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Abstract

In the present paper we consider a toxin producing phytoplankton—zooplankton model in which the toxin liberation by
phytoplankton species follows a discrete time variation. Firstly we consider the elementary dynamical properties of the toxic-
phytoplankton—zooplankton interacting model system in absence of time delay. Then we establish the existence of local Hopf-
bifurcation as the time delay crosses a threshold value and also prove the existence of stability switching phenomena. Explicit
results are derived for stability and direction of the bifurcating periodic orbit by using normal form theory and center manifold
arguments. Global existence of periodic orbits is also established by using a global Hopf-bifurcation theorem. Finally, the basic
outcomes are mentioned along with numerical results to provide some support to the analytical findings.
© 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

Almost all aquatic life is based upon plankton, which are the most abundant form of life floating freely near the
surfaces of all aquatic environments, namely, lakes, rivers, estuaries and oceans [1,2]. The plant forms of plankton
community are known as phytoplankton, they are capable of photo-synthesis in presence of sunlight and serve as the
basic food source and occupy the first trophic level for all aquatic food chains. The animals in the plankton community
are known as zooplankton. Phytoplankton are consumed by zooplankton which are a most favourable food source for
fish and other aquatic animals. Phytoplankton are not only the basis for all aquatic food chains, they render very
useful service by producing a huge amount of oxygen for human and other living animals after absorbing carbon-
dioxide from surrounding environments [3]. The most common features of the phytoplankton population is rapid
increase of biomass due to rapid cell proliferation and almost equally rapid decrease in population, separated by some
fixed time period. This type of rapid change in phytoplankton population density is known as ‘bloom’. The excitable
nature of blooms is the main characteristics in the plankton ecosystem. Due to the accumulation of high biomass
or to the presence of toxicity, some of these blooms, more adequately called “harmful algal blooms” (HABs, [4]),
are noxious to marine ecosystems or to human health and can produce great socioeconomic damage. Reduction of
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grazing pressure of zooplankton due to release of toxic substances by phytoplankton is one of the most interesting
topics of research in the last few decades [1,5-10]. Chattopadhyay et al. [8] proposed a mathematical model for
toxic phytoplankton (Noctilucca Scintillans belonging to the group Dinoflagellates of the division Dinophyta) and
zooplankton (Paracalanus belonging to the group Copepoda) interaction and explores the role of toxin producing
phytoplankton (TPP) behind harmful algal blooms. The general form of mathematical model they have considered is
the following two nonlinear coupled ordinary differential equations

dP— Pl1 P P)Z 1
o (—z>—,3f() (1a)
dZ

E=,31f(P)Z—SZ—/08(P)Z (I1b)

where P = P(t) is the density of toxin producing phytoplankton (TPP) population and Z = Z(¢) is the density of
zooplankton population at any instant of time ‘¢’ subject to the non-negative initial condition P(0) = Py > 0 and
Z(0) = Zp > 0. In above model system ‘r’ is the intrinsic growth rate and ‘k’ is the environmental carrying capacity
of TPP population. ‘f(P)’ represents the functional response for the grazing of phytoplankton by zooplankton
and ‘g(P)’ describes the distribution of toxic substance which ultimately contributes to the death of zooplankton
populations. B(>0) is the maximum uptake rate for zooplankton species, f1(>0) denotes the ratio of biomass
conversion (satisfying the obvious restriction 0 < ; < 8) and 6(>0) is the natural death rate of zooplankton. Finally
p(>0) denotes the rate of toxic substances produced by per unit biomass of phytoplankton. They have analyzed the
above model system by taking various combinations of functional response terms. In [10], the authors have analyzed
the following type of model system

dp P

5 =P (1 - E) - Bf(P)Z (22)
dz

5 = PSPIZ =82 —pg(Pt—T)Z (2b)

with f(P) = P and g(P) = P/(y + P) based upon the assumption that the process of toxin liberation follows a
discrete variation and ‘7’ is the discrete time period required for the maturation of phytoplankton cells to liberate toxic
substances. Based upon the model system (2), the authors studied the oscillation of phytoplankton and zooplankton
populations along with the stability condition for oscillatory behaviour.

Based upon their ideas, we intend to study a model system similar to (2) with the assumption that f(P) and g(P)
are described by same type of function, namely, Holling type-II functions. With this assumption the model system (2)
takes a new form as follows

dP— Pl1 P P)zZ 3
Friiakd <_E>_'3f() (3a)
dZ

E=ﬁ1f(P)Z—5Z—Pf(P(t—f))Z (3b)

subject to the initial condition P(0) > 0, Z(0) = Zy > 0 where P(0) is a continuous function in —t < 6 < 0. As
phytoplankton is the most favourable food source for zooplankton within aquatic environments and the Holling type-II
functional form is a reasonable assumption to describe the law of predation we will assume Holling type-II functional
form for ‘ f(P)’ [10,11]. It is quite reasonable to assume that the law of grazing must be same whether it contributes
toward the growth of zooplankton species or it suppresses the rate of grazing due to presence of toxic substances. In
this paper we are mainly interested in the dynamics of the toxic-phytoplankton—zooplankton model system with the
same functional form for f(P) and g(P) in presence of time delay. So far as our knowledge goes, in most of the works
authors have assumed f(P) and g(P) are of different type. Based upon the above model system we intend to study
the periodic oscillatory nature of phytoplankton and zooplankton populations by considering a discrete time delay as
bifurcation parameter. After finding the conditions for stable periodic oscillation we also study the global existence of
periodic solutions for the model system (3).

The paper is organized as follows. In the next section we briefly mention the basic local dynamical behaviour of the
model system near steady states, where we make the assumption that the process of toxin liberation follows no time
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lag, that is its effect is instantaneous to the grazers. In Section 3 we consider the delayed phytoplankton—zooplankton
model whose construction is based upon the assumption that process of toxin liberation follows a discrete time varia-
tion, then we deduce the condition for exchange of stability behaviour around the coexisting equilibrium point through
a Hopf-bifurcation by considering the discrete time delay as bifurcation parameter. Section 4 consists of a purely al-
gebraic technique based on normal form theory and center manifold arguments for retarded functional differential
equations [12] to investigate the stability of small amplitude periodic solutions arising from Hopf-bifurcation. Using
the technique for global Hopf-bifurcation results due to Wu [13], we prove the global existence of periodic solutions
in Section 5. In Section 6, we give some numerical simulation results in support of the analytical findings. Finally, we
mention basic outcomes of our mathematical findings and their ecological significance in the concluding section.

