LA- WEEK 8 EICENVALUES AND
EIGEN VECTORS , T

v

Algebracc my [tipliciby  of an eigenvalue A,
s the mu/tl'pll'c[ég of N, A4S a root of chara-
cteristic polynomira €

deb (4 DE) = (A=) p (), pl)£0.
kL (s Ghe mulbiplicity of the rook Ao .

Beometric multiplicty- of an eigenvalue 3,
LS Aim kev (g-yit)

(the Armension of Ehe correcpohdzkv egenspa-
ce ),

Theorem

algebraic multl'ph'c((:% = geom, mv/z{//’a//é:(?

Example

t - ]Pg"“)/ﬁ‘ @(*) = Ax
A (gfzo.oo Chaatlewrlie  polynomi R (S
oz Al (A-nE) = (2-—',\)3
E’l%f"ﬁ’&/ﬂ@ ’2 MS Qla mutélﬁllt(é? 3 -
o .2
Et‘@enngue 2. has qeom. mu/f//o//c'/'ég =ﬂ/mﬂ?=3_
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Example 2 ¢ B*—RS ¢0=Bx
B = (2‘- 1 O> cbhaacteristic y:o/gholm'&/

g g‘ :’Z_ s  get B-2&)= (Z2-N°

Egenalue Z  has @k mu/t‘:z)olt'a'é-? 2,
A (B-2€) = [ (8)]

1
has olim = 1. lhe Geom. mu/f:t'p/fa'ﬁvd IS ’/.

:Q!oectrum of a linear oOperator s the set
of all its eigenvalucs . The sum of algebruc
mualtiplicitiee s £ N=dm of the gpace,
(f we qre over K‘ anwl @& s = h =00m

of the cpace |t we ave over & since
every Po/gnommé ¢f the degree n has

th & h reots .

Theovem_ The €gen vectors eawespana(«{n%

to different e€ligenvalues are |[ineairly inae -

pendent.

[ heorem /et Adim U=n a nA @ U—>U s
a ltheav @yemz%arl which has e okfferent
Then the corresponating

Lorm  a lesis x 1n Y qna

< t‘gen valu és.
ec'qew vec Eers
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(@O(loL = [ N2 O
oW
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Wheve Ay, 2oy M ave bhe em'?en velues

£ﬁ€9£ et u; be a ecigenvertor fto ’)~"/
(=12, . Accoroling Ce Ehe previous Hheore
Ui Uz, .., Up abe linextly Undeperdlent
Since n=oim U, the vecbors Hyua .., u,
Lorm a basis of Y. In ths basis

Glu) = Wl = Odeyr Oty + Aot tOgpyr-Ca
Henee Ehe C-th column of (@u’,x s

o] e Lth elenent

Q- IPX T

I
Example > ¢ BE—>R*  pix) = Cx
O = s 2 -3 M (C* }\E) = C//-’))(Qh?\) (3-”))

4 & -4
& 4 4
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ElQen value E’t'gen rector
e = 1 /'II-—,:C’I,”(Z)I-
Ty = 3

Cy = (f/ Z,ZBT-
lh the lbesies K = (/u,, v,, 4/3> the matrey
of ¢ s
10 o
(@o(,aa = (0 2 0)
0 3

Example 4 || = B,x] ¢: RD] = BLx

@(P) = P' ( the devriwetion of ;o)

We look gor eigenvalues
P = A, %t a, %t Qo C{’(p),: 2@ t@,
plp)= Mp
Zq.v+Qr = Mort Maex v,

(’om/oan‘ng the ceoefficrente at the came
powers of ¥, ve get

0 = 2a,
= ’)\q7
4( = ?\40

Which gives evther a, = a,=4,=0 ah% Adkbtétwg
or N=0 and q,=a, =0, 4o @bty .
So the enly evgenvalue s A=0.




Algebeaic  mu [Eipliccbg-

(@glg = (2 g 2> {’—olr the bkasis

£=(+%x 1)

Alqebm('c, Wh‘:{plt‘a'&% Vs I g&om.mxclét/'oll'-
{lt‘f;ld S /1.

S:'mz'lawakh'c%g__ Matuees A anA B are

cimlar Uf

B =P'AP (e PB=A‘P) '
(all matrices are of the form h¥h )
Jast week we <howed that similav matricec
hove +he same chavmackeristic ;ao/@lmmzét//
hence Chey have the <came glgenwlues
with the same &lgebrac mulbiplicity
Hore over, thelir egénielues have Che came
geomesric mq/t'z}o/fa'ég,
I WU, .. 4, are eigenvectors for B

corresponding bo the eiqenvalue ), Ehen
Puy, Puy,.. Pu, are eigenvectors for A .

A(Pur)= (PB)a, = P(Bu)=Pru) = 2 (Pa

.
.
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ORTHOCONAL AND UWNMITARY o© PERATORS

)

Definition  |f s a vectowr Space with a scalar
product . Y:U—>U is a linear e pemtor
Wi'th +the P"OPGV‘H&/

) ey = <arn>

fov all wve y

£ U rs a real vector Clace, then ¢ 1s callec
0M6hogonaé epeva tor.

£ U Vs a cemplex rvecktor gpace, then ¢ Is
called  unitary cperetor

Propertics
(’l) Such operators preseprvel the nermg o
vecbors amd €he angles  between vectorc,

Ll = V<ete), (&> {4 " = Il

p f W ) Lylw), {/‘{}\,} <& Y > -czz)(é 4’9
) ‘»ﬂ’ﬁ v Yt r)) B Wl dg(+)f okl A1 -
|

(2) Such cperators ¢ U—>U are somerp hi'sm s,
@) = O <= lgldll=0<= Hol =Ode=> =0,

(3) Such operators map§ erbhonorma| bases
/nto  ovihonormal| beses.
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Theovrem let ¢ :U-—> Y be u4nitery o pera tor
(orthogona € opeméor). Then ks matri'x

A in ang ortho normae € basis ea ticfies

A" =47 <« aAa4&’=F
where A is the matrix formed from A
by ompley conju gation .

( A= AT = BB A4 = £ over R)

Such matrices are alled un'tary or orthgg_onaé
£ deple .

PURN AT e Lol
¢ 4 —C 4

—T_ [2-¢ -

A (3-/[ ‘/)
Examples of orthogonal eoperetborg

D¢ RE—>E> ¢0) = (%« -,u;w> (x)

Ny Capon Ko

qe@‘m‘%ﬁ@/ C 1s rebation around -
the origin ¥n the plane. by the augle x_

L£,




qeometm‘cel/ﬂ robetion
avound an aws qomﬁ throagh the origin

@ 72 B> —P> vreflewon

@ ¢: R*—7R*

wi'th respect

to a line or a plane qorng Ehrough
the origin.

B3 g(x)y= Ax

2 2 1
A=l3 3T "3
- 2
3 : =
-1z 2
33 F

De terminant

of an orthogonel ma Eve' x
/s 1
A AT £
ool (A A= el &
ool A -2l AT = 1
CM A')?" - f = 2l A =31

Debetminant ©f @ umbary matrx (s <

am«n/o/éx num ber wath e bsclute value ’7‘
ART =&
plee A ol £T = L

. —,

(et &) plela) = 1
m)coémz) =1




