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Uvažme bonus-malus systém, kde máme řidiče rozděleny do pěti
ťŕıd (l = 0, 1, . . . 4). Při způsobeńı nehody se řidič na konci
pozorovaného obdob́ı pousouvá do ťŕıdy 4, p̌ri bezeškodńım
pr̊uběhu o jednu ťŕıdu ńıže. Uvažme tento systém jako Markov̊uv
řetězec. Jeho matice p̌rechodu je

P =


e−λ e−λ 0 0 0

0 0 e−λ 0 0
0 0 0 e−λ 0
0 0 0 0 e−λ

1− e−λ 1− e−λ 1− e−λ 1− e−λ 1− e−λ





Při volbě λ = 0.1 postupně dostaneme pro j ≥ 4:

P j =


0.670319 0.670319 0.670319 0.670319 0.670319
0.070498 0.070498 0.070498 0.070498 0.070498
0.077913 0.077913 0.077913 0.077913 0.077913
0.086107 0.086107 0.086107 0.086107 0.086107
0.095163 0.095163 0.095163 0.095163 0.095163





Bud’ L náhodná veličina popisuj́ıćı bonus-malus ťŕıdu náhodně
vybraného pojistńıka, wk je váha rizikové ťŕıdy s λk
(k = 0 . . . počet ťŕıd), π(λ) stacionárńı vektor Markovova procesu
daného bonus-malus systémem pro parametr λ. Potom je

P[L = l ] =
∑
k

ωk

∫ ∞
0

πl(λkθ)dFΘ(θ)

Pro každou bonus-malus ťŕıdu l se snaž́ıme určit jej́ı tzv.
”
relativńı

sazbu“ (dále též relativitu), tj. procentńı pod́ıl v̊uči základńı sazbě
(může být stejná pro všechny řidiče – relativity bez apriorńı
klasifikace, nebo může být závislá na rizikové ťŕıdě – relativity s
apriorńı klasifikaćı)
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Ve ťŕıdách voĺıme relativity tak, abychom se
”
co nejv́ıce p̌ribĺıžili“

skutečné nehodovosti (dané koeficientem Θλ):

E [(Θ− rL)2] =
s∑

l=0

E [(Θ− rl)
2|L = l ]P[L = l ] =

=
s∑

l=0

∫ ∞
0

(θ − rl)
2P[L = l |Θ = θ]dFΘθ

=
∑
k

ωk

∫ ∞
0

s∑
l=0

(θ − rl)
2πl(λkθ)dFΘ(θ)
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Řešeńım je

rl = E [Θ|L = l ] =

=
∑
k

E [Θ|L = l ,Λ = λ]Pr [Λ = λk |L = l ] =

=
∑
k

∫ ∞
0

θ
P[L = l |Θ = θ,Λ = λk ]ωk

P[L = l ,Λ = λk ]
dFΘ(θ)

P[Λ = λk , L = l ]

P[L = l ]

=

∑
k ωk

∫∞
0 θπl(λkθ)dFΘ(θ)∑
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Řešeńım je

rl = E [Θ|L = l ] =

=
∑
k

E [Θ|L = l ,Λ = λ]Pr [Λ = λk |L = l ] =

=
∑
k

∫ ∞
0

θ
P[L = l |Θ = θ,Λ = λk ]ωk

P[L = l ,Λ = λk ]
dFΘ(θ)

P[Λ = λk , L = l ]

P[L = l ]

=

∑
k ωk

∫∞
0 θπl(λkθ)dFΘ(θ)∑

k ωk

∫∞
0 πl(λkθ)dFΘ(θ)



Efektivita systému bonus-malus

Loimairantova efektivita

Mě̌ŕı, jak rychle se změna ve vstupńıch datech systému projev́ı v
relativitách jednotlivých ťŕıd.

Označme r(λ) pr̊uměrnou relativńı
sazbu pojistńıka s očekávanou škodńı frekvenćı danou rozložeńım
Poi(λ). Je to tedy vážený pr̊uměr

r(λ) =
s∑

l=0

πl(λ)rl .

Loimarantova efektivita je elasticitou této sazby jakožto funkce λ.
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EffLoi (λ) =
dr(λ)

r(λ)
=

d ln r(λ)

d lnλ

Globálńı efektivitu pak definujeme váženým pr̊uměrem p̌res
všechny ťŕıdy

EffLoi = E [EffLoi(ΛΘ)].



De Prilova efektivita

Necht’ v < 1 je diskontńı faktor, bl je sazba, kterou plat́ı pojǐstěnec

se škodńı frekvenćı ν v bonus-malusové ťŕıdě l .

Dále necht’ V
(n)
l (ν)

je pr̊uměrná současná cena pojistného, kterou zaplat́ı pojǐstěněc s
frekvenćı ν ve ťŕıdě l v následuj́ıćıch n letech. Pak

V
(n)
0 (ν) = bl + v

∞∑
k=0

P[N = k |λΘ = ν]V
(n−1)
Tk (l) (ν),

Potom definujeme

Vl(ν) = lim
n→∞

V
(n)
0 (ν)

Vl(ν) = bl + v
∞∑
k=0

P[N = k |λΘ = ν]VTk (l)(ν)

Konečně

EffDeP(l , ν) =

dVl (ν)
Vl (ν)

dν
ν

.
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V
(n)
0 (ν) = bl + v

∞∑
k=0

P[N = k |λΘ = ν]V
(n−1)
Tk (l) (ν),

Potom definujeme

Vl(ν) = lim
n→∞

V
(n)
0 (ν)

Vl(ν) = bl + v
∞∑
k=0

P[N = k |λΘ = ν]VTk (l)(ν)

Konečně
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