WEek 1 . AFFINE EFoMETRY

Ll U be a vector Space over K=R o2 &
Definction A subset (nenempty) M, < U (s
an  affine scubspace of U ,f (tis of the
form

MW =P+ = L Pewrecl, » et
Wheve Pe U amd ¥ ¢ U s a veetor subspace,

Remark.  Elements of M  are called pornts
rether than vectors .

£ xample 1 U=T*
v Mm="PrY

S

AfEine cu bspaces  in R* are:
(4) all  points . In this case "= {5}

(2) lines. In this s A s a line going
{:hrouf]h orign.
(» R*. (7=FK

£ xample 2: m, = { x e—%’"’/ Ax=b} ;| where

T




@

A is @ mabrix  kxn, be RE such that
N (A) = h CAHo) (h stands for muk}

ln this case the sSystem of [inear cguetions
Ax= b has a Solution and M (s ﬁoé—empéj

Let q e P* be 2 colution o f the g?géem
Ax=Db. Then
m = ii%r + 4z R /}2~=4¥
( Theorem : Anﬁ colution x of Ax=b s
of the form X=yt2z where 2 (s a Solu-
Eion of A2—=0,)

In the definction My = Pt dhe pornt
P I's net Hetermned &lﬁl'?’ae/g. See the
p;‘cbwe,




®

lemma Tbe gabsloace Ve th the de)c/‘lﬂl-élbh

m = P+
I's determineld um?«ue/g/.

Detinition Becayge of [emmae we Can
define direction of Ml a0

zim) = V-
and Aimension of M @&

oh'm M = A W"

ALtine com binablon of pornts

/et A +B be two pants in the vector
gpace. U. Then the affine combination
QF poi'nt & Aand B s a pernt

(4-t) A+ tB = A+ E(B-4)
All atfine cowm binatiens form a line
qom? fhrou@h A and B

& (A-B)\/’___
T “r
A / ¥
(1-£) A+ tB

Agtine combination of h+1 poirnts
Aor A\“.»-. An “S éhe PO(.hf



Z Ec A, where ff'él

(=0

D1t Ar = (-¢,- oo b ) Aut 4 Av éyhye.

-+ i—,«_ /4"1., = Ao s é.f M/'Ao>7‘ éi— ['42_."40)
-+ -... é«, (4*" AO)
7 A‘.z.

A, + 4
" * 2 A 1 (A,-4,)

=1
z 4o 2’41*//"42_
A,

Theovrem 1

In every affine subspace
M with ang  points A, Ay ., Ay & MU
Eherr  qfeine combinatip, lies in PMlye wel/

—_— A
Sitdiem  for Sig.g
{ =0 (=0

Proot = ‘Pf/V’ where VU (s a rector
subspace . 4. -—?w-[ eV Then

Sitihi = St (Pra) = (4P S Lok

(=0

(=0 =0

= P+ iﬁt.vl e P+ =M
(=0 @



&
Theorem 9 Let M be a hon emégr sybset
of the vector space N such thel for
every A Be M also (I-£)A+ £B e M,
Then M (¢ ah affine cubspace

Prool  Theve (¢ a point Pe M, Define
W =4 A Pel, he Mg

fher m = P+
[t suffices 4o show Ehat YV s a vector

subgcpace of U
Let A-P, B-Petr, where A, BFPeM.

Then

(A-P)+ B-P) = {z (£ A- -;-33)—14>}._ Per
Tem

N— ——~——
&M

a (A-P) = {_@Af@-x)Pf -P e U

& M
Soe we can give an equivelent def/ho'él‘oi
of & ffine gubgpace M. qs a nonem/otg
subget of the veckor gpace U such that
for every A and B (n M, A+B also the
>

/ine AB lies (n M.
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Taametric _Aesceiption _of qffihe st bspace

m = P+ T has @ basis v, 4

Ny

So evevy poz'n% N e Pl Can be wirttey
in the Hform

M:?T‘é7vg * éa,Vz to-- éLVé_. .

Eyamples
@ Para metiric Aescription 8L a line (n r3

[s

¢/; M:Pf&?

@ Terametwe odescription of- @ plne tn K3

)'S . —s
P M < Pr tdtsV

mplictE ddeseription oL affline Cpace. m K*

/m = o( * € K" [ Ax= lof
Whevre. Ais @ matriy bL¥n and b e K%
for sSurtable k.

