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Exercise 1.15

1. Given a A-term s with an occurrence of App(Az.t1,t2), we obtain another
term s’ with an occurrence of ¢;[ta/x] by replacing App(Az.t1,t2) in s by
ti[ta/x]. In this case we say that s S-contracts to s’. We say that s /-
reduces to s’ if s’ can be obtained from s by finitely many S-contractions
and changes of bound variables (a-congruences). We then write s’ <g s. A
[-conversion is a finite sequence of S-reductions and reversed S-reductions.
Two A-terms s,t are S-congruent if there is a S-conversion from s to ¢.

(a) Show that two A-terms s,t are S-congruent if and only if A3+ s := .

(b) Show that two A-terms s,t are n-congruent (defined accordingly by
a finite sequence of (reversed) a-congruences, S-reductions and 7-
reductions) if and only ifASn F s :=t.

2. For a A-theory A3 C T C AC, show that 7'+ A\@n if and only if T+ I := 1,
where 1 = A\x.A\y.App(z,y) denotes the first Church numeral.

3. For ty,ty € AC, let [t;,ta] = A2.App(App(z,t1),tz) for a variable z ¢
FV(t;) UFV(t2). For i = 1,2, let pr; = A\y.App(y, Ax1.Az2.z;). Show that

AB = App(pr, [t1,t2]) :=t;

for i = 0,1 (Pair-Elimination). Vice versa, one can show that it is not true
that A3 -t := [App(pry,t), App(pry, t)] for all ¢t € AC (Pair Uniqueness).
This is in Barendregt’s Book, Exercise 5.4.4, and more involved. That
means, not every A-term is (provably) a pair of terms.

Exercise 1.16 For s € A®, a finite set X = {z1,...,2,} of variables, and a
finite set {t1,...,t,} of A-terms, define the simultaneous substitution of (¢;|i <
n) in s for (x; | i < n) recursively as follows.

L. xj[ti/zi)icn = t; for all j <n.

2. alti/zili<n = a for all a € CU (Var \ X).



3. (Az.9)[ti/wilicn = Azj.8[ t /?]ign’i# for j < n.

4. (\z (s;[t i/wili<n = My.slti/zili<n if y € Var\ (X UU,, FV(t)) or X N
5. ( s)[t/ ili<n = Azslz/yllti/zili<n if y € U<, FV() \ X and X N
FV(s) =0, for z € Var \ (X UFV(s) UU,<,, FV(#;)) minimal.

6. App(s1,s2)[ti/xili<n = App(s1[ti/Tili<n, S2[ti/Tili<n)-

Show the Substitution Lemma, i.e. for all A-terms smﬁf fori=1,2, j <n, and
for all pairwise distinct variables z1,...,,, show that if A3 = s; := s and
Aﬁ = tjl = té for all ] < n, then )\ﬂ F Sl[tz/zz]zgn = Sg[tz/l‘z]zgn

Exercise I1.3

1. Let (C,*) be an applicative structure and []: Val(C) x A® — C be a func-
tion which satisfies Conditions 1,2 and 4 from the definition of a A-model
(Definition II.1). The triple (C,*,[-]) is said to satisfy Berry’s Extensio-
nality Property if for all s,t € A®, all x,y € Var, and all p,o € Val(0),
the following implication holds.

(Vee C:[Ax.s], *c=[\xt], °c) = [Mz.s], = [Mx.t]

Show that the conjunction of Conditions 3,5 and 6 is equivalent to Berry’s
Extensionality Property.

2. Let (C,*,[]) be a A-model. Then for all s,t € A®, 2 € Var, p € Val(C),
we have
() [slt/2]], = [sDotpet, /a1
(b) [App(A\z.s,t)], = [s[t/x]],.



