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ZAVERY Z MINULA

casova rada = systematicka (deterministicka)
slozka +
+ nesystematicka (nedeterministicka,

nahodna) slozka
(koncept Hermana Wolda (1938) - A Study in the Analysis of
Stationary Time Series)

U
neni konecna energie

U

neexistuje Fourieruv integral
U

vykonovy koncept
spektralni hustota vykonu -
power spectral density (PSD)

g
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HERMAN OLE ANDREAS WOLD

* 25.12.1908 - Skien, Norsko

716.2. 1992 - Gothenburg,
Svedsko

oblasti zajmu: matematicka

ekonomie, ekonometrie,
statistika, analyza ¢asovych rad

skolitel: Harald Cramér

v r O o)
na cem se podepsal: Crameruv-Wolduv
teorem, Woldova dekompozice casovych rad,
.- 7 7 . v v (o)
metoda parcialnich nejmensich Ctvercu;

f teorie uzitku, teorie spotrebitelské poptavky




SPOJITY SIGNAL

Fourierova transformace

j X, (t).exp(—2Tyft)dt

Parsevalova veta

E = [x2(t)dt = [|X,(F) df :%T of\xa(m)\zdm

~_ 7

spektralni hustota energie




SPEKTRALNI HUSTOTA ENERGIE (VYKONU)
SPOJITY PRIPAD

1
= lim— | x_(t).x_(t+1)dt
)= lim =[x, x,(t 1)

Rp(T

R, (T)= Txa(t).xa(t + 1).dt;

autokorelacni funkce funkce x,(t)

R, (T).exp(—21fT).dT
j ol P(=2TIfT) obé funkce tvori

Fourierovsky par
j S_ (f).exp(27ift).df

Ty




DISKRETNI POSLOUPNOST

x(nT,,), definovana na nekonecnem intervalu

nLI{-00;00); je frekvenCne omezena na pasmo o
Sirce +B = vzorkovaci frekvence F = 1/T,, > 2B

X(NTz) = X(nT,;) =7 x(n)

r gy V)




ENERGIE

v energie spojiteho signalu s(t)
E. = jsz(t)dt
T

v energie diskréetniho signalu

N
Ed = Z S2 (nTvz)

Ty



ENERGIE

energie spojiteho signalu s(t)
E. = jsz(t)dt
T

energie diskréetniho signalu

a) E,=Ys'MT,)  b) E, =Y s*n)

) E =T, Zs (nT,,) d) E, —TZZS (nT,,)

Ty




DISKRETNI POSLOUPNOST

Spektralni vyjadreni diskrétniho signalu

F/2
X(f) = Zx(n ).exp(—-21mfnT,,) x(nT,,) = _[ X(f).exp(2myfnT,, ).df

-F/2

Vztah spektra analogového a diskrétniho signalu:
x(nT,,)=x,(nT,,) = Txa(f).ejm”TVde

F/2 m KF+F /2

[ X, (F)ef = j X, (f)e™Medf =3 [ X, (f)e”™df =
-F/2 k=—cokF-F /2
w F/2 F/I2
= Z [ X,(F =KF)e2™df = [ 3" X, (f ~kF)e” ™ df
©_F/2 -F/2k=-o

= ixa(f -kF)| spektralni periodicita

k=—00




‘ DISKRETNiI POSLOUPNOST
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REKONSTRUKCE SPOJITE FUNKCE

predpokladejme, ze je

X, (f) =

X(f)
0

<F/2
>F/2

-y




REKONSTRUKCE SPOJITE FUNKCE

Xo(f)=X(f)=T,, 2 x(nT,,)e™™"

F/2 F/2 [ 00 n
X_(t) = j X_ (f).e2™df = j T, > X(nT,,).e ™M= |e?mdf =
-F /2 -F/2L  n=-w _
00 F/2 | ) 1
= Tvz ZX(nTvz)- Iejzmc(t nTVZ)df =jeaXdX = geax + C| =
n=-oco -F /2

Q2T ;) FI2 _ y=j2m(t-nT,;)F/2

=1 S xnT.,). ___° =
F & 2m(t-nT,,)

:nix(n )s{n(t nT j :Zx(n ).Si(r{Tivz—nD




‘ REKONSTRUKCE FUNKCE

’ REKONSTRUOVANA
FUNKCE -
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RAYLEIGHOVA VETA
F/2
> x*(nT,)= [|X
-F/2
00 F/2
:TVZZx(nTVZ).x(n Zx (NT,.) [ X(f).e”™"=df =
F/2 N ) F/2 o F/2
= [ X {szx (nT,, ).e/2mT- }df—jx (f)df = “X(f)zdf:
_F/2 I | ~F/2 ~F /2
X'(f)
F/2
= [S,(f)df
-F/2
e Y




