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Interacting bosons in the trap




Are the interactions importante

In the dilute gaseous atomic clouds in the traps, the interactions are
Incomparably weaker than in liquid helium.

That permits to develop a perturbative treatment and to study in a
controlled manner many particle phenomena difficult to attack in Hell.

Several roles of the interactions
e the atomic collisions take care of thermalization

 the mean field component of the interactions determines most of the
deviations from the non-interacting case

* beyond the mean field, the interactions change the quasi-particles and
result into superfluidity even in these dilute systems




Fortunate properties of the interactions

Strange thing: the cloud lives for seconds, or even minutes at
temperatures, at which the atoms should form a crystalline
cluster. Why?

For binding of two atoms, a third one is necessary to carry
away the released binding energy and momentum. Such
ternary collisions are very unlikely in the rare cloud, however.

2. The interactions are elastic and spin independent: they do not
spoil the separation of the hyperfine atomic species and
preserve thus the identity of the atoms.

3. Atthe very low energies in question, the effective interaction
IS typically weak and repulsive ... which enhances the
formation and stabilization of the condensate.
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Inferatomic interactions
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For neutral atoms, the pairwise interaction
has two parts
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« van der Waals force [ —
v

» strong repulsion at shorter distances due

to the Pauli principle for electrons

Popular model is the 6-12 potential:
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Example:
Ar £=1.6%x10%J 0=0.34nm

& corresponds to ~12 K!!

Many bound states, too.
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Inferatomic interactions

The repulsive part of the potential — not well known

The attractive part of the potential can be measured with precision

: C
UTRUE (7” ) — replllSlve part - _66
r

Even this permits to define a characteristic length

"local kinetic energy" = "local potential energy"
o1 _C,
1/4
B, =(2mc,n)




Scattering length, pseudopotential

Beyond the potential radius, say 30, the scattered wave
propagates in free space

For small energies, the scattering is purely isotropic , the s-wave
scattering. The outside wave is

o 0 S +3)

r

For very small energies the radial part becomes just

r—ag, a, ..the scattering length

This may be extrapolated also into the interaction sphere
(we are not interested in the short range details)

Equivalent potential ("pseudopotential”)
U(r)=gLd(r)
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Experimental data

Ce (a.u.) Bs (a.) agy (au.)
Li, 1388 ° 65 —273°
*Na, 1472 ¢ 89 77.3 9
PK, 3897 ¢ 129 —331t
®>Rb, 4700 & 164 —369¢
*’Rb, 4700 & 165 106 ¢
B3Cs, 6890 1 197 24001
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Many-body Hamiltonian

A=Y p+V)+> ¥ TUG,-n)

2 a # b

We start from the mean field approximation.

This is an educated way, similar to (almost identical with) the
Hartree approximation for many electron systems.

Most of the interactions is indeed absorbed into the mean field
and what remains are explicit quantum correlation corrections

— ADDITIONAL NOTES

n 1
Hap =Y —po +V (1) +Vy(r,)

—~ 2m

Vir (r,) = jdrbU(ra ~n)n(n) = g Lalr,) self-consistent
n(r) = Zna ‘¢a (r)‘z system

(Lpz ong <r>j¢a (r)=E, 8, (r)

2m
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Gross-Pitaevskil equation at zero temperature

Consider a condensate. Then all occupied orbitals are the same and

(ﬁpz +V(r) + gN |8, (")\2)% (r) = Eo#y (r)
Putting W(r)= \/N WO (r)

we obtain a closed equation for the order parameter:

(L P+ () + g\«,u(r)fjw(r) =y (r)

2m

This is the celebrated Gross-Pitaevskii equation.

It is a simple non-linear Schrodinger equation, suitable for numerical
solution.
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Gross-Pitaevskil equation — variational interpretation

For a static condensate, the order parameter has ZERO PHASE.

T W) =N By =)
[Eriw@) =[drm@r)=N
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Gross-Pitaevskil equation — variational interpretation

For a static condensate, the order parameter has ZERO PHASE.

Then
Y (r) =N [y (r) = n(r)
[d Pl = [&r =N
The Gross-Pitaevskii equation

(L P+ (r)+ g\w(r)fjw(r) =y (r)

2m

becomes
R An(r)
2m. \n(r)

+V(r)+gn(r)=u

17




Gross-Pitaevskil equation — variational interpretation

For a static condensate, the order parameter has ZERO PHASE.

