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Opakovani

Newtonova metoda, metoda tecen

ot — x — %)
k1 = Xk F1(x¢)
Newtonova metoda je metoda druhého radu pro jednoduchy
koren &.
Metoda secen
Derivaci v bodé x; u Newtonovy metody nahradime sérnici

secny v bodech [xx_1, f(xk—1)] @ [xk, f(xx)]-

X — o — Xk — Xk—1
k+1 = Xk F(k) — F(xe1)

fixe), i=1,2...

Metoda je fadu (1 + v/5)/2 = 1,618.
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Metoda regula falsi

Predpokladejme f(a)f(b) < 0, f € CJa, b]. Pouzijeme metodu
seCen, pritom vybirame iterace tak, aby ve dvou po sobé
jdoucich méla f opacné znaménko:

Xk — Xs

F(xe) — ()

kde s = s(k) je nejvétsi index takovy, ze f(xx)f(xs) <O,
pritom f(xo)f(x1) < 0 (tj. napf. xo = a, x3 = b).

f(Xk), /(:O,].,...7

Xk+1 = Xk —

Poznamka: pokud je funkce f konvexni nebo konkavni na
[a, b], je xs jeden z krajni bodi intervalu.

Rad metody: 1
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Kvazinewtonova metoda (plus/minus)

Tecnu u Newtonovy metody nahradime seCnou prochazejici
bodem [xx, f(xx)] a bodem [x + f(xk), f(xx + f(x«))],
respektive bodem [xx — f(xk), f(xx — f(x«))].

Iteracni funkce:

F2(x)
f(x) — f(x £ f(x))
F2(x)
f(Xk) — f(Xk + f(Xk))
Metoda je fadu alespon 2.

g(x)=x=+

Xkp1 = Xk =
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lterani metody pro nasobné koreny

Koren ¢ nasobnosti M

F€)=0,F(&)=0,....F(MDE)=0, FM(E)#0
Veta

Necht kofen £ ma nasobnost M > 1. Pak modifikovana
Newtonova metoda

Xk+1 = Xk —

je metoda druhého radu.
Obecny postup: Newtonova metoda pro u(x) = %
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Urychleni konvergence — Aitkenova 62-metoda

Veta
Necht je dana posloupnost {xi},—,, xk # & k=0,1,2,...,

klim x, = &, a necht tato posloupnost spliuje podminky
—00

Xk+1_§ = (C+7k)(xk_§)7 k = 07 ]-7 27 SR |C| < ]-7 kll_[T;O’Yk =0.

Pak posloupnost
(Xkr1 — Xk)2

)A(k = Xk —
Xp42 — 2Xpq1 + Xk

je definovana pro vsechna dostatecné velka k a plati

. R —
lim = S:0,
k*)OOXk—f

tj. posloupnost {Xx} konverguje k limité £ rychleji nez
posloupnost {x}.
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Geometricka interpretace
Polozme

e(xk) = xk = X1 = Xk —§— (1 —§) = (e —§)(1—C+0(1))
e(xk) je tedy priblizné linearni funkci chyby x, — &.

Rovnice pfimky prochazejici body [xk, e(xk)] a [xk+1,e(Xks1)]:

_e(x) — 5(Xk+1)(

Xk — Xk+1

X — xk) + e(xk)

Prasecik s osou x (y = 0) je bod X«

_ )2
R = X — (%) (Xk — Xt1) ~ o — (Xk11 — Xk)

e(xk) — e(Xk+1) Xk+2 — 2Xk1 + Xk
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Vyjadreni pomoci diferenci:

Axy = Xk+1 — Xk

A%x = Dxps1 — Dxg = Xego — 2Xpt1 + X

A3Xk = A2Xk+1 — A2Xk

2 — x — (Bx)°
A2Xk

Konec opakovani
Jiri Zelinka Numerické metody 5. prednaska, 22. brezna 2018 8 /20



Steffensenova metoda

Bud g iteracni funkce pro rovnici x = g(x). Polozme

Vi = 8(xk), zc = g(Y«),

(Vk — xk)?
Zk — 2y + Xk
V tomto pripadé je tedy e(xx) = xx — Yk, €(Vk) = Yk — Z«-
Tato iteracni metoda se nazyva Steffensenova a maze byt
popsana iteracni funkci :

Xk+1 = Xk —

Xk+1 = @(Xk)7

(g(X) x)? xg(g(x)) — g°(x)
—2g(x) + x
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Veta

Q (&) = ¢ implikuje g(£) = ¢.
Q Jestlize g(&) =&, g/(§) existuje a g'(&) # 1, pak
p(&) =¢.

Veta
Necht funkce g ma spojité derivace az do radu p + 1 vcetné
v okoli bodu x = £. Necht iteraéni metoda x,11 = g(x«) je
fadu p pro bod &.
Pak pro p > 1 je iteracni metoda xx1 = ¢(xx) fadu 2p — 1.
Pro p =1 je tato metoda radu alespon 2 za predpokladu

g'(§) # 1.
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Souvislost Steffensenovy a kvazinewtonovy metody

f(x)=0 — g(x)=x+f(x)
Na funkci g aplikujeme Steffensenovu metodu:

e =80x) = xx + F(x),  zx = g(y) = v + (k)

(Y — xi)?
Zi — 2yk + X«
e (e + £ () — i)
Wi+ F(yic) = yie) = (e + £ () = xi)
IR G
‘ f(yi) = f(x)
= Xxx+ Fx)
f(xk) — F(xk + f(x«))
Podobné varianta ,,minus” pro g(x) = x — f(x).