JOHN WILLIAM STRUTT, 3. BARON RAYLEIGH

An Unerring Leader in the Natural
Knowledge

*12.11.1842, Maldon, Essex, U.K.
T 30.6.1919, Witham, Essex, U.K.

oblasti zajmu: fyzikalni chemie,
akustika, opticky a elektromagneticky
rozptyl svétla,povrchoveé viny;
psychologie - telekineze >

na cem se podepsal: spolu s

Williamem Ramsayem objevitel
argonu (Nobelova cena 1904) a
~ dalSich vzacnych plynd;
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F/2

—F/2

WIENER-KHINCHINOVA VETA

RXX(rT]TVZ) - TVZ Z X(r]TVZ )'X(nTVZ T mTVZ) -

F/2 |
= [ X'(F).X(f) "™ df =
-F/2
F/2

= [|X(F) &”=df =[S, (f)e”"=df

-F/2




NORBERT WIENER

*26.11. 1894 - Columbia, Missouri,USA
T 18.3.1964 - Stockholm, Svédsko

1906 - graduoval na stredni skole, 1909 - BA v
matematice; poté rok zoologie na Harvardu, od
1910 - filosofie na Cornell Uni; 1912 - PhD na
Harvardu - disertace na téma matematicka logika

profesor matematiky na MIT
zakladatel kybernetiky (?)

Cybernetics: Or Control and Communication in the Animal and

the Machine. Paris, (Hermann & Cie) & Camb. Mass. (MIT Press)
1948

doktorandi : Amar Bose, Colin Cherry, Shikao Ikehara, Norman
Levinson

Wienerova rovnice — popis Brownova pohybu

| Wieneruv optimalni filtr, ...
‘k,r




AnNeEkcAHOP Axkosnesny XUWHYNH

*7.(19.)7.1894, ceno KoHapoBo, MeabIHCKUM
ye3n, Kanyxckasa rybepHusa, Poccus

T 18.7.1959, Mockea, CCCP

zajmy: teorie pravdépodobnosti, statistika, teorie
funkci realné proménng, teorie Cisel, limitni véety,
retézove zlomky, ...

na cem se podepsal:

Pollaczekova-Chindinova formule (teorie fronty),Wieneruv-
Chinc¢inuv teorém, Chincinova nerovnost (statistika, komplexni
cisla), Chincinova-Lévyho konstanta (konvergence retézovych
zlomku), Chin&inova véta o diofantickych aproximacich
(aproximace realnych Cisel pomoci racionalnich cCisel)

ocenéni: 1939 - cClen korespondent AV SSSR;
1941 - Stalinova cena, ? - Leninova cena

-y




F/2

—F/2

WIENER-KHINCHINOVA VETA

RXX(rT]TVZ) - TVZ Z X(r]TVZ )'X(nTVZ T mTVZ) -

F/2 |
= [ X'(F).X(f) "™ df =
-F/2
F/2

= [|X(F) &”=df =[S, (f)e”"=df

-F/2




WIENEROVA-KHINCHINOVA VETA

00)

T, > Ryu(mT,,).e ™= =

VZ

m=—o0
> T, Y x(nT,,).x(nT,, +mT,, )e ™= =
m=—o0 n=—00

NE

x(nT,,).T,, > x(nT,, +mT,,)e ™= =

N=-—00

00)

=T, Y x(nT,,).X(f).e”™" =

VZ




POSLOUPNOST S KONECNOU ENERGII -
SHRNUTI

v z toho plyne, ze spektralni hustotu energie
neperlodlcke posloupnosti s konecnou
energii Ize spoditat dvéma zpusoby:

prima metoda:
S.(f) = IX(F)[? = |T,,.2x(nT,,).exp(-2njfnT,,)|?

neprima metoda:

1) Rxx(rnTvz) — TVZ' zX(nTvz)' X(nTvz+mTvz);
2) Sxx(f) — zRxx(rnTvz)'exp('Zrl.jfrn-rvz)

)




POSLOUPNOST S KONECNOU ENERGI -
SHRNUTI

PRAXE

v posloupnost konecné délky = tj. nasobeni
posloupnosti obdelnikovym oknem, takze
hocCitame spektrum posloupnosti

X(nT,)=x(nT,,)w,_,(nT,)

ve frekvencni oblasti
F/2

X(f) = X(f)* W(f) = jX(a).W(f—a)da

—F/2

Y



POSLOUPNOST S KONECNOU ENERGII -
SHRNUTI

Konvoluce funkce W(f) s X(f) vyhlazuje
spektrum X(f) za predpokladu, ze W(f) je
relativne uzké ve srovnani s X(f) = okno
w(nT,,) musi byt dostatecne dlouhé

“Leakage” from a sinusoid (rectangular window)

Problémy: o=
> postranni laloky
> rozliseni dvou TAR
frekvencnich R |
pasem 4 ﬁ_@\

