6-site Hubbard model

H=1 Z CiaC ja_l_Uzn‘lTn‘l-l-

(i) ,0

Large Fock space: dim 2!?

i i
Use conservation of Sz : (s1, s2) sectors of dim (31) (32)

We study all sectors with N=6 simultaneously (6,0), (5, 1), (4,2), (3,3), (2,4), (1,5), (0,6)



Thermal equilibrium

H=1 Z CiaC gu'l‘UZ“'T“#

(i) ,0

Thermal averages (finite temperature):

energy and/or
particles

oupling is very wea
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Thermal equilibrium
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{if),0

ensemble averaging:

Measurement involves different (weakly coupled)
parts of the system,
e.g., total moment is a sum of local moments

Measurement involves averaging over (long) time (=duration
of measurement)

- -]

— Ergodic hypothesis

Averaging over various realizations of the system




Thermal equilibrium
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(if),0
ensemble averaging:

Measurement involves averaging over (long) time (=duration
of measurement)

Illl.l

—_— Ergodic hypothesis

Averaging over various realizations of the system

ing is ve

The slow dynamics due to system-reservoir
interaction is replaced by ensemble averaging
(the fast dynamics of the system itself is retained)



Thermal equilibrium
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(i) ,0

ensemble averaging:

Averaging over various realizations of the system

How do we get the probabilities?

Statistical considerations => in thermal equilibrium:

<<0>>T Z(T) > o exp(——

avg. at temperature T /

Boltzmann weight/factor

sum over eigenstates [

Z(T) = Zerp(——

N

Partition function



Thermal equilibrium
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(i) ,0

ensemble averaging:

Averaging over various realizations of the system

How do we get the probabilities?

Statistical considerations => in thermal equilibrium:

- exp(—z2) _
((ODT—Zn:(ﬂlo Zl:li} Z(T) {dl n) =Tr(Op)

1

p= - exp(—pH) Z = Trexp(—FH)
density matrix Hamiltonian (operator) (number)

(statistical operator)

1
kT

a

inverse temperature



Thermal equilibrium
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(i) ,0

Averaging over various realizations of the system

(e =T w0 321 I =10 p= pem-pH)

Ground state:

= Tr(e #He*H Ae ¥ B)

1 , :
= E {m|eP7 e*H Aln){n|e~*" B|m)
T,

1 _ Cntm
=§Ze BBm g~ En—Bm) {yn) Aln){n| B|m)
Ll



Thermodynamic observables

H=1 Z CiaC gu'l‘UZ“'T“#

(if),0
Energy spectrum (N=6)
Thermodynamic observables: w f U=1.23
O .
U= {{H)) internal energy Lf) |
F=-ThZ(T) free energy E :
F=U-T8 entropy S "
_8U £ heat (heat "
c= o5 specific heat (heat capacity) E
U

—
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Thermodynamic observables

H=t Z CioC ja_l_Uzannl-l-

(i3),0
Energy spectrum (N=6)
Thermodynamic observables: o I U=1.23
O .
U={H) internal energy % ,,
F=-ThmZ(T) free energy ;St :
F=U-TS8 entropy S “
c—y specific heat (heat capacity) K
C A S -"5' [
| \ /
I| N\ af
N o
III \ | ."lllll
1 |I S~ : ,-"II
I| ~— 1 /
f A /
1 T 3 1 T ]




Correlation functions

H=t Z CiaC ja_l_Uzn‘lTn‘l-l-

(i) ,0

Expectation values/correlation functions:

(Sizij}
=0 - U=1.23
13 N
: | ”/z,',._l-——'—-:_' = ' : 1
| :.1:2— I’ff
T~ 14 A5
~—_ :
_ ~__ hy
T —_— a5k |
12 L/ T
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Linear response

H=1 Z CiaC gu'l‘UZ“'T“#

(i) ,0

Why correlation functions?