Xk+1 Xk —
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Miillerova metoda

Miillerova metoda je zobecnénim metody secen. U metody
seCen aproximujeme funkci f pfimkou prochazejici body
[xk—1, F(xk—1)], [x«, f(xx)] a za dalsi aproximaci bodu &
vezmeme priiseCik této primky s osou x.

Miillerova metoda uziva tfi aproximace Xx_», Xx_1, Xk a Kfivku
y = f(x) aproximujeme parabolou urcenou témito body.
Prasecik této paraboly s osou x, ktery je nejblizsi k xy,
vezmeme za dalsi aproximaci x 1. Touto metodou lze najit

i nasobné a komplexni koreny.
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Xk_2, Xk_1, Xk jSOU jiZ vypoCtené aproximace. Sestrojme
polynom
P(x) = a(x — x)? + b(x — x) + ¢

prochazejici body [xc—a, f(xk—2)], [Xk—1, f(xk—1)], [, f (xk)],
t.j. spliujici podminky P(x') = f(x'), i=k — 2,k — 1, k.
Z nich plyne

= f(x)

(k-2 — %) [F (k1) — FO)] — (aer — x0)° [F(a—2) — ()]

(Xk—2 - Xk)(Xk—l - Xk)(Xk—2 - Xk—l)

(xk—2 = xi) [ (xe—1) = Fx)] = (o1 = xi) [F(a—2) — £ ()]

(kaz - Xk)(kal - Xk)(kal - kaz)
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—b+Vb?* —4ac —2c
Xk — Xk — = .
o 2a b+ vb?— 4ac
Znaménko u odmocniny vybereme tak, aby bylo shodné se
znaménkem b. Tato volba znamen4, ze jmenovatel zlomku
bude v absolutni hodnoté nejvétsi a tedy vysledna hodnota
Xk+1 bude nejblizsi x,. Je tedy

2c

Xkp1 = Xk — :
T (signb)v/ b? — 4ac
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Newtonova metoda v komplexnim oboru

fix)=x>+1

Newtonova metoda: x,.1 = xx —

Xo

X1

X2

X3

Jiri Zelinka

Xerl o Xf*l
2Xk - 2Xk

2000 371"
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Polynomy

M,: tfida polynomi stupné nejvyse n s realnymi koeficienty.
M, C M,: tfida polynomi s jednickou u x".
Pell,:

P(x) = a,x" + a, 1x" 1

...t ai1x + ap.
&1,&, ..., &, koreny (realné i komplexni) polynomu P.

Deleni polynomii se zbytkem
P, Q — polynomy, Pak existuji polynomy S, R, Ze plati

P=Q-S+R,

pricemz st R < st Q.
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Hornerovo schema

P(x) = apx™ + a,_1x" ...+ a;x + ag, c € R.
Vydélime polynom P(x) linearnim polynomem x — c:

P(x) = (x = c)Q(x) + A,

kde
Q(x) = by 1x" P4+ byx + by
Koeficienty b;, i =0, ..., n urcime z rekurentnich vztahi:
bh-1 = an
by1 = ak+cby, k=n—-1....1
A = ag+chy.

Pak je zrejmé P(c) = A.

| an an1 a2 - @ & a

c ‘ bn—l bn—2 bn—3 e bl bO A
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Oznacime polynom @ jako @; a hodnotu A jakozto Ay,
v dalsim kroku dostaneme podil @, a hodnotu A;

Qu(x) = (x =€) - Quaa(x) + Ax.

Hornerovo schema pak (symbolicky zkraceno):

P
c o Ao
c Q2 A

c Q3 A;

cl A,
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Pro polynom P pak dostavame

Q@(x) + Ar(x — ¢) + Ao =

= (x =)} ((x — )@s(x) + A2) + Ai(x — c) + Ay =

= (x=c)PQ(x)+A(x—c)P+Ax—c)+ A==
= Ax—c)"+ A 1(x—c)" 4+ 4+ Ai(x — ¢) + Ao

P(x) = (x=c)Qu(x)+ Ao =
i EX — ng(X — C)Q2(X) + Al) + Ao =
)

Hodnoty A, ..., Ao jsou tedy koeficienty polynomu P
posunutého do bodu ¢ — Tayloriiv rozvoj.

P®)(c)
k!

A =
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Hranice korenl

Veta
Necht
P(x) = anx"+a,_1x"'... 4+ aix + ao,
= max(lan—]_’j"7’aol)7
B = max(|an|,...,|a1l),

kde aga, # 0. Pak pro vsechny koreny &, k =1,...,n,
polynomu P plati

1 A
B §|€k|§1+’a’

14+ — "
|ao|

Jiri Zelinka Numerické metody 5. prednaska, 22. brezna 2018 20 / 20



