a (non-convex), connected open set Q C IR™ and a function u €
WL (Q) that does not coincide a.e. with a Lipschitz continuous function.

6. Let Q = B(0,1) be the open unit ball in IR", with n > 2. Prove that the unbounded
function ¢(x) = loglog (1 4 ﬁ) is in Wln(ﬂ)

7. Let @ = 10,1]. Consider the linear map 7 : C'([0,1]) — IR defined by Tf = f(0).
Show that this map can be continuously extended, in a unique way, to a linear functional
T:WH(Q) — R.

8. Let 2 C IR™ be a bounded open set, with smooth boundary. For every continuous function
f: Q> IR, define the trace
T:C%Q) — C%(09)

by letting T'f be the restriction of f to the boundary 92. Show that the operator T' cannot be
continuously extended as a map from LP(Q) into LP(Q2), for any 1 < p < co. In other words,
a generic function f € LP(£2) does not have trace on the boundary 0.

9. To construct the trace of a function u : W1P(Q), consider the following approach.

(i) Using Theorem 4.3, extend u to a function Eu € W1P(IR™) defined on the entire space
IR", including the boundary of €.

(ii) Define the trace of u as the restriction of Fu to the boundary of Q, namely T'u = Eul,q,.

Explain why this approach is fundamentally flawed.

10. Let V C IR™ be a subspace of dimension m and let V- be the perpendicular subspace, of
dimension n —m. Let u € WHP(IR") with m < p < n. Show that, after a modification on a
set of measure zero, the following holds.

(i) For a.e. y € V* (w.r.t. the n —m dimensional measure), the restriction of u to the affine

subspace y + V' is Holder continuous with exponent v =1 — %.

(ii) The pointwise value u(y) is well defined for a.e. y € V. Moreover

[ 1wy < € ullwogren

for some constant C' depending on m, n,p but not on .
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11. Determine for which values of p > 1 a generic function f € W1P(IR?) admits a trace
along the zj-axis. In other words, set I' = {(¢,0,0); t € IR} C IR?® and consider the map
T : CL(IR?) — LP(T"), where T'f = fir is the restriction of f to I'. Find values of p such that
this map admits a continuous extension 7' : WP (IR3) — LP(T).

12. When k = 0, by definition W%?(Q) = LP(Q). If 1 < p < co prove that Wg’p(ﬂ) =LP(Q)
as well. What is W">(Q) ?

13. Let ¢ : IR — [0, 1] be a smooth function such that

1 if <0,
p(r) = { 2

0 if r>1.

Given any f € W"P(IR"), prove that the functions fi(z) = f(x)(|z| — k) converge to f
in W*P(IR™), for every k > 0 and 1 < p < co. As a consequence, show that Wéc’p(B") =
WhP(IR™).

14. Let R, = {z € IR; x> 0} and assume u € W?P(IR,). Define the symmetric extension
of u by setting Eu(x) = wu(|z|). Prove that Eu € WP(IR) but Eu ¢ W2P(IR), in general.

15. Let u € C}(IR™) and fix p,q € [1,00[. For a given A\ > 0, consider the rescaled function
ux(x) = u(Ax).

(i) Show that there exists an exponent «, depending on n,p, such that

lurllLe(rny = A%|ullLe(mny -

(ii) Show that there exists an exponent [, depending on n, g, such that

IVurllLamny = N[ VullLamn -
(iii) Determine for which values of n,p, ¢ one has o = 3. Compare with (6.16).

16. Let Q C IR™ be a bounded open set, with C! boundary. Let (u;,)m>1 be a sequence of
functions which are uniformly bounded in H!(2). Assuming that ||u,, —ul/2 — 0, prove that
u € HY(Q) and

lullr < liminf Jfem s

17. Let Q = {(x1,22); 22 + 22 < 1} be the open unit disc in IR?, and let ¢ = Q\ {(0,0)}
be the unit disc minus the origin. Consider the function f(x) =1 — |z|. Prove that

f € Wol’p(Q) for 1<p< o0,
f € Wol’p(Qo) for 1<p<2,
¢ Wyt () for 2 <p<oo.
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Figure 11: Left: the function f can be approximated in W'? with functions f,, having compact
support in Q. Right: the function f can be approximated in W2 with functions g,, having compact
support in .

18. Let Q = {(x1,22); 0<m; <1, 0 <2y <1} be the open unit square in IR
(i) If u € H'(Q) satisfies

meas({x €Q; ulx) = O}) > 0, Vu(z) =0 for a.e. x € Q

prove that u(x) = 0 for a.e. x € Q.

(ii) For every a > 0, prove that there exists a constant C, with the following property. If
u € HY(Q) is a function such that meas({z € Q; u(x) = 0}) > «, then

[ullez) < Cal[VullL2(g) - (9-4)

19. Let (uy)n>1 be a sequence of functions in the Hilbert space H?(IR3) = W2*2(IR3). Assume
that
lim u,(z) = u(z) forall z € IR? llun|l gz < M for all n.

n—oo

Prove that the limit function w coincides a.e. with a continuous function.

20.
(i) Find two functions f,g € L}, .(IR") such that the product f - g is not locally integrable.

(ii) Show that, if f,g € L} (IR) are both weakly differentiable, then the product f - g is also

loc

weakly differentiable and satisfies the usual product rule: D,(fg) = (D.f) g+ f - (D.g).

(iii) Find two functions f,g € L}, (IR") (with n > 2) with the following properties. For every
t = 1,...,n the first order weak derivatives D, f, D,,g are well defined. However, the product
f - g does not have any weak derivative (on the entire space IR").
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