2. Basic mathematical model: Stability analysis

The interaction of toxic-phytoplankton—zooplankton systems and their dynamical behaviour will be considered in
this paper based upon the following nonlinear ordinary differential equation model system (with T = 0)

dp P\ BPZ
Sl Y I (4a)
dr k y+P
4z Pz Pz
4z _hPz s, P (4b)
dr y+ P y+ P

subject to the initial condition P(0) = Py > 0, Z(0) = Zo > 0. Here ‘r’ is the intrinsic growth rate of phytoplankton
species in absence of zooplankton and ‘y’ is the half saturation constant for a Holling type II functional response.
The biological significance of all other parameters have already been mentioned in the introduction. Now we make a
basic assumption that 81 > p, that is, the ratio of biomass consumed by zooplankton is greater than the rate of toxic
substance liberation by phytoplankton species. The vector fields associated with the model system (4) are smooth
within Ri and thus the existence and uniqueness criteria hold good and it is easy to verify that P(¢), Z(t) > 0
whenever P(0), Z(0) > 0 [14]. Regarding the boundedness of the solution for the model system (4) we state the
following lemma:

Lemma 1. All the solutions of the model system (4) with the positive initial conditions Py, Zo are uniformly bounded
within a region B C Rf_ where B ={(P,Z) € Rf_ :B1P+BZ = % +e L = %}.

This lemma is obvious and we omit its proof (interested readers may consult the work [15]).

The equilibrium states for the model system (4) are given by Ep(0,0) (trivial equilibrium), Ej(k,0) (axial
equilibrium) and E,(P*, Z*) (positive interior equilibrium), where P* = 7 EZ_ 5 and Z* = %(1 — PT*)()/ + P*).
Thus for existence of E, we must have 81 > p + & and P* < k. For local stability of these equilibrium states we
have to find the Jacobian matrix at these equilibrium states corresponding to the model system (4). We then have to
calculate eigenvalues of the corresponding Jacobian matrices to characterize the local stability of these equilibrium

states. The Jacobian matrix for the model system (4) at any point (P, Z) within positive quadrant is given by

2rP BvZ BP
|k oxP? y+P
D= G-z =P | ©)
(y + P)? y+P

It is easy to check that Ej is always a saddle point, E is locally asymptotically stable whenever E, does not exist and
a saddle point whenever E, exists. At E, the Jacobian matrix takes the form

2r P* By Z* BpP*
,_ _ _
o kK AP yiP
* (B1 —p)yZ* 0
(y + P*)?

Thus by Routh—Hurwitz criteria E is locally asymptotically stable whenever k < 2P* + . In this case E, is a global
attractor also. The stability behaviour changes as k passes through the critical value k = k* = 2P* 4y and the system
exhibits Hopf-bifurcation. Thus the existence criteria for Hopf-bifurcation can be stated as follows:
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Lemma 2. If k = k* = 2P* + y with B > p + 8, then the model system (4) exhibits a Hopf-bifurcation around E.
This implies that a small amplitude periodic orbit bifurcates near E, whenever k passes through its critical value k*.

A detailed analysis in this direction can be found in [8].
3. Mathematical model with delay: Local stability analysis

The delayed model system is developed based upon the fact that the liberation of toxic substances by phytoplankton
species is not an instantaneous phenomena rather it must be mediated by some time lag which is required for the
maturity of toxic-phytoplankton. If we assume ‘t’ is the discrete time period required for the maturity of toxic-
phytoplankton then model system (4) can be extended as a delay differential equation model system as follows

dp P BPZ

— =rP({1——) - (6a)
dr k y+P

dz PZ Pt —1)Z

_=ﬂl__ Z_u (6b)
d  y+P y+ Pl —1)

subject to the initial condition P(8) > 0, Z(0) = Zp > 0 where P (0) for —t < 6 < 0. Under these assumptions the
model system (6) must posses an unique solution [16,17]. We will consider here the time delay as a control parameter
starting with the assumption that E, is locally asymptotically stable whenever T = 0. For local asymptotic stability
analysis of E.(P*, Z*) for the model system (6), we linearize the model system (6) with help of the transformations
P(t) = P* 4+ x1(t), Z(t) = Z* 4+ x2(¢) (x1 and x; are small perturbation terms whose second and higher order terms
can be neglected) and which results in the following system of linear delay differential equations :

dxy iy (7a)
— =dax X a
ar 1 2
dx
=2 =cx; +dx;(t — 1) (7b)
dr
where the coefficients are given by
rP* 2P* vy BP* By zZ* oy Z*

a= 1— - = b=——, c= ——, d=——"7"—.

Y+ P* ko k Y+ P* (y + P*)? (y + P*)?

The characteristic equation corresponding to the linearized system (7) is given by

G, 1) =M —ar —b(c+de ") =0. (8)

Att = 0, E, is locally asymptotically stable whenever k < 2P*+y. Now E, will be locally asymptotically stable
for t > 0 if the real part of G(A, 0) is negative and G(iw, t) # O for every real ® and T > 0. We assume that for
some values of t(# 0), there exists a real number w > 0 such that A = iw is a root of the characteristic Eq. (8). Then
separating real and imaginary parts of G(iw, 7) = 0 we get

®? + be + bd cos wt =0 9
bd sinwt —aw = 0. (10)

The above two equations can be combined as

o* + 0*(@* + 2bc) + b*(c* — d*) = 0. (11
Let us denote

A = (a® + 2bc)? — 4b*(¢* — d?)

Then the roots of biquadratic equation (11) are given by

W = % [~ (@ +2b0) £ V4]
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Now as we need w (>0) as a real quantity, we have to consider the following cases

(i) A < 0 imply no purely imaginary roots of the form i w,
(i) A >0, c? > d?, a® + 2bc > 0 imply no purely imaginary roots of the form iw,
(iii) A > 0, ¢ < d?, a*> + 2bc > 0 imply one purely imaginary root iw,.,
(iv) A >0, ¢* < d?, a* + 2bc < 0 implies one purely imaginary root iw,.,
(v) A>0,c? > d? a* + 2bc < 0 imply two purely imaginary roots i ..

