


2.GAssociatedbuudlesl.se
Suppose p

: P- M✓principe G- - bundle and te t G- × F →

the
a Smooth left- action of G on a mfd .

F .

Px F ✗ G- → Px F

(u , f) • g : = Lug , g- ? f)

detiuos o smooth night- action of G an Px F
.

Beneke by Px F : =
Px orbit Space of this action .C-

We wrie [uif ] for the orbit / equiu . Cross of tu , f) t Px F .



There are two naturel mops :

• q
: Px F → Pxa F

Lu , f) → [u . f]

• IT : Pat →
M ←

[u , f] → plu ) ( well - olefiued
,

lag , g? f) )
plug ) =p In )



Prop.2.20-supp.ae p : P→ M is o principe G-bundle and

C- × F → F a smooth left -adieu of E on a mfd .

F .

① IT : Pq F→ M is a ( smooth ) fiber bundle with Stand .

fisw Fand Structure group
G
,
Called the associated

bundle to
p : P→ M comesp . to G- × F→ F .

If F = N is a never space and C- ✗ N→ N o rereseuly
tuen V

: = DEN → M is a vedor bundle
.

② The project im q : Px F → Piet is n principe handle
wite streiche C- .



③ There is a smooth map TF : P ✗

µ

(PE F) → F

Cuore Choi and by the pronohy KE

Fu z c- DEF ,
u c- P si . Itz ) = plu) (* ( u , 7)

C- Pxpe( PE)
one ho) z = q (

u
, TF (uiz ) ) .

In particular
. Tp (u -

giz ) = g-
^
. F- Luiz ) -

PRI

① Choose u principe G- bundle atlas for p , P→ M

{ Na , %) , ✗ c- I } .

% ' P
-"4) → ↳ ✗± G- ✗ F-, F

Now olefine : 0T : IT :'( Ua ) → ↳ × F

- [nit]→ Lptprzl hlu) ) f)



• IT ([uif] ) = plu) ( by definition of IT ) .

[mit] = [ n
'

,
f ' ] =) Ig c- G si . klug and f- '= g- ? f

→ przlloalu' ) ) . f) =

pzlhlugD.ge?f--pzL0duD.f=przlQalu))-gPLf-Leuuue
2.10

.

-

=) Ä i ) well - defiueed and IT /
„→ (Gj Ph

•Ä -

• Toa is bijed.ve : Given 4. f) c- ↳ ×
F
,
then

☒ ( Eu ,
f] ) = 4. f) f- w u : =D:'( e.e)

so IOI is Surjectiue .



Ass und OILL-u.FI/=oI(L-u
'

,
f ' ] )

*
Then plu ) =p In ' ) ,

so 7g c-Es . . Henie
,
przlolalu

' ) ) =p:(0×4119

and pr,#(u
' ) ) . / ' = przlolalu )) - g-f) = 1%(0×6)) . f
=

i -

byosseupwer
=) g. f

'
= f- ⇐ s f ' = g- lf

=) [uif] - [ u '
,
f

Heule
, OI is bijeclive .



- Transition mops
: ✗ c- ↳

☐ ,
f C- F Hast )

☒ • Ä
,

- ^
: ( × , f) → [ Es

" 4. e)
, f] 1-KÄTE,e)µ

( <ocycle)
when Has : ↳

•

→ C- oe transition maps of the prinahd
knalle athos { (↳

,
da)} .

Thee beere
,① follow ) ogoiu

treu

Prep . 2. U
.

② Take a priucvrdhudle wort (Ua
, % ) for p :P→ M

and ler ( Ua
.
%-) he the long . Char for IT : DEF→ M

los in ① . Then 9 : P-x-t-Pxa.fi> smooth , since



☒ ( qlgik.gl , f) ) = ( × . g- 1. f)

is Smooth
-

For the open Sunset IT
- 1 ( Vd ) C- PXGF , one ho )

9-
^ (T - ' ( Ua ) ) = P

" (Ua ) ✗ F

Dehne Ya : P
- ' ( Ua ) ✗ F → IT

- ' (G) ✗ G by
- Yalu ,

f) = ( [u .
f ]
,
PE ✗

( u )) .

Then one uerities direct by that { ( Ua
, % ) : ✗EI} is

a principe fho knalle athos for g : Px F → Prat .



③ (u
, z
) = (u ,

tu '

, er ] ) c- P ✗

µ
(PEE ) )

plu ) = IT Hu :B ) = plul )
=/ 7g c- G- sie . u

'
= ung and Lance [n '

,
f] = Eeg ,

- f]

= Eu
, g-If ]

If [u
.
f) = [ u , f-

']
,
then f = fl

, so F- i ) well - defiued .

Remains to Check it is kuoote .

.

☐
.



Suppe p :P→ M is n principe G -bundle ,
C- ✗ F- F

left - action .

.

-

A smooth more f . P- F is C- - equiverionv
,
it f-G.g) = g- ? fly

Vu c- P
, Vg c- G- .

