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Řešeńı př́ıklad̊u z domáćı úlohy - SI I

Př́ıklad č.4 (kvadratická aproximace profilové funkce věrohodnosti)

(a) Nakreslete škálovaný logaritmus profilové funkce věrohodnosti normálńıho rozděleńı pro µ. Na
ose x bude µ a na ose y lnLP (µ|x) = lP (µ|x) − lP (µ̂|x). Porovnejte lnLP (µ|x) s kvadratickou

aproximaćı vypoč́ıtanou pomoćı Taylorova rozvoje lnLP (µ|x) = ln(LP (µ|x)
LP (µ̂|x)) ≈ −

1
2I(µ̂)(µ− µ̂)2.

(b) Necht’ skóre funkce S(µ) = ∂
∂µ lnLP (µ|x). Vezmeme-li derivaci kvadratické aproximace uvedené

výše, dostaneme S(µ) ≈ −I(µ̂)(µ− µ̂) nebo −I−1/2(µ̂)S(µ) ≈ I1/2(µ̂)(µ− µ̂). Potom zobrazeńım
pravé strany na ose x a levé strany na ose y dostaneme asymptoticky lineárńı funkci s jednotkovým

sklonem. Asymptoticky také plat́ı I1/2(X)(µ−X)
D∼ N(0, 1). Je postačuj́ıćı mı́t rozsah osy x rovný

〈−2, 2〉, protože funkce je asymptoticky (lokálně) lineárńı na tomto intervalu. Rozumně škálujte
osu y. Zobrazte pro (a) n = 10, (b) n = 100 a (c) n = 1000. Použijte (1) X ∼ N(0, 1) a (2)
X ∼ (1− p)N(0, 1) + pN(0, 2), kde p = 0.05. Okomentujte rozd́ıly mezi (a), (b) a (c), stejně jako
rozd́ıly mezi (1) a (2).
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Statistická inference II – př́ıklady

Př́ıklad č.1 (Generováńı pseudonáhodných č́ısel)

1. Necht’ Y ∼ pN(µ1, σ
2
1)+(1−p)N(µ2, σ

2), kde µ1 = 2, µ2 = 3, σ21 = 0.52 a σ2 = 0.82. Vygenerujte
n = 1000 pseudonáhodných č́ısel z tohoto smı́̌seného rozděleńı.

●
●

●

●

●
●
●

●

●

●

●

●
●

●

●

●

●

●

●

●●

●

●
●
●
●

●

●

●

●●

●

●
●
●

●●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●
●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●
●●
●

●

●

●

●
●

●

●

●

●

●
●
●

●
●

●

●

●●

●
●

●

●
●

●

●

●

●

●●

●

●

●

●●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●●

●
●
●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●●

●●

●

●

●

●

●
●

●

●
●

●●

●

●
●

●

●

●
●
●

●

●

●

●

●
●

●

●
●●

●

●

●

●

●

●

●
●●

●

●

●
●

●●

●

●

●

●

●

●

●
●

●
●

●

●

●
●

●

●

●

●

●●

●

●
●
●●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●
●

●

●●

●

●

●

●

●

●
●

●
●

●

●

●

●

●
●

●

●

●

●
●

●

●

●
●

●

●

●

●

●

●

●
●

●

●
●

●

●

●
●●

●

●

●

●

●

●

●

●

●

●
●
●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●
●

●
●●

●

●

●

●●

●●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
●●

●

●

●
●

●

●

●

●

●

●●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●●

●

●●

●

●

●
●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●●

●
●

●

●

●

●

●
●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●
●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●
●

●

●●

●●

●

●
●

●

●●
●

●●

●

●●

●

●

●

●

●

●

●●

●

●

●

●

●
●
●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●
●

●

●●

●
●

●

●

●

●●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●
●
●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●
●●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●

●

●
●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●

●●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

0 200 400 600 800 1000

1
2

3
4

5

X

Y
~

pN
(2

,0
.5

2 )+
(1

−
p)

N
(3

,0
.8

2 )

●
●

●

●

●
●
●

●

●

●

●

●
●

●

●

●

●

●

●

●●

●

●
●
●
●

●

●

●

●●

●

●
●
●

●●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●
●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●
●●
●

●

●

●

●
●

●

●

●

●

●
●
●

●
●

●

●

●●

●
●

●

●
●

●

●

●

●

●●

●

●

●

●●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●●

●
●
●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●●

●●

●

●

●

●

●
●

●

●
●

●●

●

●
●

●

●

●
●
●

●

●

●

●

●
●

●

●
●●

●

●

●

●

●

●

●
●●

●

●

●
●

●●

●

●

●

●

●

●

●
●

●
●

●

●

●
●

●

●

●

●

●●

●

●
●
●●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●
●

●

●●

●

●

●

●

●

●
●

●
●

●

●

●

●

●
●

●

●

●

●
●

●

●

●
●

●

●

●

●

●

●

●
●

●

●
●

●

●

●
●●

●

●

●

●

●

●

●

●

●

●
●
●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●
●

●
●●

●

●

●

●●

●●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
●●

●

●

●
●

●

●

●

●

●

●●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●●

●

●●

●

●

●
●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●●

●
●

●

●

●

●

●
●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●
●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●
●

●

●●

●●

●

●
●

●

●●
●

●●

●

●●

●

●

●

●

●

●

●●

●

●

●

●

●
●
●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●
●

●

●●

●
●

●

●

●

●●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●
●
●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●
●●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●

