


Quest E
, H we group s

4 : J- G hie algebra hauen .

Does there ex ist hie group
↳ nom

.

y : E→ H sie . y
'

= y ?

Thm.int G- and A be hie group s and let y : of→G
be a lie algebra hanauer ruinen between their hie eigenes Gandy .

Then I a Local homomorph im y
' %-) H Srt

- 4)= 4 .

If E is simply Connected ,
then I a homomorphismen of here group )

q : C-→ H s . l . y
'
= y .



Proof 6ns :der the hie group
G - H and recall tweet it hie algebra

is direct of G

Set k { LX , yk ) ) :
X Eg } EG ⑦ G 9rem of 4 .

• k is a linear subspace , since 4 is linear .

• It is also a subalgebra of g.⑦ G , Sauce 4 is a hie algebra komm . :

[ kiyk ))
, (Y, yly)] = ( Exit]

, EYK) , µ HD ) E k .

-ES
= YLEXMI)By Thin . 1.33

, 7 a virtual hie
sungrapi :K- Gx H with

hie algebra Isomorphie to k Eg ⑦G .

=



• pr. : E × H → G
one hie group homomorphen .

prz : G x H → H

=) IT : = pr, o i :
K→ E is a hie group homomorphen .

-

IT
)

: k- of IT
' ( X , yk ) ) = X is a linear isomorphen .

By ③ of Then . 1.46
,
IT is a wuerdig uop and a

a Local diffeoueorphizn frau K to E. :

Fly : VI U difteau . between open neighbhds
V and U of eek in K resp . EEG

in G .



Define y : U- H by 4 : - Pro HIT : U- H
.

-

=

• Y is a Local home rpniau ,
since LTIÜ )

- ^

is a homomorphen .

• By uaitructieu , y
'
: X- K , 4k ) ) → 4K) ,

i.e. y Ey .

If G is simples nennend ,
G- = Go and IT : KHG

is a home auarpuizn and a ↳ cddifteauernein .

=) IT is an isomorphem of hie group
and Y : - prz.IT

- 1
„ s the reqnireduiop -

D -



We recall ogoin some nations from algebra :c topology :

X topologie I Space

If X sotisfies Certain Connectduess lessuuptraes (always sdisfieol
f-er ueonitolds) ,

den 7 u uneinig uop

p :
Ä - x

with I a simples nennend topologisch space .

It is called the universal Cover of X . lit is unique up ↳

Isomorphem) .



Properties
-

① If q : Y → X is onother lovering ueop and Ya is poth bauend ,

than I a neuer.mg man F
: Ä → Y s

.
t . p = q . F : E →X .

Für

pjµ
( Universal come Cover soll comeded

Lovers of x ) .

⇒ Universal Loher of XD Unique .

② titting proroty . Y simples cameded
,
f : Y→×

continuous
, then I a continuous mep Ä : Y-, Ä s

.

t
-III. wundes .

→
Y- x



f- is unique ly determiniert hy its value in a point .

Seppon p : N → M is a honorig of a devote uanitded
M

. §
wir ot neun lounrably many meets ( for UEM wir p

- ' LU ) = ! i

I i ) launhoble ) .

=) N is hecessoily Hausdorff and AAZ
, since M is .

Moreau fällt " ( Via ) he a work of M sie . p
-

Yu) - 4¥ .

.

f-er open subsers V; of N .

Ä
•
*

=) Dj
u.ph

,

: Vi → u LU ) is a Choir for N .

.
so ±
+

→ N is a smooth mfd . and p : NAM is smooth and P)



t.1.49_ het of
he u finde -dein .

hie algebra .

Then there ex ist a Unique (up ↳ isomorphismen ) simples connedeed

hie group
Ä weh hie algeune J . Any other liegen p

E- with hie algenne (isauarhie to) J is isomorphie

to the quotient of Ä by a discret normal angroup HEÄ,
which is wntoin.edu the Center Z (E) of E .

-

Pri By Then . 1.35 ( hie ' s 3rd fund -Theorem)
,
Ja connected

wie group
G with hie algebra g .

het
p : G-→ E be

the Universal Lover of E - Then Ä heute made who a smooth

vufd . sir . p is a Local diffeauarrusu -



Ähnelst:

Fix ä ⇐ Ä s.t.pk) = e E E .

µ o p xp :
Ex Ä → Ex E - G is a continuous wop .

→ 7 ! continuous litt ü :
Ex Ä

→ Ist
.

"

Eli, e) = ö .

-

Simi hory , 7 ! liift ü : E → Ä of v. p : E- G
sie . üle ) = E .

By reshiurvg to open sunds ,
smoothness ef µ , v and p iuplieg

Knuth ness for get and T .