Since the existence of the positive interior equilibrium E, demands ¢2 > d?, the cases (iii) and (iv) can be excluded.
For the cases (i) and (ii) we don’t have any purely imaginary roots of the characteristic Eq. (8). This shows that
the positive interior equilibrium point E, is absolutely stable (locally asymptotically stable for all 7 > 0) under the
parametric restrictions P* < k < 2P* + y, B1 > p + & with the conditions (i) and (ii).

We now consider the case (v), which implies ¢> > d?, a> 4 2bc < 0 in this case there are two purely imaginary

roots given by wt = \/%[—(az +2bc¢) + /Al where 0 < w_ < w4 . From the Egs. (9) and (10) we have

. aw+
sin(w47) = d <0 (12)
2
cos(wit) = #. (13)
Since in this case (—a? £ v/A) < 0, cos(wst) < 0. Thus rki = ﬁ[aresin(ag;*) + 2km],k =0,1,2,.... Let us
define 61 = arcsin(ag;i). Thenm < 6- < 64 < 37,0 < w— < w4 and arcsin is decreasing. We have thus two
sequences of delays 1'k+ = % and 7, = i:}’# for which there are two purely imaginary roots of the Eq. (8).

We will now study how the real parts of the roots of (8) vary as t varies in a small neighborhood of 1:k+ as well as 7.
Let A = u + iw be a root of (8), then substituting A = u + iw in the characteristic equation and separating real and
imaginary parts we have

“Tecoswt =0

Hw, w,t)= u> —au — bc — > — bde~
Hy(u,w,7) =2uw — aw + bde ™" sinwt = 0.

Now we have H; (0, w4+, tki) = Hy(0, wy, 7)™ = 0. Also we have | J |(0)wi’t,;t) > (0 where

0H, 0H;
s e
0H, 0H»
o dw
Hence by the implicit function theorem Hi(u,w,t) = 0 = H(u,w, t) defines u, w as a function of t in a

neighborhood of (0, w4, rki) such that u+(tk+) =0, a)+(rk+) = wy, dg—:(t}j‘) >0and u_(7; ) = Ow—_(7,) = w—,

d('f—r‘ (t; ) < 0. Now we are in a position to state the following theorem regarding the Hopf-bifurcation:

Theorem 1. For the delayed model system (6),

1) if P* < k < 2P* + 8 with B1 > p + 6, either (@ + 2bc)? < 4b*(c? — d*) or a® + 2bc > 0, and
(a® + 2bc)? — 4b%(c? — d?) > 0 then E, is locally asymptotically stable for all T > 0

(i) if P* <k <2P* 4+ y with B1 > p + 68, and a®> + 2bc < 0, (a* + 2bc)* — 4b*(c? — d?) > O then there exists a
positive integer n, such that the equilibrium E, switches n times from stability to instability to stability and so on
such that E, is locally asymptotically stable whenever t € [0, ‘L'S_ YU (7 s rl+ Ju—— — — — — U(zr,_;» t,h) and
is unstable whenever T € (r(;", 75 ) U (1:1+, )U—————— U(rri], T, ) andt > 1,7 The model system (6)

undergoes a Hopf-bifurcation around E. for every T = T

4. Stability of periodic solutions

In the previous section we have obtained the conditions for which the model system (6) undergoes a Hopf
bifurcation by considering ‘t’ as bifurcation parameter. In this section we determine the stability of periodic solutions
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bifurcating from E, at T = tki. For this purpose we deduce the normal form of the model system (6) by following
the way as introduced by Faria and Magalhaes [12], choosing ‘T’ as bifurcation parameter in a small neighborhood of
T = rk Introducing the time scaling ¢t — in Eq. (6) we get the following transformed system of equations

d— =‘L’|:VP (1 —£) - ﬂ} (14a)
dr k y+P

dz _r|:’81PZ 52_M1|_ (14b)
dr y+P y+P@r—-1)

We now apply the transformation x;(t) = P(t) — P*, x(t) = Z(t) — Z*, thus (14) reduces to

dxq (¢ 1 i
5() -1 |:ax1(t) + bxp (1) + Z h“”xm(t) + 3 ﬁhf]“) (t)xg(t)] (15a)
1 me2 M z+j22l
dxo (¢ 1 /
xj( ) _ . |:cx1(t) +dx(t— 1D+ Z —h(Z) HORSY ,—,h,(,mxi(f)xé )
t ma2 =2 1
+ Y hix z—1)x2(t)] (15b)
i+j>2

where a, b, c, d have the same expression as given in Section 3 and the /’s are given as follows

h(“>=rp(1—£), p@ = PPz h<21>:z<—’31P —5), h<22>=—z(5+ pP)
k y+P y+P y+P

pan _ (mnth Lan _ (37R0D po _ (21
™o\ 9P ’ v\ oPiazi ’ ™o\ apm
(P*’Z*) (P*’Z*) (P*’Z*)

h(21) B 8i+jh(21) h(zz) _ 3i+jh(22)
i\ aPiazi ’ b\ apiazi ’

The system of Eq. (15) in a phase space C := C([—1, 0], R2 %) can be written in matrix form as follows

dx
- = LX)+ tF (X)) (16)

where X = X (¢) is a column vector (x1(t), xz(t))T, X, € C satisfying the condition X;(0) = X(t +0),—1 <6 <0.
L is a continuous linear function, mapping C into Ri and is defined by

L(¢) = < a$1(0) + bg2(0) ) 6eC.

c¢1(0) +doi(=1)

This hypothesis implies that there exist an 2 x 2 matrix n(8) for —1 < 6 < 0 whose elements are of bounded variation
such that

0
L(¢) =/1[dn(9)]¢(9) A7)

and

dn(e)z[(i )5(9)+(0 °>a(e+1)} (18)



320 T. Saha, M. Bandyopadhyay / Nonlinear Analysis: Real World Applications 10 (2009) 314-332

where § denotes the Dirac-delta function. Also F : C — Ri is given by

1 R .
> Livgro+ ¥ Ligioso
F(¢) = ooom=2™ iz 1
> PO+ Y l']‘h,‘j‘>¢1(0)¢2(o>+ > gDl )

m=2 """ i+j>2 i+j>2

We now expand F (¢) in a Taylor series about ¢

1
F@)=Fo@) + Fi@) + 5 @)+

Comparing we get Fo(¢) = F1(¢) = (0, 0)T and

1 , ;
1 IRORSDS ,],hf}”¢>1<0>¢5<0>

—Fn(@) = 5 1 (21l)+] - 22 ,i j : (19
" h< O+ Y - i P 0130+ Y hiHi(—1)¢3(0)

z+j—n i+j=n
Introducing a new parameter « = t — 7} we rewrite (16) as
X ~
o = LX)+ F(Xi.x) (20)

where I?(X,, k) = k L(X;)+ (k + 1) F (X;) and 7% denotes any one of the critical values rki (k=0,1,2,...)at which
Eq. (8) has a pair of purely imaginary roots i®. The linear operator defined by (17) generates a strong continuous
semigroup of bounded linear operators with the infinitesimal generator

d¢
d_eov
/l[dﬂ(e)]fb(@), 6 =0.

