LA-WEEK ¢  EUCLIDEBN GECNETRY

Let Y (usao.llﬁ K*) be a real vector gpace
Clomonto of U will be calledd  somebimes  pornts

Affine cubspace of U s a nonem €y sybset

of U of the form i\/l's called the Avrection
m = M+ v @{: m and denoted Z(m

Whue M e Y is a point and V U is a vector
Subspace of U . Adem M = dim V |

Example 1 |f =TR?
P [012 3]t a(11,02)t b(2,3,-'1,4)
is go called parametne desceiption of @ 2-dim.
4t{tine subspace ( plane) 4iven by Ehe pornt
M= [ot23] and the vector Subgpace
zim) =V = Lalu102)tb(23-14) ¢ a,beckf

EFxample. 2. Y= R The sct of all solutions
ef Ghe system of Imear equations

Y ¥y =2 %2 t+ %3~ Ky = &
Yy = Yz t Xy t2wy =3

(s alsoe 2-Aim affine cubspace IT =
£ the system anl vector

M (s a one solytion ©
e solutions ©f

subspce V 5 the get eof th
the homoge ned@ns ggcEem-
Zim) =\ bvy = Lba th3- ¥u =0

Y1 - Yo t¥+2%=0
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Let U be a real vector cpace with a sceler
pra Aad L, > Ury — R
The distance of two pojnts A Belf s the
norm of Ethe vector B-A

dist (A(B) = I B~4l =< A-B 4-B>

The distance of a point A__and _am affine
space. N 1s Aefined as

dist (A, m) = min | disk (A7) Telg

We compute this Aistance us:‘ng an 0r'th0qona6
bro gections.

Theorem 1

(0/) The dustance of 4 point A frem an Q,Cf»:'ne
Subgpace M =~ Bt &E(N) is equal o the
norm of the 0r{:haganal projection eof the
veCtor A-B te the Spac 2™

Ais6(AB) = | ’sz)L (A-B)|

(b) The Fo“owﬁ'ng 4ssevtions ave equivalent ;
/4) Aick (A M) = KA-Hi fFor 4 po:’ntﬂe”'
@ A-H L Zm) |
(2) M= Bt Pyp (A-B)

5 A




...-3.-
‘P\roof— of CQ)_ Llet XeN be arbe'{;mhﬁ. Then

X Btv, where ve Z(h) |t holds

Y% = = [ A- A-B
I A-YI* = JA-B-vI = (4-B)-F 2y TS )-vl
N e RV
P‘,_L(,mJL (A-B) € ZiW)
& Zim)*-
= || “{{.;_,(%)JL (A-B)|® ;P(A By -v |
= H Pa(w.l. (A‘B)”
[Ae equality CCars {f"“é:tf' Fer vag B).
Hence
Aist (ALY = min HA=Xi =P, (AB)]
Xen
Proof o f (b) omitted ]

The distance of Ewo affine spaces. M awd N
Is

st (m, 42) = Min {_o/{s{: (X, y) ; Xe M, T&/}Z}
!/é holds Aecx |t M =+ 2‘“”’),/’7«=Bt2—(7z)/
{"Lhe” Aist (M D) = ASE (A B12(2)t 2(m

o st (M, h) = mm{dﬂ‘“ﬁ ( At B”"'),Me‘: Z(m), ve Z:-/A)}

e - B | Meazm),mzm)j
re Z(h), ne 2'/”'-)}

- MmN ‘UI A
- omin LN A <BM"0)

Arst (A, 3“}”)"2’{”"’)>

Pl
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Hence we qget
THEOREM 2. (@) The distance between ’”’I—-—AfZ/m)
and N = Bt Z(n) Is the norm of the orthoge-
nat ;oro{eabt'om of the vector A-EB (nto
(2(n)+ 2m)) -

(b) I'he {'—ollou'/p'na a ccertions fer peoints Me M
and NeW ‘are equivelent .