® Contributions to interaction energy of the system {7y}
® Response to small perturbations

external uniform field

{(5z)) = x - oh

(e = 75 2 Se( exp— o2y = 20
S| o) 1 oS
Oh |p—a Z{h) Bk |40
_ s
T

Se(l) = §15:10)

&Z(h) _ 5(h)
Sh ~ T




Linear response
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(i) ,0

Why correlation functions?
® Contributions to interaction energy of the system {7y}
® Response to small perturbations

! —

external uniform field

{(5z)) = x - oh




Linear response
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(i) ,0

Does it work?
Let's calculate a response to finite h.

6{(5:)) = x - 6h




Linear response
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(i) ,0

Why correlation functions?

® Contributions to interaction energy of the system
® Response to small perturbations

external uniform field

{(5z)) = x - oh

» l S(h Bx{1) = (|51
((Sahr = Z(h) 2.5:0) exp(~ 220 = th; o7(h) _ 5(A)
5h T~ T
oSy __ 5 (h) 1 95(h)
Oh |p0 Z{h) Bk |40
R
T

Uniform susceptibility is a special case because [Sg, H] =0

General case (e.g. local susceptibility):

XIm:(w) = _([Siz(t): Siz (U)]}w = (Sissir.r)—w — (Sizsi:}w



Linear response (perturbative) regime

Kubo formula
H = Hy+ V{t)

External time-dependent field (el.-mag. field, photon)

I
Initial state (ground state)

Evolution operator

Ho and V do not commute and thus is it not possible to split the exponential even if V did

not depend on time! o (He+¥) L Ho ¥

Standard trick: discretise the time into small steps and use the fact that eHEe+Vir — giforgi¥r o 402
i.e., we can split the exponential on each time (the error can be made arbitrarily small):

U(ﬂ — E—i[Hu+VH}T ﬂ—i(.ﬂ’u+FN-1]fﬂ—i{Hu+VH-n]r . E—i[Eu+ﬁ]re—i[Hu+ﬁ]r

Next we expand the exponentials containing the external field:

U(f) = e BT (1 — {Vyr)e (1 — Vy_17)e 0T (1 — §Wy_a7) . .. e B7(1 — iVpr)e—Hom(1 — Vi 7)

. e HoT oot
O @ @ O
(1-iVar} (1-iar) (1-iWr)




Linear response (perturbative) regime

Kubo formula
H=Hy+ V(t]

External time-dependent field (el.-mag. field, photon)

Initial state (ground state)
Evolution operator

Ho and V do not commute and thus is it not possible to split the exponential even if V did

not depend on time! o (He+¥) L Ho ¥

Standard trick: discretise the time into small steps and use the fact that eHEe+Vir — giforgi¥r o 402
i.e., we can split the exponential on each time (the error can be made arbitrarily small):

U(ﬂ — E—i[Hu+VH}T ﬂ—i(.ﬂ’u+FN-1]fﬂ—i{Hu+VH-n]r . E—i[Eu+ﬁ]re—i[Hu+ﬁ]r

Next we expand the exponentials containing the external field:

U(f) = e BT (1 — {Vyr)e (1 — Vy_17)e 0T (1 — §Wy_a7) . .. e B7(1 — iVpr)e—Hom(1 — Vi 7)

Now we arrange the terms in powers of V-

®
®
®
®
+ + + +
®
[ J
®
@
+ + +




Linear response (perturbative) regime

Kubo formula
H=Hy+ V()

External time-dependent field (el.-mag. field, photon)

I
Initial state (ground state)

Evolution operator

Ho and V do not commute and thus is it not possible to split the exponential even if V did
not depend on time! HatV) 4 Ho oV

Standard trick: discretise the time into small steps and use the fact that eHEe+Vir — giforgi¥r o 402
i.e., we can split the exponential on each time (the error can be made arbitrarily small):

U(ﬂ — E—i[Hu+VH}T ﬂ—i(.ﬂ’u+FN-1]fﬂ—i{Hu+VH-n]r . E—i[Eu+ﬁ]re—i[Hu+ﬁ]r

Next we expand the exponentials containing the external field:

U(f) = e BT (1 — {Vyr)e (1 — Vy_17)e 0T (1 — §Wy_a7) . .. e B7(1 — iVpr)e—Hom(1 — Vi 7)

U(t) =ﬁ—iH{.Nr
—i{e BT Yyre N -IT 4 gy, re—iHoN-A7 | i (N-Dryp o =T | o~ N7y )

¢ ¢ ¢
=g Hub(1 — fn @'V + (—i)? fu dt’ fu d"VEIVE) +...)

