" LA- WEEK 8 ORTHOGONAL AND UMITARY
OPERATORS, T

&%mm&wo avi, &Wzoqﬁ l/m'/'ehjf a ho!
or f/n?onae O peirators

Theorem [et P U>U be ¢ uniéary or orthogo -
ha€ operator.

(1) Al egenvalues o f ¢ have abeolute value.
e44al to 1.

(2) Eigevectore to Aifferent cbgerelues are.
mutually orthogonal.

M: (H Let Plu) = A, A #0° Then
7\7}:4410‘ (?4,2«) = (¢/“)1?/“)> = L4, k«>

Henee (’)ﬁ ~1) Lqup = O
and since <uu> =Nlul*+0 , we got chat
[2)%= A% = 4

(/)\.-. m:‘b, a, b&IR, .’X=a~t'b’ ’)«T=¢"*bz>"ﬂz) i

(l) Let 49/41) =)\ H’l ?/”z,): ﬂ&“zl U ¢ ’/’5—1 ‘(z.-fa—)
and A+ A.. Then
Ly, > = Qptag) plue)> = Ot hu > <3 <y, 0>
Hence (9‘1 n - 1) Ldyu, > = 0.

Stnee /)\4-7é ’Az_/ ?‘1'}‘:7&7, //\1?;,”' %a:*f/
we get g s> = 0. )}
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Basic theorem on un'tary operators

Let @¢: U—>Y be @ tm/'éérff epeie tor.
Then (n U there 15 an orthonormal besis

& = (Ugy Uy, Uy ) fOrmed by eigenvectors
of ¢ . In this bass

_ 0‘1 O O 0
(?)o(l‘* B 0 ?‘z O '®)
0 o2, o

O o e} . )\49

Where 9, P2 .. An are the Slgenrelues of. 2.

The proof (s ba ihducetioae wtth pres pect o

Adim U. (will mob Ho (¢ here See leges
Famd & n Czech wobeszike |ectures in IS .

Caution.  The situetion for orthogonat.
operetors (s much move complicateo|

We wi€l evamine i€ (n the rest of fhese
wotes.

/nvariant subspaces of orthogonal opevators

We witl consiAer orthogonal eoperator
@ : 7?'0-—75?"0/ ¢(X) =A X , where A (s an
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Grﬁh%‘ome matrix ¢ an be extendesd teo
the opevrato, P 0% — C*, ¢ %(x)=Ax
(but here xe 6"") . y“’ ;'sdmu'éf#g 0/oem£mf
Since €S matrix s “Hhitkry

A' = AT = AT (A/‘sree/.’)

o Suppose Ehet ¢ has in & an eigenvalue
N =a+b , Where b Since /er:b}'-'-i/
We con write

A=Qrb=caop T acu je
Where 4 # tr.  Then ¢% has another
el'qeh value 7)\“ =‘a-¢'l, = Qo je-— z‘m:,,;c,.
lrog_{—_: Let u e €™ be gn eigenyector
for 2. Then y = Uq tllz2, U4 4, G']E?

S

Write W =u,-ruy. Then

AU = Ay
Au = 2
A =20
Cinece A (s a real matwy A =A and henee
AT = 2d

And S0 T = o,-1u, (S ah elgenvector for
the elyehvwlue J = a-t'b,
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For éthe Sigenvector d = Uytid,
to the egenmlue ) =Qpb ¢t holdg

('D il = N, ] l 4“1[“2> =0,
(z) Twe dimensionaé Su bspace E”w ‘fa.]-C-IE“'

(S an [pwerant with respect &o ¢

[fore over, ¢ acts on (& @ a robation

by the angle g in the olivectiom

lemme

grom u, to u,

?i"oo\f- Q)_ Sinee A = / €he c:ﬁgen vectors
U= Uri, anid o = Us-14, Qre mubue//g/
perpendicular,

O = <14,Z[—>:

Cmﬁf“"’“ﬂ teal and imagimry parts we get
fluell *= e i =0
< Uy, “b? =0

(2) We hve Alu,+ mz) = (aﬁl) (qum&)
Ady t+ ( Ad, = (aq, - blfz_) # ¢ (bu, réﬂz)
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C’om,mw'ug real ano :hteqr‘mva parts we get
A-M,, = QUq- b‘fa
A-Hz =

bus +au,

Hewce Luy u,J 1s an inminent subspace
F-OV‘ @. [et& s

XK = (”2,”1)

Consider ¢he lasc

(the ordey i5

I'M/oar{:ahtf)
(h thic basis
(99/[”1,sz = (Q/ —b) _(4074 "'Ax-}«.J(,
ol A b a4 | | .
s

So @ i Luyu] (s avrobation by the
angle g fLvom u, to u,,

\

x

1

Basie theorem on erthogonal opentors

Le6 ¢: B“—F% be an orthogona! epemtor
Then U i1s a direct sum of mutually-
perpendizular  subspaces

Ve ® VL® -. @V(
Of Adinensione {fer 2. |



O,

Subspaces V; of dimension 1 correspond
o Cigenvalues 4 and -1 aundA @ RCES
on thew bg multsoli'ca tion bg 7 or-1

Subspaces V, Of dimeusion 2 covrespound

co Zomplex egenvelues  cm *timyge
W t b, @ acts on them as hpézé'/o/q
by Ehe angle fe.

APP/{.éd'é’l'OhS I'n YEZ
¢ R*—>R* @x) = Ax, Aus an orthogonat
matrnx 2Zrx2,

There are the following possibilities

Ecgensatusy of A are 7,1

Then A = E and @ (x)=x,

@ Eigenvalues of A qee -1,-1,

Then A =-L&£ and @) =-x (sgm»:e&rg
with respect the origin ).
@ a'qenm/ues of A are 1, -1 th

eiqgenvectbors Uy and 4y  Since
plus )=tty, @l )=-w, , for the lasis <=4 q)

(49) - (! 0) and ¢ is a s |
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ke\clex“"“ with respect ¢o the #ra 2xe
given by Lu,]

@ A has eigenvalues g 2 lacuy, #€(gr)
Then ¢ (s arotrnbion by the @ngle ge- n
the direction from u, to Ug, Wwhere

Ugt tu, ;s dn Seirminez Slpeun vettoy

for @3 +iacuse.

Appli ations in Ei

Every orthogonal operator ;n drmension
3 has at least one etgeneiye T4

(Charmcteristic polynomial hac a real root
avd (t hag absolute welue 1.) |n 3
we eah a/ngc Findl  an orthopormal

deI-S A = Cq/), ”2, M:s) /.” Whl.ch

S
(?)o(,o& - (‘Cj "“907° -"241")

O max om
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Uy ts an elgenvector bo *4 anol
Hs"fl‘ua
IS an elgenvectoy Lo o Gty ge
G eometrica //g /@/',Z the firrst elgenm/ue
vs 1, P Is Gerobalion @round the a xis
Cusl by the angle g
(F the finct cigenwiue is -1, ¥ 15 &
Composction of Fhe rotrtion describeof
above and the reflexion with recpect

to the plane LCuz uy] whieh s perpendiau -
lar  to [u,]

i,

£Eyerese 1 Fisd which geoncéne me jo
i's deccrcbed by the operetor o p2 5p2
/
_ =4/3
@)= AYx, Where A 5_(4 fé

Evyercise 2. Finol which geometric tmnefor-
mation ;s Heecri'bed bg the operabor ¢ :[P%p*
?Cx) =AYy Where A= 41 (_2 4 -2

~

3
-2 -2 1
7 -2 -2



