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Exercise 3 Let ¢ - RE:—> 3 Ae @ rotation

qrﬁund the ayrs X = )(3’ )(3-.—.09? the ﬂhﬁ/e
,r_:_Z‘ I'n Such @ uf/aq, that gp(//,o,o) has 2/l three
com /ooneuﬁs positive.. Find a matrix A Such

that v gtandard coordimtes
@) = AXx.

Solution : D We will find Hematn' (30)0(,0(
In a surtable orthonormal pacis aud ithen

we can Ccompuite
A= (g)y, = (1) Bl (A)e=Ple), P~

: : ‘ 0
where £ (s the ctandard basis e,:(g)le&:(é)(%?@-
Basis oL The firet vector (¢ the generator
of the aws, (e,

f ‘ L

Ve = (E { FZ‘ O)

Other two yector are per ,oendl'w‘ to (&
and also mutm//g am‘hoﬁona&,

A A
Vo =(’én*',:2-10) Vs = (0,0,4)
o= (Vi Vo Vo) (5 @ orthonorma € basis gnof
qo(w).-,- V"l ?[tg) = -, (smce (f{’/z0,0):(x,g,&)

) X>0, 420, 2>0
qives the Hirection })
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matri'x, since
both bases
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Sand x qre orthonormal . Hence.
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A= ’P((F)c(/"g P-1 - P(@dld?rz f/Z ’//2 _E
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@ Another colution uses the fact that
the colamns of the metrmy A are
Aey Ae, Aey . So we compate
Qo(e{)/ g[e,,S p {p/ﬁ;) y_c:('ng geometw'c consle-
rations.
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SELEADIOINT  OPERATDRS

[et Uand V be Spaces  with 2mlar product
over R or @. Jet ¢:U>V be a lincap
mapping . A lineac mapprng

g¢* v —> Y
’s called  adgormt Eo 2, (- for all ued!
and velV

), CARRY] C{’*(")>M |

Example 1 Yy = v

, V—‘-E&l pr)=Ax,
yhere 4 s 4‘matw'x £3n . Then . Phpn
1s  the WIQP/‘”"Q ff*(@)-éﬁlrg, grnee

For x e " and 4 e R we have

(CF(.¥)18> =(AX,€1> :(AOT% _ ¥rAr2/

<\L, {0@> :.6/ A,%> = yT (AT'«> = xT'AT'ér/ |

Lumple 2. Y= @% v-¢5 ¢O)=Ax,

‘/* (@ ) = A—-r% / where. ~ qtamds for omplex
ﬂongz)qaé'fon. The proof i< rery Stmy'lar

to the ohe above
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Theorem  Let o« be @h orthonormal besis
in Y, A an orthonormal pascs i 1// o U1

and  @* o ¥V — — U [hen

(?)04/5:( ﬁlr

Yoot : Lot (g)sn =4, (?2’6’3. Then
pov uell amd ve V' we get

ey = (¢), Uy = (A W) 0K

3
4, ‘f*(V)> = (4,):—( ¢+(v>)& N (a): .57;)—3 =(”1}EC;—);
Héenee A r= f, a hof aph.:a?wen{:/la

B -4

(o ' - Y
?"Oﬂéi’g( To €V% [I'hegr m"PP‘”ﬁ ?_” 71/‘
Ehepe (s ah @dgoint mapping @p*

Deﬁm{;ton of selfaddjoynt
Jet U be a veclor space with a arbar product
An opetetor @ : U >l s called selfadjoint

= Py, e Lov all u,velf
4 CP(“){ V> -'7'-'4‘4[ f(v>> _




Example 1 - pe

, A =47 /s a s’gmmeéw(‘;
@aérzy. Then. @ : B —P% g(x)= AX
is a celfadjornt operator.

