


TUTORIAL11.su
ppose

✓ is a Vector space over IK - Kor £
.

ELLV) = { linear isomorphem V→ V}

Its hie algebra is gllv) - { liueo mops↳ V}
= V *⑦V

with hie brooker the
www.uotwofeudarmorphiih of V :

IX.Y] = XOY - 4. × V-x.ee gllv) .

→

Via dioica of boris ferv : GL Lv) = ELIN , IK )
gllvt-ogfln.lk )



[
, ] = comme hater of wohnees .

Many we group ann es hie subgreups of GLLV)

laesistiug of linear isomorphen of V preserving some additional

geouatnc structure an V .

• Suppose V is a red weder space -

Fix an eieutetieu on V .

G-↳ (v ) = { AEGLLV) : A is orientieren pressung }.

✓www.ceofbaisafv : G-↳ Iv ) - G)MIR) =
Er



= { AE Ellie , R) : A preserve> standard orientalis • IRU}
= { A E Ella , R ) . der (A) > 0 } .

G- LU ) E G- Llu
, IR) has two comedeed components

and EL
+
Lu) = (Gkv) )

.
.

If we fix not only on aieuhetieu but a volume farm
W E A" V* on V

,

SLLV ) = { AE GLIV) : A Preserve sw } EGLI)



SLLV) = SL ( u.IR) = { AEGLK.IR) : A preserve,

Standard vduue Gar an IR"

üiääs:?)
= { AEEUu.IR ) : det (A) = 1} .

' derb group . det (AB) = der (A) der (B)
.

. Sulu
, IR ) = f-' (o ) f - det - 1 : GLIu.IR )→ R

und regula .

Tdf = Tddot =) Sllu.IR/EELluilR/EMnllR)
→

= tr : gllu.IR)→ IR
"I a submfd .



=) zlln.IR/--kerlTaf)=fXEglln.lR ) : trk ) - O} .

dim (Schu .IR )) = dimlsllu.IR) ) = n
'
- 1

.

-

For a louplex weder Space
V fix

ebay.ie/Vduueformwgivimgrrsehotueshaudeodoieuwotrean V .

GLLV) = Glln , E) E E
"?

open subzel .

C- Lln
, E) is conneded

: de# : GLIU
,E) → Evo}

TSLLV ) = f AE ELW ) : A greaves w } covuected
.

= { AEGLK.sc) : Meta (A) = 13 -



It is a ueuplex hie subgnaep ,
since f- defa - 1 is

hdauwpu.cn - shln ,
E) = Ted Skunk )

„

{ XE gllu.ec ) : trlx ) - o} .

dima ( sllu.ci ) ) -

n
'
- 1

dinge (Sun , G) ) = Zu?
- Z

.

• V is a real vector Space . Equipp it with a

non - degenerde syuuuwc hiLinear fern b : Vx V- IR

of signature ( ng ) Latin Iv) - prg = : n ) .

-



OLV ,
b) = { AEGLLV) : b (Av .

Aw) = blu , w ) tv,WEV}
.

-

Up to is eeuarpuisce ,
7 a Unique sum hi linear form of

Sign . ( p , g) an V ,
Lance we can find an identification

OLV, b) = OHR " , < , > ) = : O ( ng )
P -

whel < x. y) : = xt Er - [e) y is the standard
- immer product
Iron

of IR " of sdgndueDlrg ) = { AEELIu.IR) : AtIng A - Ina}
.

(PB ) -

"
f-

^ (o) ALA) - Atta . A - Ina Chop .



f :
ELK.IR ) → MY

"

( IR)-
-

Ifk) - off f- ttx ) =ÄEX .

SE Mi" KR ) X = ! A- In .es Ifk ) - S .

=) 01mg ) E Mu ( IR ) is a submfol .

d
ohne) : - Ker LT

, f) = { XE glln.IR) : ftp.gttmyX-OJ
9=0 : oln) = = oln

, o ) = { XEgllu.IR) : Xt= -X}
Him lang ) ) = NIET .

-



ATI
,
A = Ins ⇒ der LÄ) detltn.ee/detlA)--det4D

⇐ der = 1

⇐=±l .
SO ( Pig ) = Olp , g) nsdu.IR/--0lny)nEL+lu,IR) .

¥
- Iy ) IR" = IR " 1129

0
.

( ng ) c 501mg ) E Ohne ) =, solang ) -day)
- p -

-

↳ two comeand campaign,

so ( n ) - Olm)

Fer q - O : 0.lu/--S0ln)



÷
V is a way lex neuer spence, then I up

to is and pm su

only one men - degenerde Symmetrie hihi und Jean

↳ : Vx ✓→ £ an V
.

(no signature our £ ! ) .

V. b) = ( Q"
,
<
,
> )

P Standard -neuer product Key >= xtgOk
, IC) = { AE Ella ,

E) : At = A- 1}
„
oh

, e) = 9 xe gehn ,e) : Xt = - x }
\

Sohn
. Q)

-
Yuma
e

group )
504,0) = Oo (n , G) of uayiexohiu .

