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modely pre oceňovanie opciı́
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Tomáš Kuric Brownov pohyb vo finančnej matematike



Štandardný Brownov pohyb

matematicky - Wienerov proces

stochastický proces
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Štandardný Brownov pohyb

Definı́cia
Stochastický proces {Wt , t ∈ [0,∞)} na pravdepodobnostnom
priestore (Ω,A ,P) sa nazýva štandardný Brownov pohyb, ak
platı́:

(i) W0 = 0 pre každé ω ∈ Ω;
(ii) s pravdepodobnost’ou 1 sú trajektórie t →Wt spojité pre

každé ω ∈ Ω,
(iii) pre každé 0≤ s < t < ∞ má prı́rastok Wt −Ws normálne

rozdelenie so strednou hodnotou 0 a rozptylom t−s;
(iv) pre každé 0≤ t0 < t1 < t2 < .. . < tn < ∞ sú prı́rastky

stochastického procesu, (t.j. náhodné veličiny)

Wt1−Wt0 ,Wt2−Wt1 , . . . ,Wtn −Wtn−1 ,

nezávislé.
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Štandardný Brownov pohyb
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Obr.: Trajektória štandardného Brownovho pohybu.
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Štandardný Brownov pohyb

Brownov pohyb ako limita náhodnej prechádzky

zmenšovanie priestorového a časového kroku

stochastický proces so spojitým časom {Wt , t ∈ [0,∞)}

Wt = lim
n→∞

1√
n

bntc

∑
i=1

Xi .
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Štandardný Brownov pohyb
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Obr.: Jednoduchá náhodná prechádzka pri zmenšovanı́
priestorového a časového kroku.
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Cena aktı́va ako stochastický proces
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Brownov pohyb s driftom

Definı́cia
Stochastický proces Xt nazývame Brownovým pohybom s
driftom, ak spĺňa (je riešenı́m) stochastickú diferenciálnú
rovnicu

dXt = µdt + σdWt ,

kde Wt je štandardný Brownov pohyb a µ, σ sú konštanty.
Konštantu µ nazývame koeficient driftu a konštantu σ

nazývame koeficient volatility.

Pre Xt teda musı́ platit’

Xt = X0 + µt + σWt

pre každé t > 0.
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Brownov pohyb s driftom
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Obr.: Trajektórie Brownovho pohybu s driftom pre X0 = 0, µ = 0.15,
σ = 0.2.
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Brownov pohyb s driftom

problémy Brownovho pohybu s driftom
záporné hodnoty
nezávislost’ µ a σ na hodnote procesu

použitie geometrického Brownovho pohybu

dSt = µSt dt , resp.
dSt

St
= µdt

integrácia medzi časmi 0 a T

ST = S0eµT

zahrnutie variability vedie na obecný tvar

dSt = µSt dt + σSt dWt
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Brownov pohyb s driftom
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Geometrický Brownov pohyb

Definı́cia
Stochastický proces Xt nazývame geometrickým Brownovým
pohybom, ak spĺňa stochastickú diferenciálnú rovnicu

dXt = µXtdt + σXtdWt ,

kde Wt je štandardný Brownov pohyb a µ, σ sú konštanty.
Konštantu µ nazývame koeficient driftu a konštantu σ

nazývame koeficient volatility.

Proces Xt musı́ teda spĺňat’

Xt = X0 ·exp
[(

µ− σ2

2

)
t + σWt

]
pre každé t > 0.
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Geometrický Brownov pohyb
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Obr.: Trajektórie geometrického Brownovho pohybu pre X0 = 1,
µ = 0.15, σ = 0.2.
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Modely oceňovania opciı́

Black-Scholesov model - cena aktı́va ako GBP
normálne rozdelenie logaritmických výnosov aktı́va
log-normálne rozdelenie ceny aktı́va

volatility smile

Obr.: Volatility smile.
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Modely stochastickej volatility

obecne

dSt = µStdt +
√

νtStdWt ,

dνt = α(St ,νt , t)dt + ηβ (St ,νt , t)
√

νtdBt ,

s
dWtdBt = ρdt .

Hestonov model

dSt = µStdt +
√

νtStdWt ,

dνt = κ(θ −νt)dt + η
√

νtdBt .
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Modely stochastickej volatility

obecne

dSt = µStdt +
√

νtStdWt ,

dνt = α(St ,νt , t)dt + ηβ (St ,νt , t)
√

νtdBt ,

s
dWtdBt = ρdt .

Hestonov model

dSt = µStdt +
√

νtStdWt ,

dνt = κ(θ −νt)dt + η
√

νtdBt .
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