—-1<6<0

Ap = 2

At T = 14, the infinitesimal generator A has a pair of imaginary eigenvalues *ioy; where oy = wtg. Let us consider
A = {—iog, iox }. Let P be the eigen-space associated with A and we decompose C by A as C = P @ Q where Q is the
complementary space of P in C and dimP = 2. Let us define C* = C([0, 1], Rﬁ_*), where Ri* is the two dimensional
vector space of row vectors and for any ¢ in C* consider the adjoint bilinear form (., .) on C* x C associated with
the linear equation

0 o
(V. ¢) = ¥ (0)¢(0) - / 1 fo V(& —0)dn(0)¢(§)ds (22)
and the adjoint operator A* of A is defined as
_dy(s) 0<s<1
A =1 0 (23)

/ldﬂ(S)w(—S) s =0.

Let & = (&, ;) be a basis for P and ¥ = (g;) be a basis for the dual space P* in C* associated with the

eigenvalues *tio; of the adjoint equations. Then it can be normalized so that (¥, ¢) = [ where [ is a 2 x 2
identity matrix. We consider (20) in C([—1, 0] : C) and still denote it by C. Thus we write the 2 x 2 matrices ¢

and ¥ of the form $(8) = (€,(8) $2(0)). B1(0) = e%%v, B,(0) = B1(0), —1 < 6 < 0and ¥(s) = (ﬁ;gi)
Wy (s) = e %5y T, Wy(s) = ¥i(s),0 < s < 1 where v = (Z;) and u = (”') are vectors in C2 and also & = $B,
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where B is a2 x 2 diagonal matrix B = (iff 7?01{). With the help of (22) after some computation, we have
1 u
V= iO’k — aTy s u = brkul (24a)
bty io
where
iog
u (24b)

T 2+ de—i%)iog — atp(l + dre—ion)’

Enlarge the phase space C to the space BC of the functions from [—1, 0] to Ri uniformly continuous on [—1, 0) and
with a jump discontinuity at 0. The elements of BC are of the form ¢ + Xoox where ¢ € C, o € Ri that is we can
identify BC with C x Ri. The projection of C upon P, ¢ — P(¥, ¢) associated with decomposition C = P @ Q
is now replaced by w : BC — P such that (¢ + Xoa) = P[(¥, ¢) + ¥ (0)a] leading to the decomposition
BC = P & kern with the property Q C ker w. We decompose X; = dn(t) + s;, n(t) € C% s € Q' =kerm N c!
and Eq. (20) is equivalent to

i = Bn(t) + Y (0)F(Pn + s, k) (252)
‘;—j = Agrs + (I —m)XoF (dn + 5, 1) (25b)

where Xo = Xo(6) is given by

S

and Ay : Q' — kerm. We refer to [12] for detailed explanation of the notations described above. We consider the
Taylor expansion of the second terms of the right hand sides of Eq. (14)

V(O F(Pn +s,k) = lf;(n, s, k) + lf;(n, s,k) + h.o.t (27a)
2! 3!
(I —1)XoF(®n + s, k) = %ff(n, s, K) + %ff(n, s, k) + h.o.t (27b)

where fj1 (n, s, k) and sz(n, s, k) are homogeneous polynomials in (n, s, k) of degree j, j = 2, 3 with coefficients
in C? and ker 7, h.o.t. stands for higher order terms. The flow of (25) on the center manifold tangent to the invariant
subspace P atn = 0, x = 0 is given by

1 1
i = Bn+ Eh;(n, 0,x) + §h§(n, 0,x) 4 h.o.t. (28)

where h}, Jj = 2,3 are homogeneous polynomials of degree j in (n, ), which is in normal form. We consider
V].(’"+p ) (X) as the linear space of homogeneous polynomials of degree j in m + p variables, n = (ny, na, ...., ny),

k = (K1, k2, ..., kp) with coefficients in X. For j > 2, let M; denote operator defined in V]'."+p (R™ x kerm) with
values in the same space by

Mj(p.h) = (Mjp, M}h)

(M} p)(n, k) =B, p(., )](n)

(M3h)(n, k) = Dch(n, k)Bn — Ag(h(n, k))
where [B, p(., k)] denotes the Lie bracket defined by

[B, p(..k)](n) = Dnp(n,k)Bn — Bp(n, k)



322 T. Saha, M. Bandyopadhyay / Nonlinear Analysis: Real World Applications 10 (2009) 314-332

Here the operator M} acts on Vf (C?) and we consider the decomposition Vj3 (C* = (Im M}) @ (ker M}). We have

ker(M}) = span{n‘f/clek (g, M) =M, k=1,2,ge N,l € N,|(g,1)| = j} where {e1, e} is the canonical basis for
C?. We have now

api api
) nla—n1 - nza—nz — P1

(Mjp)(n, k) =iog apa D>
n——np—-+p2

ony on

Thus

0
o {15 (2
2 2 0 0
ot = (57).("5): o) (o)}

From (27a)

and

le (n,s,k) =Y O)2L(k)(DPn + 5) + Fo(Pn + s, T7)].