{
|
! o A'LR. W -4 -3 -2 -1 0 1 2 3 4 5 b 7




FREKVENCNI OKNA

Triangular (Bartlett) Window:

Hareis F.3. 1 Ou dhe Use of Windows v trwouic fualusds with the

2n ' — N; l‘ %seﬁd{%uﬁem 'Gaus-e-,yu. Rroe. lE‘t;t;,‘rrrP-CGan& | Sow 4578
V-1 - 83
w(n] = t
ao N-1 N Wuttal A4 . owe Windouws witk Ver gm( Gide\obe Refawor
N-=1 2 \EEE Trawr. Acouil eedk X ‘3«;&.. 4y R, NSSP-29  Nod \ Feb. 1984
| . 2.2
Harn Window: Q
Rdaws 301 A o Ophmal Windour, \ewe Traus. BigaTaor, wt-5P-39,
w|n|=%[l—cm(;t"1)]. 0OsnsN-1. Nl’g\h'ﬂ-m“l,‘- B3~ 1369
Hamming Window!
2en Blackman window Fourier transform
w|n]=n,34—n_d5¢m(ﬁ_l). O=snsN-1L 1 r . 0 ; T
Blackman Window: 0.8} I =
wln] = 0.42 = 0.5 cos (METJ + 0.08 cos (%). § gg \ §
20.
0=n=N-1305F 1 1 ©
E 0.4 ‘ 2
Kaizer Window; 0.3
- 5 0.2 -
AT
gon 2 2 0 30
i win] = PRV . 0 N-1 -40-30-20-10 0 10 20 30 40
!D[uu ( s )1 samples bins

kde I,(e) je modifikovana Besselova funkce 0. radu 1. druhu; w, je Sifka hlavniho laloku
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FREKVENCNI OKNA
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FREKVENCNI OKNA
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VYHLAZOVANI OKNEM

Fnergy density (dB)

Energy density (dB)

T ST ENETETE SRS RE SR SUT R FURTE ST RO PR TR SRS NN

0 o8 2 3

4

5

!

3

Frequency (cycles/sample)

lklllmnr\]!l_l'1lll'|'l!i
2

4

spektralni konvoluce
obdélnikového okna
(spektrum)

X(f) =1 pro |f]| £0,1;
X(f) = 0 pro |f| > 0,1;

obrazu obdélnika
(N=61) a ...

Blackmanova okna
N =61
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SIGNAL S KONECNOU ENERGII - PRIKLADY
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Normalized frequency Normalized frequency
(2) o (c)
70 - 10
60} el ]
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¥ ] )
= _E. 40+ J
5 g
) 3
i 0p £ 30r -
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20} i 1 % ]
1o 10+ ]
0 ] * 1 I S !”“T .J IT.TT”[} 171%00a0tttt5anattten
0 005 01 oI5 02 025 03 035 04 045 03 O 005 01 015 02 025 03 035 04 045 03
Mormalized frequency Normalized frequency
j (b (d)
: " Spectrum/energy spectral density of a signal composed of two sinusoidal
signals with frequencies 0.135 and 0.195 Hz. N is the number of signal samples. L is the
number of samples after appending zeros. (a) N = L = 16; (b)) N = 16, L = 32: () N =
16, L = 64, and () N = 16, L = 128.
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Normalized frequency Normalized frequency
(b) N (d -
s £ Spectrum/energy spectral density of a signal composed of two sinusoidal
signals with frequencies 0.135 and 0.145 Hz. Note that the frequency spacing Af = 0.01
is much smaller than in Figure 16-1. N is the number of signal samples. L is the number
of samples after appending zeros. (a) N = L = 16; (b) N = 16, L = 32, ()N = 16, L =
64;and (d) N = 16, L = 128.
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SIGNAL S KONECNOU ENERGII - PRIKLADY

Relative ESD (in dB)

Relative ESD (in dB)
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(b

FIGURE 16-3 (a) Energy spectral density of a single complex sinusoid located ai fre-

Relative ESD (in dB)

Relative ESD {in dR}

02 03 04 05 0.6 0.7 08 0.9 1

Normalized frequency
{c)

0l

62 03 04 05 06 07 O0f 09
Mormalized frequency
4

quency fy = 0.3 Hz. (b) Energy spectral density of two complex sinusoids located at fre-
quencies fy = 0.3 Hz and f; = 0.7 Hz. They have equal amplitudes. (c) Energy spectral
density of two closely spaced complex sinusoids located at frequencies fy = 0.3 Hz an
Ji = 0.32 Hz with equal amplitudes. (d) Energy spectral density of two complex sinusoids
located at frequencies f; = 0.3 Hz and f; = 0.7 Hz but with une jual amplitudes. The peak
amplitude of the weaker sinusoid at f is 20 dB below hat ul the stronges one at fo.
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