●

●
●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●

●●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●
●

●

●

●

●

●

●
●

●

●

●

●

●

●

● ●

●

●
●

●
●

●

●

●

● ●

●

●
●

●

● ●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●
●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●
● ●●

●

●

●

●
●

●

●

●

●

●
●

●

●
●

●

●

● ●

●
●

●

●
●

●

●

●

●

●●

●

●

●

● ●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

● ●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

● ●

● ●

●

●

●

●

●
●

●

●
●

● ●

●

●
●

●

●

●
●

●

●

●

●

●

●
●

●

●
●●

●

●

●

●

●

●

●
●●

●

●

●
●

●●

●

●

●

●

●

●

●
●

●
●

●

●

●
●

●

●

●

●

● ●

●

●
●

● ●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●
●

●

●●

●

●

●

●

●

●
●

●
●

●

●

●

●

●
●

●

●

●

●
●

●

●

●
●

●

●

●

●

●

●

●
●

●

●
●

●

●

●
● ●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●
●

●
●●

●

●

●

●●

● ●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
●●

●

●

●
●

●

●

●

●

●

●●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●●

●

● ●

●

●

●
●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●●

●
●

●

●

●

●

●
●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●
●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

● ●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●
●

●

●●

●●

●

●
●

●

● ●
●

● ●

●

● ●

●

●

●

●

●

●

●●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●
●

●

●●

●
●

●

●

●

●●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●
●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●
●●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●

●

●
●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

● ● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●

●●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

0 200 400 600 800 1000
1

2
3

4
5

X

Y
~

pN
(2

,0
.5

2 )+
(1

−
p)

N
(3

,0
.8

2 )

●
●

●

●

●
●

●

●

●

●

●

●
●

●

●

●

●

●

●

● ●

●

●
●

●
●

●

●

●

● ●

●

●
●

●

● ●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●
●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●
● ●●

●

●

●

●
●

●

●

●

●

●
●

●

●
●

●

●

● ●

●
●

●

●
●

●

●

●

●

●●

●

●

●

● ●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

● ●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

● ●

● ●

●

●

●

●

●
●

●

●
●

● ●

●

●
●

●

●

●
●

●

●

●

●

●

●
●

●

●
●●

●

●

●

●

●

●

●
●●

●

●

●
●

●●

●

●

●

●

●

●

●
●

●
●

●

●

●
●

●

●

●

●

● ●

●

●
●

● ●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●
●

●

●●

●

●

●

●

●

●
●

●
●

●

●

●

●

●
●

●

●

●

●
●

●

●

●
●

●

●

●

●

●

●

●
●

●

●
●

●

●

●
● ●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●
●

●
●●

●

●

●

●●

● ●

●

●

●

●

●

●

●
●

●

●

●

●

●

●
●●

●

●

●
●

●

●

●

●

●

●●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●●

●

● ●

●

●

●
●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●●

●
●

●

●

●

●

●
●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●
●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

● ●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●
●

●

●●

●●

●

●
●

●

● ●
●

● ●

●

● ●

●

●

●

●

●

●

●●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●
●

●

●●

●
●

●

●

●

●●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●
●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●
●●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●

●

●
●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

● ● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●
●

●

●

●

●

●

●●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

2. Necht’ X1 ∼ N(µ1, σ
2
1) a X2 ∼ N(µ2, σ

2
2). Potom náhodný vektor (X1, X2)

T pocháźı z dvou-
rozměrného normálńıho rozděleńı s vektorem středńıch hodnot µ = (µ1, µ2)

T a variačńı matićı
Σ

Σ

(
σ21 ρ
ρ σ22

)
(1)

Vygenerujte n = 500 pseudonáhodných č́ısel z dvourozměrného normálńıho rozděleńı, pokud
µ1 = 2, µ2 = 3, σ21 = 0.52, σ22 = 1, ρ = 0.3. K vygenerováńı použijte

(a) funkci mvrnorm() z knihovny MASS;

(b) funkci rmvnorm() z knihovny mvtnorm.
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Př́ıklad č.2 (MC experiment pro IS)
Necht’

(a) X ∼ N(0, 1);

(b) X ∼ pN(0, 1)+(1−p)N(0, 4), kde p = 0.9, tedy jde o směs dvou normálńıch rozděleńı X ∼ N(0, 1)
a X ∼ N(0, 4) v poměru 9 : 1.

Pro obě části (a) i (b):

1. Vygenerujte M = 100 náhodných výběr̊u s rozsahem n = 500 a vypoč́ıtejte Waldovy 100(1−α) %
empirické IS pro středńı hodnotu µ, když σ2 známe. Spoč́ıtejte, kolik IS obsahuje středńı hodnotu
µ = 0. Toto č́ıslo podělené hodnotou M představuje simulovanou hladinu významnosti α.
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2. Vygenerujte M = 100 náhodných výběr̊u s rozsahem n = 500 a vypoč́ıtejte Waldovy 100(1−α) %
empirické IS pro středńı hodnotu µ, když σ2 známe. Spoč́ıtejte, kolik IS obsahuje středńı hodnotu
µ = 0. Toto č́ıslo podělené hodnotou M představuje simulovanou hladinu významnosti α.
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3. Postupy (1) a (2) zopakujteN = 100× a zjistěte, jaká je pr̊uměrná simulovaná hladina významnosti
α v těchto stech pokusech.
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