We have now

ioy 60 —iop0—
€ viny +¢ vin
Pn — ( i g 2)

eIO'k9 vong + e—lokev—znz

with the help of (19) we get

f(l)(n 0. <2ﬂn11< + 22}12/( + azon% + 2ay1niny + aozn%)
2A1nak + 2An Kk + amni + 2aiining + axons

where A| = 1”" ulv, Ay m" 9% 1,7y and bar denotes the complex conjugate.

an,, (11 @, 1
(120=Tk< 1h, +2M1h11 vivy +uzhy v +2u2h11 v11)2>

+2u hil Je™ 1%y vy + uzhéoz)e 21”"1112

arl = T u1h§“)v1v_1 + ulh(ll)(vlﬁ + v2v1) + uzhgz)vlv_l + uzh(zl)(vlv_z ~+ v207)
a3 (€% 01 T3 + % vy ) + uahly )v1v1

u . Lt]h( 1)_2 + Zulh v1v2 + uzhgz)ﬁz + 2u2h(1211 Vv
02 = Tk N )
+2u2h§21 ) ek s + uzhgf)ez‘”kvlz

Following [12], the second order terms in (n, «) of the normal form on the center manifold are given by
hé(n, 0,x) = Projker(le)fZI (n,o0,K).
Thus we get

h(n, 0, k) = (2A1”“‘).

2A1n2k
For the cubic terms in the normal form, we have
hY(n,0, k) € ker(MY).

In order to study the local stability of the periodic orbit arising from Hopf-bifurcation the terms o(|n|«?) are irrelevant.

Hence we only need to compute the coefficients of <"10"2>and ( 10 2). The canonical basis for V23 (C?) consists of
n n2
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following twelve elements
}’l% niny niK n% na)K K2
0/’ 0o )’ 0 )’ 0)’ 0 )’ 0
0 0 0 0 0 0
n?)’ nny)’ nik)’ n% ’ nyk )’ k2)"
The image of each one of the elements of this basis under le /1oy are respectively
n% - niny ’ 0 - n% - nok - K2
0 0 0 0 0 0
3 0 0 ) 0 (0 0 0
n?) \minz)’ nik )’ ns) \0) \«?)"

We have
L 1 : 1
§h3(n, 0,x) = ﬁPrOJker(A,,;)f3 (n,0,k)
1 . —
= §Pr0Jker’(M31)f3l n,0,0) +o(] n | KZ)

where ker’(M31) = span {("%(;’2) , (
normal form of the equation up to second order. Following the computation scheme given in [12] we have

0 2) } and f_;(n, 0, 0) is the third order terms of the equation after computing the

niny

1 _ gl E 1 _ 1 E 1
H0.0.00= £0.0.0)+ 3 [0 )02 = 0,0 S [0ufDe]

We now compute %h%(n, 0, k) step by step

Step 1: Computation for Projker/(M;) [(Dn f21)U2]
Following the procedure in [12] we get

(n,0,0)

Ux(n,0,0) = (My)~' P}, £} (n,0,0)

where (M;) ! is the right inverse of (M}) and P}, f; (n, 0, 0) is the projection of f; (2,0, 0) on the image space of
(M3}). Now

2 2
le(n’ 0,0) = <ilzon1 + 2ayniny +a02n2> _

aozn% + 2ayniny + Ezon%

Hence

1 2 1 2
;(azonl —2ajininy — gaoznz)

Uy(n,0,0) = 1 k 1 ) )
<§502n1 + 2ap1nny — Ezonz)

10y
Again
D, f) = 2220"1 + 2211712 2211”1 +2f02”2
nJ2z 2amny +2ayny  2aiing + 2asona

and after some algebraic calculations we get

2i 1

2 24,2
—(azoa11 — 2la1|” — zlan2|")nin2
O 3

. 1 _
PrOJer () [(D"fz )UZ:I(n,O,O) - 2i , 1 s o
——(azoar1 — 2lanl” — §|a<)2| nin;

Ok
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Step 2: Computation for Projker/(Msl) [(D,, Uz)h%]
‘We have h%(n, 0,0) =0 and so

(n,0,0)

. 1
Projyep ) [ (Dn Uz)hz](n o=

Step 3: Computation for Projker/(]‘,[%l)fS1 (n,0,0)
We have f31 (n,0,0) = W(O)F_o,‘( ®n, 1) and from (19)
i —h””¢>1<0> + h(“)¢1(0)¢2(0)
§F3(¢n’ ) = 2 21 2 2
' 15 97(0) + 5 h< V61 (0)62(0) + 5 h( ot (=D 0) + 5 h< e (—1)

After computing we have

3a21n%n2>

. 1
Proer vy f3 (1, 0, 0) = (352111111%

where

ulh(“) 1 +u1h (v%iz+2v1mv2)+u2hg)v%v1

ax = T —i—uzh( 1)(011)2 + 2v1v1v2) + Mzhm)(e 2ok vy + 20171 v7)

22 —
+u2h§0) 2]Uk %Ul

Step 4: Computation for Projker/(Mé) [(DS f21)g](n,0,0)

Here g is a second order homogeneous polynomial in (n1, ny, k) with coefficients in Q’. Let
gy, na, k) = grion1h2 + gro1n1k + go11n2k + gzoon% + gozon% + 8002K2

where g = <§é )is the unique solution of

(Mzzg)(n, k) = —7m) [2L(k)(Pn) + F2(Pn, )]
which acts in V23(Q’ ). Following [12] we have
(M38)(n, k) = Dyg(n, k)Bn — Ag(g(n. k))

= Dpg(n,k)Bn — g(n, k) — Xo [L(Te)(g(n, k) — &(n, k)(0)]
= (I — )Xo [21()(Pn) + F2(Pn, 7)) .