Remains to show that hä ,
J , ä) sehr fies the group axioms :

Associations : Ex ( idxpu ) and (ü. (nix ;D))
litt - the Jane map Äx Ä × Ä→ G and here ten

Save Value at te , E. E) . =) they Ginade , i.e .
Ü de fives on association multiplikation .

Simi her ly , ein weiteres the other group oxiaus .

→ (E , ni
,
5) is a hie group .

( Wiki die algebra Panorama
to
J . p

'
: 5-77).



Suppe Ä Is on other wnueched hie group with hie dg . g .

By Thun . 1.48
, 7 a hie group homomorphen y :

Ä → Ä

s.my
'
= idg .

By Thin . 1.46
, 4 is a www.uyuop ( and a Local diMean .)
- ~ ~

while iuduces on isomorphen Aker ④
.

P

discaelnaruudsungraup
↳ntoiiad in the Center of I .

If I is simples nennend , then the Loud ditfeau . y um oh
be u driften . . und haue an is

ouuapüngliegraeps . D



By Then .

1.49
,
the hop tud

los Codes how We
group its hie

dgenae

Indie (as a

hijectiou.si::::.se } µ::{÷:*:}we
ogreups

Simi harley , for uaeplex hie
group and hie algeaus .

( lossifyiugconnectedliegreurshoilsdownhotheaossifraeh.eu
of hie algennes .



1.GRemorksontheaossiticatoeuofliealgehgtiealgen.ro
Then its dlrived series is mauctiuelydefined os fellows :

g
"! - g gut! > Egk!g)

n)
gzg
"
> g
"}

. . zg
")
> . . .

P

ideds in J .



Det A hie algen re is sdvable ,
if 94=0 her Jane KEIN .

E JE gllu.IR) the sub . Genre of urrertrieugneorm.hr .

E- Abe Lian hie ahgehres .

.

In

Det.IOA hie algenrös called Simple , if
Ölimlg) > 1 and of and has areÄüy ideas of g .

② Afft is called semisimple ,
if of = g , - ⑦ g "

when

of ; is a simple ideal of of Gti - 1, _ . , K .



For semi simple hie algebra ' one has
of
= Eg ,g) .

E-

Hand
,
tue Iukrzedieu of solvente und seuizepll die angehe,

is eenpty .

Themis ( Levi de uaeposition )
Seppose G. is a. Lil abgehauen IR er E .

Then I a seenisu.pe
.

Sabotagen ne l E. of s.li

of emir (Is
a neuer >neue g- e. r

.)
+
Jenni direct product

Wwe r is radical of z. the lorgestnolueble ideal of 7 .



Theils ( Classification
!cuplex simple lie legeGus) µ

If of is a waiplex simple
hie dgehne ,

then it is isomorphe

↳ eitler of the follow .my
lie elegans :

•
shlu ,

G)
"→ .

. . o_0

. so Lu , ¢ ) } Classical toueihies e) simple die dgee.ws .

ispln.ci )
• E

6

•

Ez } ex phenol one s .

• Ego
• F
• EI ¥0



( less it ging
the real fernes of those complex simple hie

algen •s goes a Classification of the real Simple die algebra .

1.7 Some more information an representation > of hie group , und algebra ,
-

C- hie group

y : E- × V→ V V vector space . ( yg : V-, v
y is a complex representation of G

, if V is a Complex
Vector Space and ylg , _ ) : V→ V i ) uauplex linear kg C- C-

.



Def.1.TT G hie group and V ,
W representatives of G .

Then
a morphin ( resp . isomorphem) between V and W

" a linear weop ( resp . a linear isomorphem) f- : V-W

s ) . f- Lg - r ) = g. flv ) V-gEG.tvEV .

Such a morphin is also called a E- eguivoiontluop
between the E - represent . V and W .



SOmeconstructronswiturepresent.tt/ODirect Scenes of representation

V
,
W representation of E

=) then there is a natural representation o ) E. an V ⑦ W :

C- × V ⑦W- VOTW

( g , Lv , w) ) :-) ( g -v. g.w)
② A Sabre presentation of a E - representation V is

a E - invariant subspace W of V , that is , g.
w EW Kg EG

HWEW.



Restriclivg the representative off on
V to W give ,

u representative of G an W .

③ Quotient of representation

Suppe WEV is a G- inverienvsubspoce
,
then

there is a natural representation of G on % ,

C- + Yw →%

( 9 , vtw ) - g.rtW -

④ Tenor Product of representation) : V
, W repres.GE



C- has a naturel representation on ✓⑦W

G- × W W → V ① W

( g ,
v w ) _ ( g -v ⑦ g- w )

⑤ Dual representation

✓ is a representation of G ,
then G ↳ anotwd

representation on V
'

:

Es + v *→ ver (g) Iv ) - Hgü) .