T W) =N @y(r) = i)
N[nl= [d* el ()] = [d’rTa(r) = N
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/) G /)
h'd h'd
Bohm's the effective
quantum mean-field
potential potential
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Gross-Pitaevskil equation — variational interpretation

This equation results from a variational treatment of the
Energy Functional

E[n] = j &’ r {2"’—”1(5«/71(:»))2 +V (r)n(r) + gnz(r)}

It is required that

E[n]=min
with the auxilliary condition

N [n]=N

that is
S(E[n]— uN [n])=0

which is the GP equation written for the particle density. From there,

OE([n]
ON [n]

= U
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Intferacting atoms in a parabolic tfrap




Importance of the interaction

Without interaction, the
condensate would occupy the
ground state of the oscillator
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In fact, there is a significant
broadening of the condensate in
the experiment, perfectly
reproduced by the solution of the
GP equation
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Importance of the interaction

Qualitative

for g>0, repulsion, both inner "quantum pressure" and
the interaction broaden the condensate.

for g<0, attraction, "quantum pressure" and the
interaction compete, the condensate shrinks and
becomes metastable. Onset of instability with respect
to three particle recombination processes
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Quantitative

The decisive parameter for the "importance" of
interactions is
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Importance of the interaction

g>0 g<0
= 10-
E(0) -
E(0)
4 5_..
_ 0
) =
T IThA N - i
Fig. 24.2. Variation of £(c) with & for n = 0,10,100,1000 { 0 : A i

?18 24.4. Plot of E(3) for n = 0; n = —0.1; n = —0.2T;

7N
v : :
Variational estimate of the total energy of the (N - 1) a, Qelf-lnteracnon

condensate as a function of the parameter/] = \/2_ 5
7Ty
— ADDITIONAL NOTES

Variational parameter is the orbital width & in units of a

The minimum of theE(ﬁ) curve For=0.27 <77 <0, the condensate
gives the condensate size for a is metastable, below 77, =—0.27 it
given 7. With increasing /7, the becomes unstable and shrinks to a
condensate stretches with an zero' volume.

asymptotic power law 0. =[] 171/ > 25




The end




ADDITIONAL NOTES

On the way to the mean-field Hamiltonian
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ADDITIONAL NOTES
On the way to the mean-field Hamiltonian

@ First, the following exact transformations are performed

N N

A A 0
H_Z%pa +ZV(ra)+§ Z ZU(ra _rb)

a # b

V= ZV(ra) = jd3r V(”)Z o(r-r,)= jd3rV(r) Li(r) <Ien§i?[];tic():;|)eerator

Z ZU(F —-r)=— jd3rd3 'U r r) Z 25(1’ r) (r'—rb)

a z b a %= b

_J‘ds $Br 'U(r ”)25(” ,»){Za'(r—rb) J(r—r'ﬂ

n(’,) n(r') eliminates Sl
(self-interaction)

N

[ = +jd3rV(r) [B(r) +%jd3 rd’r'U(r —l")ﬁ("){fl(”') -o(r _”')}
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ADDITIONAL NOTES
On the way to the mean-field Hamiltonian

@ Second, a specific many-body state is chosen, which defines
the mean field:

W - n(r)=(A@r)) =(¥|a(r)|¥)

Then, the operator of the (quantum) density fluctuation is defined:

ﬁ(r) = n(r) +Aﬁ(r)

ﬁ(r)ﬁ(r’) = ﬁ(r)n(r’) + n(r)ﬁ(r’) +Aﬁ(r)Aﬁ(r') —n(r)n(r')
The Hamiltonian, still exactly, becomes

H = +Jd3r {V(r)+jd3r'U(r —r')n(r')} [&i(r)

_% [@rdrU (r =r)n)n(r)

[ rde U (r=r){aiaie) ~iwa(r-r)
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ADDITIONAL NOTES
On the way to the mean-field Hamiltonian

® In the last step, the third line containing exchange, correlation
and the self-interaction correction is neglected. The mean-field

Hamiltonian of the main lecture results: k\—/_\

/A substitute back )
Vy (r) n(r)ZZJ(r—ra)

and iﬁtegrate )

REMARKS .
« Second line ... an additive constant compensation for double-
counting of the Hartree interaction energy

* In the original (variational) Hartree approximation, the self-interaction

is not left out, leading to non-orthogonal Hartree orbitals o




ADDITIONAL NOTES

to the condensate ground state

Variational approach
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ADDITIONAL NOTES
Variational estimate of the condensate properties

@® VARIATIONAL PRINCIPLE OF QUANTUM MECHANICS
The ground state and energy are uniquely defined by

E=(W|H|W)<(W|H|W) forall [WYOxy, (W |W)=1

In words,‘ Y '> is @ normalized symmetrical wave function of N particles. The
minimum condition in the variational form is

5<LI-’ : LI-’> =0 equivalent with the SR [ﬂ LIJ> = E‘ LIJ>

H

@ HARTREE VARIATIONAL ANSATZ FOR THE CONDENSATE WAVE F.
For our many-particle Hamiltonian,