Thus from the above it follows that z = h(n, 0)(0) can be evaluated by the system

§(n) — Dyg(n)Bn = 9V (0) [2L(0)(Pn) + F2(Pn, 7)] (29)
§()(0) — L) (g(n)) = 2L(0)(Pn) + Fo(Pn, 7¢) (30)

where we have used (¢ + Xox) = P[(¥, ¢) + ¥(0)x] and g denotes the derivative of g(n)(6) with respect to 6.
We have now

le (n,s,0) = U(O0)[2LO)(Pn + 5) + Fo(Pn + s, 71)]
. <u1 uz) rVe? 4 2n'Verdy
=T | = _
we w2) \pPcd 4+ 20V erdy + 20 P erdy + 1Sy

c1 =viny +vinz + 51(0)

where

= e_iakvlnl + eiakﬁlnz +s1(=1)
di = vany + vany + 52(0).
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After some computation, we have the second order column matrix

1 _ uy up w1
[(Dsz) g](n,0,0) = 2% <E1 ﬁz> (u}z)
where
wi = [both V' ) + P20 + 5P g O + KV g2O) + cohg20) + g (— 1)
+do(n{}" g 0 + 1} ' ) + hPg! (1) |
wy = [bo(hy Vg" (0) + Vg (©0) + hVg" (0) + 1§,V g (0) + co(h( g2 (0) + i 8" (—1))
+do(h}"g" O +h{Pe (=1 + iy e 0]

and
by = vin; +vina, co= e ok viny + eigkﬁlnz, dy = vony + vano
with
ds1(0) 0s52(0) ds1(—1)
g =¢'—=  FO=¢g—— gh=g——
ds1 ds2 as]

Also we may write

'(0) = g110(0)n112 + g300(0) + ghr (0)n3
g'(=1) = gl o(=Dnina + gaoo(— 1) + ghro(—1n3
°(0) = g710(0)n172 + 300(0) + 832 ()3,

Thus

203n%n2
2531”1111%

Projker’(M3l) [(DS le)g] N (

1,000

where c3 is given by

(15" gl 10v1 + A5V gdog (071 + {1V gl 10wz + 1l oo + A1V g3 (0)v1]

1 _ 2 2 _ 21 21 _
I, [hgl )8300(0)1’1 + h(z )glllo(o)vl + hé )8500(0)”1 + hgl )81110(0)1’2 + hgl )g%oo(O)UZ
= T 1 _ 2 2 _
+h§l )8%10(0)”1 + hil )g§00(0)v1 + hil )81110(_1)02 + h(u )8500(_1)”2
(e g2 (O)vr + R e g2 (0T + Ao e % gl (= Dvt + hiy €% glog (—1)T1]

Again from (29) and (30) we obtain the differential equation for g110(6) and g200(0) as

&100) = (&1 ) (;g) (1)

£200(0) — 2ioxg200(6) = (41 2) <;§2> (32)
with the conditions

£110(0) — L(7)(g110) = ™ (Zi) (33)

§200(0) = L(m0)(8200) = T (Zi) (34)
where

1 1
9) = 8110(9)>, 0) = (8200(9)>
0@ (g%lo@ 82100 = { g0 ®)
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and

ar = 2h$"Mv vl + 2h}} (V102 + v271)

by = 200151 4 2050 (0152 + vav1) + 2057 (€% 1T + €T ) + 2855 0T

ay = h(“) T+ 2h( V12

by = h(z) 1+ 2h(21)v1v2 + 2h(22) %y vy + h(22) —2iox v%.

Solving (31) and (32) subject to the conditions (33) and (34) we get
2
g1100) = — (ane™v — a1 7) + ¢, (35)
ok
1 io,0 1— —io 9 2ioy 6
8200(0) = — i | axe Fu + dne KU ) + Cre™* (36)
k

where C| = (cgl) c?)) and C; = (cél) c§2)) are as follows

b
(Wb
c+d
ab
52) (. al
b\c+d
M bbzl’kz + 2iojay Ty

© 2ioy(2ioy — aty) + b2 (c + de~2iow)
@ _ @ti(c+deH%) + by (2ioy — at)
 2ioy ioy — aty) + b2 (c + de~2or)

Thus the above four steps together give the result

1 A3ning
—hi(n,0,k) = (271
3! 3(}1 K) (A3n1n%

where Az = 20k (azoan —2lay; |2 — —|a02| )+ 5 (a21 + ¢3). Hence the normal form (28) becomes
Anik Aszniny
n—Bn+<A1n2K)+<A3nln + ollnlic® + lnfh). 37)

This normal form relative to P can be written in terms of the co-ordinates (x, y) by using the change of variables
ny = x —1iy,np = x +1iy, where i = +/—1. Finally using the polar co-ordinates x = r cos 6, y = r sin6, the normal
form (37) becomes

P =kirk +kor® + o(c2p + | (r, €)Y (38a)
6 = —op + o(|(r, k)] (38b)

where k1 = Re(A1), ko = Re(A3). Summarizing the results obtained above leads us to the following theorem,

Theorem 2. The flow of the Eq. (20) on the center manifold of the origin at k = 0 is given by (38). Moreover if
ko # 0 (generic Hopf bifurcation) the periodic orbits of Eq. (38) bifurcating from the originr = 0, k = 0 are given by

kik

1
r(t, k) = [_ET + o)

(1, 1) = —op + 0 (|K|%)

and the stability of periodic orbits depends upon the following conditions
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() if kiky < O (respectively kiky > 0) there exists a unique non trivial periodic orbit in the neighborhood of
(r, k) = (0, 0) for k > 0 (respectively k < 0) and no periodic orbit for k < 0 (respectively k > 0),

(ii) the non trivial periodic orbit is stable if ky < 0 and unstable if ky > 0.
5. Global existence of periodic solutions

In the earlier sections we have established that the model system (6) undergoes a Hopf bifurcation at E, for t = rki
and also investigated the stability of bifurcating periodic solutions. In this section by using a global Hopf bifurcation
theorem due to Wu [13] we study the global continuation of periodic solutions bifurcating from the point (E,, r,j ),
k=0,1,2,...for the model system (6). For convenience we write the model system (6) as

I'=F},7,T) (39)
where I;(0) = I'(t +60) € C([—T, 0], R%_) and I'y = (P, Z;). We use the following notations

¢=C(-1,0], R%)

Z =cl{(I',7,T) € £ x Ry x R4 : I'is a T-periodic solution of (39)}

N={T,7,T): F(I',7T,T)=0}.
Let (Evtt, ‘% , denote the connected component of (E, rk+ , i—i) in ) where the expression for 1:k+ and w4 are given
in Section 3.
Lemma 3. Whenever E, exists, all the nontrivial periodic solution of (39) are uniformly bounded within R_%_.
Proof. Let &1, &, 1 and 1, be the real quantities defined by

P (&) = min{P (1)} P (1) = max{P(t)}

Z(&) =min{Z()}  Z(n2) = max{Z(1)}

where P(¢) and Z(¢) are nonconstant periodic solutions to (39). As our state space is R2, we will look only for
positive periodic solutions. From (6a) we get

T __BZ@m) _ PO
O0=r kP(m) 7/+P(771)<r(1 . )
This implies
P(m) <k.
From (6b)
_ AP o pPp-—7) _ AP0
Y+ P(n2) y+Pm—1) v+ P
This shows
8y
POR) > 2=
Hence
. L < Pm) < Pn) <k. (40)
Again from (6a)
0= ( PUz) BZ(n2) BZ(n2)
=r{l—-—)-— <7 - —
k Yy + P(n2) Yy + P(n2)
This implies

BZ(m2) <r(y +P(m) <r(y +k.
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That is

Z(m) < ’(V‘%"). @1

Hence by the relation (40) and (41) the lemma is confirmed. O

Lemma 4. Suppose E, exists and k < 2P*+y. Then there is no any nontrivial T-periodic solution for the system (6).