S (—i fn t f"(t]) \ t

F 'LFI — Bl F 'Lll'lrl-l'



Linear response (perturbative) regime

Kubo formula
H = Hy+ V{t)

External time-dependent field (el.-mag. field, photon)

I
Initial state (ground state)

Evolution operator

Ho and V do ng

not depend on . :
P T is so called time ordering symbol (sometimes called an time-ordering operator).

Note that it is not an operator! The meaning of T is the expansion on the line
_ above.

Standard trick: | yoy cannot interpret this expression as “evaluate the integral in the bracket ->
.e., we can spli  exnonentiate the result -> apply T on the result’!

U(ﬂ — E—«'.[Jlllﬁ:n+1~fr

Next we expan

U[ﬂ — E—iH{IT{l VNT}E—i[HuT{I — VN IT]E—tﬂur(l — ‘iVN_:T} . E—'I-H{IT{]_ —_ Wz‘r) E—iHﬂT{l —iW; T)

U(t) =ﬁ—iH{.Nr
—i{e T pre N -IT 4 p—balryy, L re—iHoN-A7 | —iH (N-Dryp =T o i NTY e )

_ t ¢ ¢ _ _
—e—iHot(q][ ; fu ) + (—i)? fn & fu HTEV(E) +...) 7(8) = e 5oty ()it

=e—HotT oxpy (—i f: fr(t]) \ i7 (1) = oty (g)e—Eus



Linear response (perturbative) regime

Kubo forrmula
H = H, +

B = % f dt’dt"”

Evolution

Hoand V d R
not depenc dt' dt

Standard tri 7é % f dt’ dt'’ h

l.e., we can

nd the exponentials containing the external Tield:

(1 — Ve O] — iV _17)e 07 (1 — iVn_a7) ... e~ O7T(1 — iVor)e " P07 {1 — iVi1)

—i{e ] [T Vyre N U7 4 o—balryy, re—iHoWN-27 —iH(N-Dryp o=t | o~ N7y )

—e—flot(1 — 4 fdfi?(f)ﬂ—i)* f'dt' ffdt”f’(t’}?(t”)+...) 7 (1) = S HOY ()= Hot
A ' | V() = 5V (e

=e—HotT oxp (—i f: fr(t]) \ i7 (1) = oty (g)e—Eus



Linear response (perturbative) regime

Kubo formula
Now we can evaluate the expectation value of operator A in the system evolving with time
(n(D)| Aln(t)} = {n|e*"*Ae™>"|n)
4 t
~s (| (1 +4 f V() eH 0t e ot (1 — § f V()
L] 0

We keep only terms linear in V.

= (lAGm) +4 [ @ 7 (), A)n)

t F
(A~ (Ao+i [ @) ABN
- In compact form. Note that operators are in so called interaction
representation with respect to Ho (This is indicated by <>o)

We have shifted origin of time integral to infinity, assuming that the
perturbation is adiabatically (slowly) turned on (this excludes the
transient states that takes place after sudden turning of finite
external field)

The formula can be used in thermal equilibrium, in which case <>grefers to thermal average -
trace with e(—He/FT)



Linear response (perturbative) regime

Kubo formula

(A0 = Ao+ [ @t @), AGDo

A typical external field has the form of a (classical) function (electric field, Zeeman field, vector
potential, ...) coupled to a typically (semilocal) operator (charge-, spin-, current-density):

V(2) = Bo(t)

In the linear response regime the amplitude of the response is linearly proportional to the

amplitude of the external field. We want to investigate the trivial temporal (or frequency)
relationship.

(AD)s— Wo=i [ (B, ANop) =4 [ a0 - #)(B@), ADDos?)
= [~ @xantt-t19)

Note, that the expectation value of the commutator depends only on the difference t-t,
because Ho does not depend on time.