( g , b) i-g.nl : V-IIR ^

inverse

9g .



Det Elie group ,
V a represenl . of G .

① V is called irredueible
, if { o ) and V are the

Only E - invariant Subipoces ①JV .

② V is called deuauposable
, if 7 two 'G- representation,

V
,
and Vz with diml! ) , die (4) 70

Srh . ✓ = V
, ⑦ Vz
-"

vs E - representation

It is called in denen posdde other wrse
.



Rein There are representation , that are not ivreduc.be

hat inde von rosable !

Det A representation Vote hie
group G- is called

Complete leg reducible , it any G - invariant subsroce of V
nos a E - invariant Comp linear .

It this is the une
,
then V= Y ⑦ . . . ⑦K

for V
; irneduable representatives of G .



lemmah.57-V.IN one representation , of G- und

f : V-W a morphium between them .

① Ker (f) EV and im (f) EW are E - invariant subsp ces

and f indnces an isomorphem of representation >

& : %
er (f)
= im lt )

.

② If V and Ware irredunkle
,
fuenf i seither zero

or an isaeuarpurze .

③ ±::::ä::::::S ::: t



Proof

① vekerlt ) f- Lg - r ) = g. f!! = 0

and siwiwrykarlm.hr ) .

② By irneducihility off kerlf ) = ✓ ( i.e. f- = O )

or kalt ) =3) - by ① .

If kerlf ) = hob , then Im (f) # Sog
and heuce Im (f) =W

by ① und ineduarsilrly of W .

=) f : V -1W i ) an isomorphem
.



③ f : V→ V Complex linear heop .

⇒ 7 at least one eigeuvdues
Denon by W the eigen tpoce corresp . to J

Then W is G- iuuoienl : ff) = öffnet = IG
By irreducihilty of W, aua .

V- W
. Kg EG

HWEW .

D



Def.1.IE hie group

A- representation V it called Unitary ,
if 7 a positive

definite Immer product < ,
> on V (Herne : treu ,

it Vi ) wayne)
Str .

< g. v , g. w> = < v. w ) KGEG ,

tu
,
WEV

.

( y : G- → Otv, < , >) E ELW)
444 >) e Edv)

) "



Prop.1.SI Any Unitary representation is complete lyneducible -

PPI WEV u Einwendet subspoce a ) n Unitary E- reges .

V
.

Then Wt = { VEV : < v. w> = ° Wwf W} ( ortung . uaupl .
Wir

_ hol
, >

is a G -invariant neuguineas a) W . JW ) .

Ich vewt
, ge G ,

WEW
,

< g- v, w> = < g-!g. v.ge?w7-- < v , g) 3=0
-

-
= v EIN

Hanel
,
Wt is G. invoieuv ( VEW ⑦ Wt ) -



Thani het G
he n compact Lie group .

Then

any representation of E is Unitary und Lance Complete by neducible .

. see liberalere , or
have work

.

Andogaasly one olefine , vorhin of rerresaiaHas of hie dgobaes,
TunesienV Snb )pde) , direct Scenes , qua treu b ( also Lenker product,

ouddudnepeseuhetient-foruerkeab.lu/kral( of x ↳✓ → V ⑦W X - VQW = Xv ①W tv ①Xwgxv-vk.tk/:---JlXvJEWWtw-W)
and also irre dunkle

, in de uaeposoble
, kaeplekebyaedeeable -



Unit : y : E- → OW) 4
'
: g. →

ok)
.

- um u
] immer product ( Komitee , if V in coup ,# ) an V si .

% aus by < , ] - skewsyuuaenc (resp . skar Herunter)

linear maps : <X.v
, w> = - <v , Xw> HXE

of and
-

tv
,we

V
.

Prop.1.IE is a come cheat we group , y : C- → GLLU)
o repnes . on a time -din -

weder neee V and y
'

: g→ gllv)
the iuducednepreseul.at J .



① A subspoce WE Vis
E- invariant- it is of

- in verraet .

In particulier , V is In denen poodde , jrslduable
or

laupletely reducible bs u G- reprej . ⇐ it is es
ag
-

reges .

② V is uenheoy as a G - rep res .⇐ it i ) un . hory as a
g- regeres erholen

.

Prof Exercise .

T . ( Thw. of Weyl ) Suppe of is a complex
or real finde - dim . semi simple liealgenra . Then

anyfinite . dim . representation is uaepletely ne ducible Proof see literature
.