Proof. Let us assume that the model system (6) has a nontrivial t-periodic solution. Then the model system (3) has
also a periodic solution. For the model system (3) we note that the P-axis and Z-axis are invariant and the orbits of
the model system (3) do not intersect each other. There is no solution which will cross the co-ordinate axes. If there
be any periodic solution within the first quadrant, then there must be equilibrium in its interior and obviously E.
is there. Now if k < 2P* + y holds with the existence of E, then E, is globally asymptotically stable. Hence by
the Benedixon-Dulac criterion the system (3) does not have any periodic orbit under the restriction mentioned in the
lemma and the lemma is confirmed. O

Theorem 3. Suppose that E, exists with k < 2P* + y and a®> + 2bc < 0. Then for each T > r/j(k =0,1,...),
system (6) has at least k + 1 periodic solutions.

Proof. The characteristic matrix of Eq. (6) at an equilibrium I" = (P, Z) is given by

— r—a —b
V(.. T} = (_E_ge_m . _E) “42)
where
_ 2P ByZ - BP __ BivZ
a=r 1 — - —_— £ b = - = ¢ = ) ’
k (y + P)? y+P (y + P)?
_ V4 P
d=_ P72 =P PP
(y + P)? y+P

(T',7,T) is called a center if F(I', 7, T) = 0 and det(V(I', 7, T)(%i)) = 0. A center is said to be isolated if it is
the only center in some neighbourhood of (7, T, T). The model system (6) has three equilibria Ey(0, 0), E1(k, 0) and
E.(P*, Z*). It is clear from Section 2 that the equilibria E((0, 0) and E; (k, 0) are not centers. From the discusssion
about the local Hopf-bifurcation theorem in Section 3, it follows that (E, ‘L'k+ , 3)—1) is an isolated center and there exist
€ > 0,68 > 0 and a smooth curve A : (rk+ -4, rk+ + 6) — C such that det(V(A(1))) = 0, | A(7) — iw4+ |< € for all
T € [rk+ —6,1:k++8] and

dReXA
M) =iwy, dReA (@) 0.
dr —
Let
2
-thz{(u,T):0<u<€, T — — <e}.
Cog w4

Nowif|t—‘ck |< dand (u,T) € 9£2, zn,thendet(V(E*,t T)(u+ Zi)) =0iffu =0, ‘E—‘L’k andT—w—
ot

"
Hence all the assumptions (A1) ~ (A4) of Theorem 8 in [13] are satisfied for m = 1. Moreover if we define
H*(E,, ‘L'k , 2’i)(u, T) = det(V(E,, ‘L’k +6,T)(u + 2 1)) then we have the crossing number of isolated centers

2 2
degp (H(E*, ‘L'k+, ﬁ), QG’;_»):) —degp <H+ (E>,< 1:k+, E) 02, ﬂ)

—1#£0.

(Ey, rk , ZZ) as follows

2
4! <E*7 Tk+, _>
w4
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Thus by Theorem 8 of [13], we conclude that the connected component M(E, o, 2m) through (E,, r,:’ , i—z) in Y is
%> Cwy

unbounded. We will now show that the projection of © (Ev.t, u% ) onto T-space is [rk+ , 00]. With the help of Lemma 4
the projection of Mg, o, 2n) onto t-space is away from zero. Let us suppose that the projection of (Ev.tft, 3)% ) onto
T-space is bounded. This implies that the projection of u (Ev.1}, o% ) onto T space must include an interval of the form
(0, 7). With the help of Lemma 4 this shows that the projection of (Evt, a%: ) onto T'-space is bounded. Hence by
Lemma 3 the connected component Mg, o %r ) is bounded and we have a contradiction and consequently the theorem

is confirmed. O
6. Numerical results

In this section, we present some numerical results for some particular values of the parameters associated with
the model system (6). For ecological justification behind the choice of numerical values and related information,
interested readers may consult the literature by Chattopadhyay et al. [8]. We consider the following model system

apr P\ 07PZ

SLEE-Y SR (43a)
ar 108)  5+P

dZ  0.6PZ 02P(t — 1)Z

4z _ _ aesaz — 20— DZ (43b)
dr 54+ P 54 P(t—1)

which has an interior equilibrium point E,(52.80346820809254, 84.40611033414001) and this set of parameter
values satisfies the local asymptotic stability conditions of E, in absence of time delay. Substituting P() =
52.80346820809254 + x1(¢t) and Z(t) = 84.40611033414001 + x> (¢) in (43) and then linearizing we get

d

o 0.0441006743738x; — 0.63945x,,

d(it (44)
d—f — 0.07578571428571x1 — 0.0252619047619x,(t — 7).

As the conditions A > 0, ¢? > d? and a? + 2bc < 0 are satisfied, we find two purely imaginary roots i w.+ with
w4+ = 0.24583783672861, w- = 0.18585273350794

After some usual algebraic calculations one can find the minimum value of the delay parameter ‘z’ for the model
system (43) for which the stability behaviour changes and the first critical values are given by

1:6" = 15.77200313837373, and 7, = 19.7669696683186

such that, E, is locally stable for = € [0, 15.77200313837373) and is unstable for 7 € (15.77200313837373,
19.7669696683186). The eigenvectors as defined in (24) are given by

_{0.42399156898581 + 0.09428853634629i
— \ —0.2452543732444 + 1.1028465446809i

1
V= (—0.06896657185675 — 0.38445200833312i) ’

Now one can calculate the relevant quantities to obtain the normal form by using any mathematical software
(e.g. MATLAB, MAPLE), which results in the desired normal form (see Eq. (38)) as follows

i = —0.02766106548628rk — 0.00483827117482r> + o(k>p + |(r, K)|*) (45a)
6 = —3.87735513241468 + o(|(r, k)). (45b)

Finally the stability determining quantities for Hopf-bifurcating periodic solutions are given by

k1 = —0.02766106548628,
ko = Re(—0.00483827117482 — 0.009178060492831) = —0.00483827117482.
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Fig. 1. Solution of (43) fort = 14.5 < t0+ showing Ey = (52.80, 84.41) is stable.
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Fig. 2. Hopf bifurcating periodic solution of (43) for t = 16.2 > ‘L'a_ .