Example 2. j = ey A= AT is @ hermitan
matriy. Then ¢: C“—>0« @(x) =Ax
(s @ selfdjornt opetator

HermiGian matri'y A = 2 ¢ Z-
-¢ 4 3r¢,/)

2+ 3-4r &

Example 3 ¢ U—>Y s an orthogonal
proa‘ed:l'on onto the Cubspace V' <l

The ¢ (s @ celfadjoint opertor
Let U = Uy +U,, v= Wty
<q0(’a/)/ V> _‘."<M1/ V> ;<M»]/ V,g'f'Vz_ > -—‘-—-<M1, V4>
£, ?(v)> = <l4/ vy > =<LUgt iy, Va7= <H7,l/,,>.

, el
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Eigen values and edgenvectors of celfaé(]omt
operators

@ Every ergehilue of a celfadjoint operabor
is real (even £ we work over Q)

@ E/yenvecéor:s to Afferent el'ﬁen ya lhes
ave penpedicular Each to awnother

Proof (1D Let Plu) = DN, U+’ Then

Auu2 = <Mu> = el ud> s <uypla)> o, A

| XLy
w hieh qi'ves A=N [ 9ol so A s reaf

& let @lun)= MUy Plac)=~ Nu, 4,4 2.,
Us #0°, 42 #0°. T hen

?\4 <“1, “2> = <?\1U1,Mz>:<(f[‘h), “L> :<L{," ?{u&>> =
= <uy, )zaz>‘= X<“1( “a>='
- 7‘44“11“2—>,
M=) ey 4y > =0
Slhce 11- ?z #0/ <H1ll{z>:0.

Hence



©,
opetor. Then [n U thepe Ic @h orthonov—

méé b s(s o<=(141,blz,,.-,l4n> formeof by
Clgenvectors |y Lpyee bes;s

(('P)o(,aﬁ - 0‘412 D
O

Wheve M, A, .. N Are el'gehm/kes.

( This is an d/zz/c?z{e Zo similar Cheorem HLovr
um'éarg Opeha £ors /)

’PV‘OOP b(d [‘ndudélon on d,.)” ” . /WI// hOt’ ?l’e
(.

Corollary. - spectral decompocition of ceff -
ad |eint epeya tors.
Everq selfadjornt operator (s a lrhe@r combimtioy
of orthogome progction on ( mutually ortho~
%ona(’}) eigen spices ;

?:: ?1?41'”- *?&‘Pt

where ) are dfferent leqépuelnes avl
F. s a pmyécél‘oh on ker (?- 7\,‘/&/). ‘



EYERCISE 1 FEinol WM&‘” @nol @h 22Lhonoyms
besis (n R formed by cgen rectors of the

linear operator @) = Ax, where

A= (4 2 2
2 4 Z
2 2 4

APPLICATION TO GQUADRATIC FORMS

Evewg Quadmtl'c Form on R
£Cx) = Z' Qg Y%y = XTAX

l.|3.=1
's given by @ ggmmetw‘c matvix A . This

matr’y determines a Selfadjoint operator
Cf : R*—R" 7(1’6# ‘07 ?(x).-.:A-)(.

orthouorma [
Now we Can tate EhEXHPRSS &= (UqUy,..., u,,)

formed W ‘b(d’ egenvectors of

the opevator ¢ ( of the metwx A). |n this
basis L the matrix of the quadmtic

form (s gqiven by {he correspondc'ng/ Sy mme~
¢ric  bilinear form g : K R“—IR

-
g luictg) = tul-Auy = u. dgly =0 <lilgy
O fukée i+ 4
£y e ( =4

pmom,
=



@

So (n the coordinates of the orthopormal

basis o« we have

e ——————

-P(ﬁ’) = ?‘fﬁf"' ?‘c‘(]&z*" t ?\«‘ﬂi‘

where A R, Auw are Ehe egenvelyes of A

EXERCISE 2 Fiud an orthonormal basis
yn  which  the q—aadméz‘c form

]&: Ez——?ES

{’.Cﬂ = 4%t XS 4"%27*4‘1:)&;1' & ¥k F¥ Kt

has a digenat form.

HOHE WO RK 10 Finel an orthogona & lasic
' which the guadmtic form g : P*-E*
a()ﬁ) = 47)(,21‘ UXe¥o— FXa¥s T 14 X5 +& Ko X5

+ 14 %o .
has a odhagonat form. ( Hink: One of the

etgen values ¥s 14.)