Eyam ples

, 3
@ A plene in <
Qepe t QYo t g X3 = b

W heve (a,,[d,zl @) # (6,00)




2 A line n R®
4‘11 y»{ 'f’d{Z\ﬁz f'dls \LS = b1
Qo4 Ma ¥y Xy 1@y 5 %y = b,

A, (:u Aez d43 = 9 =%(&’/1412 @y
21 422 Hi4 Apq Ay @23

Io4)

b&

Mm M = olw Z(Mm\ = Adw {_xeP?’,Axa-O}
= 3 -4(A) = 3-2=1.

Transition £rom Impl et Aescription
to evphlce 2 pam mebn; description

i'e easy. [t s sufpicient ¢to golve the
sqctem of egna tion Mszhﬁ prra metrex,

Suppose Ax=b hes & sgolution
Ye= 2t%¢L-3, ¥, = 3-(=+9.91 Yx= 125, %, =2¢t
TAen
K= (2+43€-8 3-L+ds 1-25 2+¢) =

=(2,3,1,2) + £€(3,-1,0,1) +s (~1,%,-2, 0)

]
P vt-'él/,( r 8 V5



®
trom pammetrne deccription o (mplicita
Adescription

le& Y = Pti,v A7 P=[p,

V‘.= C"'L.\

PiZ czl.

I . P«. ’ ]

h Coord(ng tes - Y
Y( - P" ¢ c.,{é1-r ciz 'éz_’f'~-- -+ ('ff,é‘e.

— e et e o
R —————— e e g

Ya = Pn t C’m’(:, -rc«zélr.-. +C"bét

This can be written n the matriy form
as

/7EX=C£#P &= {T-’ x=/ %
Unik ma Ev'y : :

MOH'H) WL :

(EICI}O> Nw>(A1‘c4lb'
maet'nﬂ ' 0% A l o, \ b
opewv bionsg
'n Such q vmg tha & 611'3 in echelon FLorm

wi thou € 2Zero row .
Thewn ¥ and cCatisfies equetions
A, ¥ = C, e+ by

A » = b
The second equabion (s Etheb we have

fooked {or.
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Intersection of affine subspaces M

ard N g again an a ffine gab.c;éce
f M am % 78

In exererses we meet  three posibilities:

() Both sub spaces  qre given by @ system

of e?’ﬁﬂ,é’lbng

/}’)’b : A)L:_-b

N : Cg = J.

Tten  amam : Az=b

ez =4

(2) M has a parametric descrip tion
M ¥ = Pedyw,e-n b v,
n grven bﬂ 4 sqs&em of eguationc
n . Ax=b
Fer Y (n the system An =b we

Sube &l tude

%t = ot byt by,

)‘z = Pz "'"-

¥M = Pﬂ"‘ £ICH1"'“' : éLChL )
So we get a sgqstem of epualions
por &, €, ..., €0

Cs) Both M a N avre given by paremetri
deecri'ption :



@
% P ® ? i g é/”ff éé{z.,_ é&”s

T hen
MaM = { X= P« Ly + tou,+ ésL,S:Qf&v‘rszg
We solve the system in untpowns 4
ti € 6, S, s, :
Cplhgrdtyrbatt,~S, vu=-S 0, = Q=P

If we gqe& solution

82 = 0(

Then
MW =4 § * 240 )1y 1 o(Vz_}
-4
=§Q

¥+ 2/2/;4 t @(V4+Vz>}

<+ ZV/{) +t I: V,{‘I'VZJ
———
-pornt Subsyece.

(f'ﬁnnecét’on 0{- two Qf—,ﬁme gprees Wandﬂ
m, s dle notedd b%,/

m o N
and ([t is the ewealleet affine Subspce
con taining  both M amd N.

£ m . P+rP amd N QW , Ehen
Mu ¥ - P+ LQ-PI+ '+ W



@
where ([ o-P] (s q linear envelope of
the veckor GH_P anot

LQ-PI+ 1+ W
(¢ dhe gum of the cubgpacess [&-P] v v
and ¢co (t (s a rector 2ubgpace

Reletive position of two subspeces
M and N s

(1)/}47541, or MN M

(2) Pavallel f£ Mam = v, , but
Z(m) c2(n) ovr Z(n) £ Z(M)
(3) /h(:l?k&?&tl'a? i MaMN ¢¢ [ but
2im) ¢ 2(a) and Z20n) ¢ Z2(m)
4y Skew (f  MmaN = ant
2(m) ¢ Z(n) ana 2(n) £ 2(m)