As k» < 0, the periodic solution is stable. Interested readers may verify the results with other sets of parametric
values or with some realistic field data.

From our analytical findings we have seen that E, is locally asymptotically stable for 7 < r(;" , Fig. 1 shows the
simulation result for the model system (43) with 7 = 15.4 < r0+ . Interior equilibrium point looses its stability as ©
passes through its critical value T = ‘L’0+ and a Hopf bifurcation occurs, a stable Hopf-bifurcating periodic solution is
depicted in Fig. 2. E, remains unstable whenever IO+ < T < 1, and regains its stability for T > ;. The equilibrium
point E, remains locally asymptotically stable whenever the delay parameter lies in the range 7, < 7 < ‘L'1+ (see
Fig. 3). E, again switches from stability to instability as t passes through v = T1+ and an unstable solution for the
model system (43) is shown in Fig. 4. The numerical simulations we have done here illustrate the stable periodic
solution arising from Hopf bifurcation at 7 = ‘L'J and the switching of stability that occurs as the magnitude of the
delay parameter increases gradually.

7. Discussion

Aquatic environments are not only a common habitat for phytoplankton as well as zooplankton but they constitute
the aquatic ecosystem as it is. Global increase of harmful phytoplankton blooms in the last two decades have received a
great deal of attention from several researchers, but the pattern and mechanism behind the planktonic blooms as well as
its possible control have not yet taken a proper shape and hence it emerges as an interesting subject area for theoretical
ecologists and their co-researchers. It is established by many of the present day researchers that one of the key factors
behind phytoplankton bloom and succession is the toxic substance released by some phytoplankton species. The
main objective of the present paper is to study the qualitative behaviour of an interacting phytoplankton—zooplankton
system in presence of toxic substances with the help of a delay differential equation model system with same type
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Fig. 3. E, regains its stability for 7;” < 7 =20.5.
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Fig. 4. E. switches from stability to instability at T = 42.5 > rl+ .

of functional response associated with the growth of zooplankton due to grazing of phytoplankton and the term
which has a negative effect on the zooplankton growth due to presence of toxic substances. Analysis of the delayed
model system is based upon the assumption that the toxin liberation by the phytoplankton species follows a discrete
time variation and we have established that when the time delay ‘t’ crosses a threshold value ‘tki’, the delayed
toxic-phytoplankton—zooplankton model system enters into a Hopf bifurcation and we have a periodic orbit around
a coexisting equilibrium point E, for k = 0, 1,2, ..... We have shown that there are two possible cases for local
asymptotic stability of E, for the delayed model system, in the first possible case the positive interior equilibrium
E. is absolutely stable under certain parametric restrictions mentioned in the theorem of Section 3, (in this situation
bloom phenomena never arise for the model system under consideration) and the second possible case includes a
sequence of two time delays rk+ (k =0,1,2,...)and 7, (k = 0,1,2,....) under certain parametric restrictions
for which the interior equilibrium point E, is stable whenever T € [0, rgr ) U (g, ‘L'1+ ) U --. and unstable for
T € (r(f , To MY (rl+ , T, )U---. This phenomenon is known as switching of stability which arises for our model system.
The most interesting as well as mathematically important results we have presented in this paper is the stability criteria
for the Hopf-bifurcating periodic solution by considering the discrete time lag ‘t’ as bifurcation parameter. In order
to understand the importance of the delay differential model system in studying the toxic-phytoplankton—zooplankton
interaction compared to the non-delayed version and the effect of discrete time delays on dynamical behaviour of the
model system we have considered ‘t’ as bifurcation parameter. The local stability analysis of bifurcating periodic
solutions is based on normal form theory and we have obtained the criterion for stable and unstable periodic solutions.
According to the analytical results obtained in Section 4 our numerical example shows that the model system does
not have any periodic orbit whenever 0 < 7 < 15.77200313837373 and all trajectories eventually approach the
coexisting equilibrium point E, starting from any point within the positive quadrant of state space. A unique periodic
orbit emerges in the vicinity of E, when ‘T’ crosses the critical value T = 15.7720 and for T < 19.7669696683186
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the periodic orbit is stable (see numerical results). This result indicates that there is a threshold limit of toxin liberation
by the phytoplankton species below which the system does not have any excitable nature and above which the system
shows excitability. These results are consistent with the dynamical behaviour of the toxic-phytoplankton—zooplankton
interaction model with discrete time lag ‘t’, and agree well with some earlier works. We have established the global
existence of the bifurcating periodic solutions indicating the global oscillatory nature for the solution of the delayed
model system when it exhibits oscillatory behaviour. Numerical simulations which we have performed show the
switching of stability behaviour for the coexisting equilibrium point as the time delay crosses its different threshold
values; interested readers may check the stability of oscillatory solutions obtained for T > 7,'1+ .

There is still a tremendous amount of work to do with the phytoplankton—zooplankton model, especially in presence
of toxic substances. It would be interesting to study the emerging dynamical behaviour with various types of functional
response terms to describe the grazing of phytoplankton by zooplankton and the effect of toxic substances liberated
by the phytoplankton on their grazers in presence of discrete and continuous time delay in various terms associated
with the model system. On the other hand, the study of dynamical behaviour of planktonic interaction models with
varying magnitude of different parameters involved with the model system keeping the discrete time delay as a
constant and verification of these results with some practical data set may suggest some control mechanism for
harmful phytoplankton blooms. We hope, these issues will be well addressed in the near future and we leave them
for the subject matter of our future research. Finally we would like to remark that the subject area, namely, ‘harmful
phytoplankton blooms’ demands more in-depth and consistent research to understand the underlying mechanism
behind recurrent bloom formations of different phytoplankton species along with possible control mechanisms.
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