LA - WEEK + : EIGENVALUES AND
EIBENVECTORS

Linear pperabor (or Iinear endomorphism or

Iinear gransformation) (s a linear map
¢ : U—>U,

where U (g a vector ¢pace over K=TK or C.

Always it holds q(u)<U, ¢&¥ ¢{0})=1c}

U and {T} are so called ¢triva| invariant
Sub.gpace,g.

The vector subspace V < U is calleod invariant
Subspace o f- an operator ¢ : U U, If-
pv) < V.

Evample 1 ¢ : RY—TRY P(x) = Ay

A=|1~1 4 -3 ConsiAer +£he cubslmce,.
21 O 2 - 1 O\7T < [u ."e,]
-2 3 4 _7 \/ [(g)' (“11)] &
O -f -1 % o

we show that V (s au inveriant cu bspace

for ¢. )
o (4g) = (;) 2 Agt2e, el @la)= ,,)-_—Za,wzel/

)
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£ 0

Hence. ?M“”b“b‘);‘z @[a,)w?(%) &« V.
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Definition . The matni'x of €Ehe operator
¢: U= U in the basis « = (&« 4z, .-.au)

of the vector Space U 1S A4 matrix
Whose columns are coordimtes of vectors

Glag), @ler), .., @lan) (h the basis o
We write

(?)«,a = ((‘f“')) /‘f/"’ "(?"“».x)

c’wwll wakes of the vector plu)
/n the basis X

Eyample Let us returm to the eample 1,

Fn Ale bas(s £ = (ﬂ—‘—(é), eb’@)‘es"(%o)‘eq'@})
we have
(‘f)s,e = A

= " ”____0 E = & 4
For the basis ot = Ha™={20h “> ")13 = Ll
o ! O {

o
we have.
Cf(’ﬁ() = At 24, = At 2yt 0'937‘0‘85;

(f(&zs - "2,‘11'{'&& =N ‘2‘({T"‘l{¢zf0‘esf0‘€y

‘f(93> = gt heg-c, = Ity r Oty t 4S31Cy
plee Y= ~3Bugr 2y + ey +4C
That is why PR
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Example 1 - prolongation
Consiser amm ‘gubsmce
W= L (3>, - ] = [us ve]
'
({’/43)= 443 —Uy e W
Plag) = 4y + 44, €W
Hence W s also ah s e nt €4
Consifer ¢€the basis (3 = (“1: U, “3:“")~
In this basts

L‘f)al A -

bejace Corg.
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f =2
2. 1
o o
o U 7

We have TKY= Iy ® W,

—

- dim  inwvarmant Subspaces — Sigen vectors

Let ¢: U—7 U be Iiheayr Operator ardt ”eﬂ\{af}“_
04 he: one-olimensione €  Space [u]lc U
's  (nvariant then

ple) & Cul
e 3 Ael
C((u) = N,

Then for all multiples ofu we have.

in )= bp(u)- £ Pu-= A(ku). |
Co O/‘(f goer)g o;(fe—ﬁ(/'meﬁszbndé (pveriant .CIMS)@Q?,.
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the opembor ¢ (s @ mu bbiplicatioy b? AckK.

Definition  Nonzero rvector uel s calleA
e/'ﬁenkectm/ Lor ¢: u—>u /‘/- there 1's
Q4 N el such that
) ="h4.
N s called an _eigen valus  Clorregpondl 'ng

to this ergenvector.

Lompu bation _of- Sgenvectors
et first U = K* anol  p(x)= A¥ w here.

e IN I EO Ax- 2 =0 4
R e o)
- e 3 ol (A- 2E) =0
- Chavacke istic polynomia & of <« matr'y A
s WO)=0@4(4~?\E)=0M, Z:’) 4:;
a;; s -~

= (2™ by A e At b
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Lemme A& K (s anh cigen velue of
the opevator ¢, ¢ (r)=Ax, I'f dhdonléy
(L N, (¢ a root of Meeekr the characlericti;

]oO/gnmm'aé el ( A- ?\E’) . |
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|f  we know the eigenvalue ), & K. then
we can determine COPV‘e‘f;oondt'ng e/'qevectom

by :olw'nﬁ the sqctem of homogenecous
Ifnear eguations

A-rE)x = O.

Compu tation o f elgenvalues for g’e»emé
lfnear operators ¢ : U—=> U

We tate a besie x of W .l this basis

([F)O(pk = A andb we haveay o peretor
W&"""?'IE%I \ |_______7A)(‘

T4e eigenvalues of- A ave elgen values
of ¢. [He eilgenvectors of A 4re
coorolinates of €lgenveckor gm of ¢
. the bess oK

[t = aund @ are two Jdifferent lkacis
o A then we have .

g °c Tt
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(cf>e,rs - (’w{)@‘; (Cf),,g,oi (”%)K,/s
where, (4m)6,d = (‘”‘);73 .

B I ok = (hqy b)), e (P )

then |
(), 5 = (o), (i) )
Mateicee B A ana B are calleot cim)lar
[t there ¢s @ matry F repulav, such thet
DB =PTAP.
(Madices (¢),  and Lg), , are similar, )

Lemma,  Similar matviees kave Ehe

same charecteristic  pelyromia €

Prool © Lt B =TTAP Then
del (B-1HE) = Al (FIAP- NPIEP) -

= ol P A-NEYP = AL P ot (AnE) T

Al P = Al (A-)E) Al P <

= Al f-RE)
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Characterstic polynomal of 4h Operator
w: U—> U s dhechamcberistic pely nomia €
of any matwx (¢)y, Where « (s any

basis of U . ( All sach polynomials are
the .came.)

Lxample. 2. Frad eigen plues and cigenvectors

ot the operator ¢ K= RS, ¢ix)= Ay,

A = -1 1 0
-1 3 0
2 +2 2

el -1=") 1 O - /}\5“4‘?\3127\*9
-1 32 0

2. -2 Z-)

The voods 4t Z; 1+13, =% .
Lo theegenwelne 2 Are

((9/ O, P) e +0

(ompuate. the elqen pectors for

HOME WOR |
W} T evgenwlyes  awl egen rector

ot the opemrtor & R:—=>EF gox) =AY

_ 4 -1 1
AT O A
~q -1 3

El‘gen vectors

1¢ V3 anf 4-I3




