LINEAR ALGEBRA - WEELY
A PPENDIX

VECTOR SPACES WITH SCALAR
PRODUCT

befinition Let U be @ vector cpace over B
A map < > UsU —> R s calleod
Scalar product on U f €IS 2y mmetric

billinear form with corresponding guadra-

Eic form positive definiée, re. 1t means
that
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Definition Lct U be @ vector Cpace

over £ ( complex numbere) A map
< | > U Y| —=> c

IS called & salar product on U 1f-

(D) Yuv,w e U, abed

laniby, w> = a <uw> by w >
2 u, avibw> = T LD +b<uwp
(3 Luv> = Luyv>
&), <Un> >p for u+0

Here the bar — means complex
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E yample £ C (La#l @) the vector
Space of conbinuous complex functrons
on the (nterval ([a, 41
¢ I
Ctig> = [ ro) g0 a
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The norm of the vector u & U s
Hull = {<un>"

Example  Consider RY with staundaro
scalav product. Then

(12 3-2)) = ﬁz t 2%+ 3%+ C-Z)z']: V:/?

Two veckore Y, v e U are orthoqomz 6,
(..f' 4“{ V> = Q.
We write u L Vv.

CAUCHY ENEQUALITY
Let v &Y . Then
| L v>| & lall-tv)

The equelity s qust for linearly Aependent
vectors u and Vv.
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Lxample  Consider U= R™ with $Canay
gealar product. T hen
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Proof  por vreal space U
[ v =0 then
[<w D) = 0 = h8Inul
and theorem holds. [f vé O, consiner
the vectors Lv-uy for all £ &R

0 & llz‘:v-ulizr-éﬁv-w, tv-u> =

LY

= f*LvvO — 2tlu vy + Jul*®

This (s quedretic polynomial (n &
which s =20, Tht is bhy (&s odiscri-

minant D (s less or egual to 0.

D= 4<yv>® - 4@ Hvo<Luup
= 4 LuwD* ~ 4 IPHE £ 0
Henee Luv> & MalPIi®

| <uyv>] = dudl Wl .
The epuality occars only ¢f tv-4 =0,



