
Lecture 13: Field gradients



Homogeneous field
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Pulsed field gradients (Gz)
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Gradients dephase transverse magnetization

Gz = 0 units



Gradients dephase transverse magnetization

Gz = 1 units



Gradients dephase transverse magnetization

Gz = 2 units



Gradients dephase transverse magnetization

Gz = 4 units



Gradient-induced dependence of phase

Gz = ∆B0/∆z ⇒ Ω′(z) = Ω− γGzz
−Iy → −Iy cos(Ω′t) + Ix sin(Ω′t)

= −Iy cos(Ω− γGzzt) + Ix sin(Ω− γGzzt)



Gradient-induced dependence of phase

Gz = ∆B0/∆z ⇒ Ω′(z) = Ω− γGzz
−Iy → −Iy cos(Ω′t) + Ix sin(Ω′t)

= −Iy cos(Ω− γGzzt) + Ix sin(Ω− γGzzt)

〈M+〉 = Tr
{
ρ̂(z, t)I+

}

= N
γ2~2B0

4kBT
eiπ2ei(Ω−γGzz)t

Performing phase correction and including relaxation:

〈M+〉 = N
γ2~2B0

4kBT
e−R2tei(Ω−γGzz)t



Pulsed field gradients (Gy)
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Gradient-induced dependence of phase

Gy = ∆B0/∆y ⇒ Ω′(y) = Ω− γGyy
−Iy → −Iy cos(Ω′t) + Ix sin(Ω′t)

= −Iy cos(Ω− γGyyt) + Ix sin(Ω− γGyyt)
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Gradient-enhanced HSQC
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Use of gradients

• Cleaning, filtering, selection

similar use as phase cycling

• Translational diffusion measurement

• Imaging
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Slice selection by Gz
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Slice selection by Gz
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Selective pulse: amplitude modulation



Slice selection

〈M+〉 =

K︷ ︸︸ ︷
γ2~2B0

4kBT
e−R2t

〈
N (z)eiΩte

−i

φ︷ ︸︸ ︷
γGzt︸ ︷︷ ︸
kz

z〉

= KeiΩt−R2t
〈
N (z)e−ikzz

〉



Slice selection

γGzz = Ω : 〈M+〉 = K
〈
e−R2t

〉
N (z)

1︷ ︸︸ ︷〈
ei(0)t

〉

γGzz 6= Ω : 〈M+〉 = K
〈
e−R2t

〉
N (z)

〈
ei(Ω−γGzz)t

〉
︸ ︷︷ ︸

0



Axial slice selection by Gz

γGzz = Ω : 〈M+〉 = K
〈
e−R2t

〉
N (z)

1︷ ︸︸ ︷〈
ei(0)t

〉

γGzz 6= Ω : 〈M+〉 = K
〈
e−R2t

〉
N (z)

〈
ei(Ω−γGzz)t

〉
︸ ︷︷ ︸

0



Magnetization in the slice
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Magnetization in the slice with gradient Gx



Magnetization in the slice with gradient Gx



Magnetization in the slice with gradient Gx



Magnetization in the slice with gradient Gx
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Magnetization in the slice with gradient Gy



Magnetization in the slice with gradient Gy



Magnetization in the slice with gradient Gy



Combination of gradients Gx and Gy



Combination of gradients Gx and Gy



Combination of gradients Gx and Gy



Regular patterns enhance signal



Regular patterns enhance signal



Unique shape as superposition of patterns
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Image reconstruction

• resembles diffraction methods (crystallography)

• wavelength of the phase patterns generated by gradients

• wavelength of the radio waves is irrelevant

(but starts to interfere at high field,

where it approaches the body dimensions)

• Ω assumed to be identical

differences must be corrected to avoid artifacts



k space
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k space
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See Figure 15 in

http://eprints.drcmr.dk/37/1/MRI English a4.pdf



Figure 15: Image reconstruction. The figure shows how simple patterns (line 1) can be summed up to
complex images (line 2). The reconstructed images are, in this case, created from the patterns that have
the greatest similarity with the subject in the scanner, meaning the areas of k-space where the strongest
radio waves were measured (line 3). Still more patterns are included in the image reconstruction (indicated
by the dark areas on the k-space images and the reconstructions are likewise becoming more and more
detailed (the number of included patterns is doubled in each step). The final reconstructed image (lower
right) has been created on the background of the thousand patterns appearing most similar to the excited
slice. The top line shows the “most recently added” pattern. It is seen that the slow signal variations
(intensities) are measured in the middle of k-space, while the sharpness of the edges are derived from the
measurements further out in the k-space.
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1D imaging in the slice
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Frequency encoding gradient

〈M+〉(kx) =

L̂

0

KeiΩt−R2tN (x)e−ikxxdx

≈
∞̂

−∞

KeiΩt−R2t︸ ︷︷ ︸
K′

N (x)e−ikxxdx

Signal 〈M+〉(kx) is Fourier transform of spin density N (x)