We wie (P
, F) E- { f- c- (KF) :

f- in E -equiu}.
Gr.2.21_ p :P → M prius . G-bundy

, ,
C- ✗ F- F Left-oder of G- .

Then there is unotwdbijectiae :

= ( P
,
F)

C-

-

'



Proof s c-
TIP ✗¥ ) mi fg :P → F
-

fslu) : = T.r.ly , IE)) ( s ( Pla ) ) = [u ,f¥])

Smooth uiop

und f. ( ng ) = 1-Flug ,
s (play ) )) = F- (u] , slplu )))

s/plu ) ) = s ( play ) ) = Eng , fslug ] ] = [± . g- ? f. (ng)]
"

Erik) =) f
, Lug ) - g-? f. (u ) .

-



Connersey , f- : P- F G- Wop + G- aguiv . /

-

Smoothie 's of Sg :

Sf C- TLP_ F)
Sgk ) = q (TK ) , floh ])

-

.

× .

= [%)
,
Ä /Ä,]

Sql;) = Eu , f- (n )] UEP
-

- her a Local Sector

r of P .
well - de find ,

since n
'

c- Px is of the fein u
'
= v.

g
for g c- G- and Lüf)] = [ ug , flug )]

= [4.g. g-
' f- In )) = [n , flut]
-

s '→ f-
s are inverse ho each other -

Sf ← f-



L-xomptesnOMmtd.at dim
. n

.

FLM)- M frame bundle

( Principe G-Un , IR ) - bundle) ,

G-Un .IR ) ✗ IR " → IR " standard repos .

FLMI × IR "

Ellie
, /R )
= TM

.

=

FLM ) × IR
"

→ TM is a surjectiae .

( u . y ) - uly) ( u A- ,
A- '
y) n a. 1- A-1gp

-

c- IMU :- IR " - IM = Lely) .

-



that factor to a bi jeden FLMI ×
IR" = TM

.

G-Uni IR) t
↳
µwhich is on isomorphen of vector Welles .

⇒ FLMI × IR
" *
= T -M AIM ) × ÖIR

"

⑦e)Rue

EHR G-Un .IR)

FIM ) × 1 " /Rh # = ✗" 1-*µ
= ⑦ PTM ⑦☒9PM

,

G-Llu
, /R)

Simiuoly , V → M with Shand od 2hr N
,
then there is

HIV) × IV = ✓
" " oturidisaeuwpu.mg

GLLN) # UW knalle,



② G- C- G-Llu , IR ) Closed subgr . ,
M held . of din - n

i -

equipped wih a C- - structure : P FIM)

⇒ *
G- × IR "→ IR " ne> Indien of Standard repos .

to G
.

of Ellie , IR)

PE.IR
"

= TM

EFD - y /a) (y)
"" ) : " "→ IM netz

.

=

In 9. g-
'

y ) ↳ 41 " -g) (g- 'g )n

=

Hlu )ggg.ly = 4k11g)



Questions : Can
any
fire heute wih Structure group G

( in particular , any wecker huelle ) he reolized os an associated

bundle to u principe G- handle ?

Prop.2.22-snpp.ie IT : E-→ M is a Ji her bundle wir Ihadoid
F and structure

group C- octiuegoffectivdy an F .

Then there is a Unique ( up to isomorphe ) E - priuoitpal
bundle

p : P- M s. t
.

E = P × F os bundles
G-

wiki structure
group G-

.



Proof (Sketch) 4.
☐ ichs C-

.

Let { ( 4.%)} •⇐ be a C- - atlas for E and { Yaß}
"

the www.cocyctes . ( 0×0%-1 (× , f) = ( × ,%f).

By Pop . 2.6 , we on are the Cocyles 24%} to anstrich

u principe G- bundle p :P- M EP !# ✗% )
with Transition Ichs ( × ,g)→ ( × , Yak) -g)- •sin

-
Pop . 2.G

Taking the induced etwa { (4. Fa ) } ho PIG F ,
the

tra > ilieu Ich • ne given by (× , f) → ( ✗ -



and H,
' 4. f) ) = di ' (× , f) f. ts ho gehen ho

olefine an F. =) E
-

_

.

ofjhu handle,
wir Structure group C- .

Unique : Surgeon TT→ M G- priucipd handle wik

Cocyches { Fg} and we how on i> auorpeintt : Piaf = REF
-

of handle]
'

wir Mucke
group C-

.

Then for any * ✗ c- I
, OI.tt / : IT

- '(4) → ↳ ✗ F

TT - ' (Ua )
kenn he C- - uaurohble .to • war da : IT

-^ (K ) → ↳ ✗ F



=) 7 o
smooth uop fa :↳ → C- sie . ÖLHLQJ ' (× , f) )

= ( ×
, fix ) . f).

↳ for
any ✗ c- Uap ,

f c- F we get das f-
×
,
fs S . / .

f-
☐
Kl . f- = 4)d) f-• 4)Yak) . f-
-

.

-

By effeclivitypf 6- ✗ F→ F
, 43¥ ) fokl - Lte /%

( i.e. the cocyde, one ↳homolog vous) and so D= F
.

☐ .



tEG :