W distl{m ny = | H-wj
@ M-Nv L Zim)e )

B M-~ = ?ZZ'M)rg/h»L (A-.“B)

(

Example 3 Tor Y- R4 compute the Adisbence

—

O]C a point A = Cxy, Xey %y, )‘q) from A4 hqper/oléhe
no= LyeR? ayitbyecyrdy,r e =00 whene
A+0

Solution : ose (A n) = IIF (A-B)I

Z(1)L+
for a pernt Be N . Let us chopce. 35[40/0,‘5)
Zln) - Qup + by, vcyy v dy, =0

z )t = [ (4,4 cd)]

We compute the orthogonal progection
¥ of the Vvecbor A-B =( %g % X3, Yot o
rnto  Z(w)+

P(A-B) = X (a',»&,c‘a{) = kY
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(A-B) ~P(A-B) 1 (a éca)=q

L A-B Y — & Lun> = 0O

. = _éA-BI 14> - A X1+ b7‘2.'l C¥3vd¥q*€
<Hn Qth*ecieo ® )

Aist (4, Y = llanf =

P

| @ Xe+ by, ¢ C)(sfd)(vfd{

-y

fa2tbectea?
Example & |n RY compute the dictance between

the lne ke (S44s) + (0,014
and Ethe [,olquep

: (41,1,4,0) t &(1,-1 0,0) rS [2,0(-1,0)
And £1'nyf peint Mep ana A/ep Such thet

Asplp p)= IIM-wy)

(Result : Ast= s (22 12@)/\1- = C(z241)]
M= (5,9,51), W= (3210))

Homewock é Compute the distance. of two plnes
(n R

: (iSs32)+E1222)clZ 0,2,1)
o (4-2ti"3) ¥ (2B 2)+p (1-20,1)
and tind Me 6, NeT Such €Ehat

dist (6, ) = Ih-VI .
M and NV heed not be oetermined by £his }omperélg/

unigd ely r )
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Angles between affine subspaces

() The angle between Etwo honazero vectors
U and v is L (U Vv) = A & Eo,wr_'{ such

that LU v>
@ L = ¢ -
Il vl e L-11]

@ The angle between two lines Lul and Ll
where u#q v+ is 3 (LWl D)= *elor]

Such ¢that
COS KL = I<M‘V>) & EO,"] '

Ul vl

@ The angle be tween twop vector Subspaces
Vand W such that Va W = 4670 s
25 (_V‘ W> = mn { <‘; (C V:]l wa])l Ve V\{O}

It v= 4% o W = L67F then weW{o}]

3 (Gw)=0

@ The angle- petweeh two vector Subspaces
Vand W <uch thet Va W # 10°% I's

5 (nw) =3 (V0@ e (W)

ConsiAdey two p/dhes

d
Eyample for the case & - .
ntersection & 1ine.

in R® with -
& The angle betwssy Lo Affinc subsprces
m and N IS

(M) = S L2) z/@)}
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Theovem 3 Let u elU~{} ana Vis @ subspace

of U . Then Pl
cos & (Lul V) i

whevre /PV (s anr CEhe ort‘:ho?onae projection
on the vectov Subspace |/

Proof by a prcture

Theovem it The augle between a line and

a hgperplame ( hyperplane (s an affine
Subcpace of dim n-1 tn the Space of dim n )

and the normal line teo the
hc‘perplame,

[E
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Example U= RY with an orthonormal basis

€1.€2,C3, ¢ .

% (V, W) =% (Va [e.J", WaLe ") =
= ‘%' ([cfrea]‘ l:e,_fet,]> =

Co) A = [ 46‘1-6&’ e,+ 6471 _ 1
“el*e&l( ucz;ré’,, u 2 3

Example.  Compute Ehe angle between
the line A (’1’: 20 3, %) ¢ e(-;z;ff&;z-y)
and the plane  p . 2 (1,-5;-2,

10)rs (4,8, ~2,-16)

Homework +  Compute the amngle betweey
T o ElGhnr) e sl iet)  and
o 2(q210) tplh-220)