⇒ Spin density N (x) can be reconstructed

by Fourier transformation of the signal 〈M+〉(kx)



Frequency encoding gradients

〈M+〉(kx) ≈ K′
∞̂

−∞

N (x)e−ikxxdx

∆t∆f =
1

N

kx = γGxt = n ·∆kx x = j∆x

∆kx = γGx∆t =
γGx

N∆f

N (x) =
∆kx

K′

N−1∑
n=0

〈M+〉(kx)ei2π j·n
N

Better resolution than slice thickness



1D imaging in the slice
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2D imaging in the slice
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Two frequency encoding gradients

〈M+〉(kx, ky) ≈ K′
∞̂

−∞

∞̂

−∞

N (x, y)e−i(kxx+kyy)dxdy

∆t2∆f2 =
1

Nx
∆t1∆f1 =

1

Ny

kx = γGxt2 = nx ·∆kx x = jx∆x

ky = γGyt1 = ny ·∆ky y = jy∆y

∆kx = γGx∆t2 =
γGx

Nx∆f2

∆ky = γGy∆t1 =
γGy

Ny∆f1

N (x, y) =
∆kx∆ky

K′

Nx−1∑
nx=0

Ny−1∑
ny=0

〈M+〉(kx, ky)e
i2π
(
jx·nx
Nx

+
jy·ny
Ny

)



Frequency and phase encoding gradients

∆ky =



γGy∆t1 = γGy
Ny∆f1

γtx∆Gy



MRI spin echo experiment
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Phase encoding typical in MRI



MRI spin echo experiment
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Frequency encoding in x



MRI spin echo experiment
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Frequency and phase encoding gradients

〈M+〉(kx, ky) ≈ K′
∞̂

−∞

∞̂

−∞

N (x, y)e−i(kxx+kyy)dxdy

∆t∆f =
1

Nx

kx = γGxt = nx ·∆kx x = jx∆x

ky = γGyty = ny ·∆ky y = jy∆y

∆kx = γGx∆t =
γGx

Nx∆f
∆ky = γty∆Gy

N (x, y) =
∆kx∆ky

K′

Nx−1∑
nx=0

Ny
2 −1∑

ny=−Ny2

〈M+〉e
i2π
(
jx·nx
Nx

+
jy·ny
Ny

)



MRI spin echo experiment
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Frequency and phase encoding gradients

〈M+〉(kx, ky) ≈ K′
∞̂

−∞

∞̂

−∞

N (x, y)e−i(kxx+kyy)dxdy

∆t∆f =
1

Nx

kx = γGxt = nx ·∆kx x = jx∆x

ky = γGyty = ny ·∆ky y = jy∆y

∆kx = γGx∆t =
γGx

Nx∆f
∆ky = γty∆Gy

N (x, y) =
∆kx∆ky

K′

Nx
2 −1∑

nx=−Nx2

Ny
2 −1∑

ny=−Ny2

〈M+〉e
i2π
(
jx·nx
Nx

+
jy·ny
Ny

)



Axial slice selection by Gz



Sagittal slice selection by Gx



Coronal slice selection by Gy



3D gradient echo imaging
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High resolution in all dimensions

More time consuming



3D gradient echo imaging
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Short (∼ 10◦) pulse to save time

⇒ several measurements before return to equilibrium



Two phase encoding gradients

〈M+〉(~k) ≈ K′
ˆ

V

N (~r)e−i~k·~rdV

〈M+〉(kx, ky, kz) ≈ K′
∞̂

−∞

∞̂

−∞

∞̂

−∞

N (x, y, z)e−i(kxx+kyy+kzz)dxdydz

kx = γGxtx = nx∆kx x = jx∆x

ky = γGyty = nyt∆ky y = jy∆y

kz = γGzt = nzt∆kz z = jz∆z

∆kx = γtx∆Gx

∆ky = γty∆Gy

∆kz = γGz∆t =
γGz

Nz∆f

N (x, y, z) =
∆kx∆ky∆kz

K′
∑
nx

∑
ny

∑
nz

〈M+〉e
i2π
(
jx·nx
Nx

+
jy·ny
Ny

+jz·nz
Nz

)



Contrast and weighting
Contrast is more important than intensity

〈M+〉(kx) =
γ~
2

eiΩtγ~B0

2kBT
e−R2tN (x)e−i

φ︷ ︸︸ ︷
γGxtx

〈M+〉(kx) =
γ~
2

eiΩtγ~B0

2kBT

(
1− e−R1TR

)
e−R2tN (x)e−i

φ︷ ︸︸ ︷
γGxtx

if not started from thermodynamic equilibrium

〈M+〉(~k) ∝
ˆ

V

1− e−R1TR
 e−R2TE N (~r) e−i~k·~rdV

• T1 weighting: difference in R1 ≡ 1/T1, short TR and TE

• T2 weighting: difference in R2 ≡ 1/T2, long TR and TE

• spin density weighting: difference in N , long TR, short TE