In)
-

- z



•

V is vauplex vector Space . .

and let b : Vxv → K hee Heueitiae inner

product of signature ( re ) ( b is nen - degeuede NE ¢

- www.wt-Tblv.w)
✓V. b) = { AEGLLV ) : blau ,Aw) bkitwl-bblv.ir )

= blu , w)) bkw ) -btw
.

7 npko isaueupeisn only one sum b
/

Lance we can find an identitaeten
NLYB ) = : Ulp , g) = { AE C-Llu

, G) : A-v. Aw> - <v. ab
kV

,WEG "}



= { A E G-Lln , G ) : ÄEI , A = Img }
-

Whve < v , w > = Trt Ing W is the Standard

Kunerttermiten inner producer of Signature ( ng ) -

Vln) : = Ulm
.
O) = { AE G-Llu

, Q ) : ÄE = A-1 }
„
lat
?

n - 1 Uh) = { a e 61309 : äa = 1 3=2 a e- G) los

. Ial -1}
= 91

= Circle
group .



Uhr . g) = f- " (o) f , Glln , E) →W I xeglluie) :
It
- X}

f- (A) = ÄEIEA - Ing
Smooth and veganer .

Ifk) = ¥ ) Attx ) = Ättm , Xt Ätna A -

=) Uhr
, g) E E"

?

is a real submfd .

und uln.es/--IdUln.e)--fXtglluie):IneXt- ÄI:O}
uln) = { xtgllu.CI/iX=--FE } .

dim ( Ulna ) ) = n
?

= ntn.tn .
Xt



Neu uln ) is not a uaeplex weder ) ce :

Xeuln ) ,
ne Q : AFE ä

= - a- ×

¥ - ax

wieso ER
.( Ulme ) is only a real hie bubgreep

ey Glluic) ! )
.

Ulz ) ho , hie dgenne

eelz) - { Xagllz , G) :X = -Et }
= { fi ijib ) : x.y.a.be/R } .



Pauli matrices :

r
.

-

- Ei ) .at: :) , E-
öi ) .EE;)

} iro , ios
,
i [ , ins } is a has is a the

-
- -

real weder Space eelz ) .

(1) in
" b) = iro t b irr tairz t ir

.

Reine : r
. .. . . % fern uaupiexbesisefgllz.CI ) .



Fer AE Uhr . g) one ho , detc.LA ) de! (ÄE) = 1

-
de! LA)

-

=)

ldek.lt/Z--1dete:Ulp.q)-Ul1)-
-

=) Sulpice ) = I AE Ulm , ) : de ! (A ) - 1 }

is a real kieselgrau of dim n
?
- 1 .

sulr , g) = { XEgllu.ci ) : Ipyx = -ÄEI , .fr/x)=0}



• V weder spence our IK
= IR

,
Q

.

7 a Unique up too is ausreizen syunplecwc strecke

an V ( o.o . wv : Vx V- IK war- deg . , skew - symu .

- hi Linker fan ) .
We can identity

,
( Kwu ) - ( Nin

,
w )

W Key) = xt In y .

"

shauderdsymplectcfomspl2n.lk) = { AEGLKn.lk) : wltx
, Ag ) - Why)ttxiytKY-EAEGLI2u.lk) : At 1A - Ja } .

f- ( A ) = At ]
,
A- In f-Atf)



=) Sp (2u.lk ) is a real ( cauplex ) hie group

and splzu.lk/--kerlTdf)--fxEgllzu,lK)
> 2X t XE] - O}

dein
,„

( spkn.lk ) = Zu? tu e) D=

(=
.

¥:::ü%ü= GLln.CI/sSpl2n,lR ) .

→ Köhler maifeld
.



2 .
G hie group

① Rx = Vieh VX C- g. .

(gu ) -1=5^5 ← v. f
"
=!

Ifse ALLE)
,
then HELGI :

HT LID's -4
.

:o)
'

- viii. s - vs
= -

KHE G .

vesle ) - feu ) - Ile ) = - Sle ) k s - Lae )



② follow, freu ①
[447=2*4]

[Rx
.

4 Ry] = [VI.× ,
U
-

L
- y
] = W

' EL
, L.ee ]

= V
' (↳xp] ) = - R Ex

,y] .

③ (O
, Lx) is a man tidd an Ex E

Whiu r , µ
- related to <

× . Teint
„

k Ignite ( 0g , ↳ ( h ) ) - Isg ↳ ( h) = Ivg) x

Simiuoly , for ( Ry , b) und Ry .

= 419 " ) -



=) D= Elf , LI) ,
(Ry

.

O)] is µ - aeldeel ho

-

Thx
, Ry ]

Since
µ is surjed.ie

,
this Show ) [Lx

, Ry] (g) - 0

kg EG .