A 1, 1

H:Zz_pa +V(ra)+§ Z ZU(ra_rb)ﬂ U(r):gw(r)
a <M a %z b

the true ground state is approximated by the condensate for non-interacting

particles (Hartree Ansatz, here identical with the symmetrized Hartree-Fock)

"U(”p”za ---»”pa---a”N) =@, (1)@ (1) 4 (”p)”'¢o (ry)
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ADDITIONAL NOTES
Variational estimate of the condensate properties

Here, @, is a normalized real spinless orbital. It is a functional variable to be
found from the variational condition

OE[B,]1= (W[, 1| H|W[F,]) =0 with (W[B,]|W[B])=1 = (d,|d,)=

Explicit calculatlon vields

95[¢0]——de3 r(8, (r)) +N [dr ¥ (r (¢0())2+;N (N=1)g[d’r (8, (r

Variation of energy with the use of a Lagrange multiplier:

S{ NT'E (]~ gy | 4y )] by = 3, (r). OB, =B, (r)

2 BY PARTS
- 2h jd3 r 0@, [Q—A¢O+2jd3r5¢0 (v(r) - 1) 4 %(N—l)gjd3r5¢0 ¥,

Th|s results into the GP equation derived here in the variational way:

(L P>+ () +(N-1)g|d, (r)‘zj b, (r) = iy (r)

2m
eliminates self—i@ 33




ADDITIONAL NOTES
Variational estimate of the condensate properties

@ ANNEX Interpretation of the Lagrange multiplier u

The idea is to identify it with the chemical potential. First, we modify the notation
to express the particle number dependence

£y [0 V| (Bl r°16) {0 |9) + S (V- 1)e[a'ro’

Ey =Ey[0on ], (ip +V () +(N-1) g‘¢ON(F)‘2j¢O(r):/JN¢ON(F)

The first result is that 1/ is not the average energy per particle:

Ey/N=Ey[p)n]/N = <¢ON}7P2‘¢ON>+<¢ON‘V‘¢0N> N_ gj-d3r¢0N

from the GPE ,UN :<¢0N EP2‘¢0N>+<¢0N ‘V‘¢0N>+ (N_l)gjd3r¢0N4
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ADDITIONAL NOTES
Variational estimate of the condensate properties

Compare now systems with N and N -1 particles:
Ey = EN [Pon]=Eno[@on]t :uﬂsz—l [P0 N1+ IUJ\LZ Eyo +Hy

YT
My ... energy to remove a particle use of the variational
without relaxation of the condensate principle for GPE

In the "thermodynamic"asymptotics of large N, the inequality tends to equality.
This only makes sense, and can be proved, for g > 0.

Reminescent of the theorem in the HF theory of atoms.
Derivation:
Ev[gl= Nl p’le)+ NP+, N(N-1)g[d’rg’
Ey [¢1= (N = 1)), p*|#) HN = 1) gl |#) + 5 (N -1)(N-2) g [ d*r ¢

Ey=Ey= (@], 27 |9)+ (81 |9) + 5 (N (N-1) - (¥ -1)(N-2)) g [ d’r ¢
My tor ?¢ = Pon




ADDITIONAL NOTES
Variational estimate of the condensate properties

® SCALING ANSATZ FOR A SPHERICAL PARABOLIC TRAP

The potential energy has the form
— 1 2 _ 1 2 2 2
V(r) —imaﬁ L —jmag (x +y° +z )
Without interactions, the GPE reduces to the SE for isotropic oscillator

o ke 3 6, (r) =30, (1)

The solution (for the ground state orbital) is
Ly
— 2
2 a _ h _ h
Boo (1) = dye "N, ay= |—, hay=

may, mag
We (have used and) will need two integrals:
2 2
u

+o00 b
=Idue ‘7220\/7_'[, Idue" u =%J\/7_T

4 = (agﬂ)_m
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ADDITIONAL NOTES
Variational estimate of the condensate properties

SCALING ANSATZ
The condensate orbital will be taken in the form

1 2
3 "5% ) \"1/4
gy(r)=4’e 2", a=(p"n]
It is just like the ground state orbital for the isotropic oscillator, but with a

rescaled size. This is reminescent of the well-known scaling for the ground
state of the helium atom.

Next, the total energy is calculated for this orbital

1
£19, 1= 1N [r (09, (1) 4N [P (e) (90 () + N (V1) 2 (94 (1)
( ) r? r? 2r2\
1 a 2 1 2 mayg b2
:Eh%NA6<b—3jd3re g r2+a—2jd3re b 1f2+(N—1)A6 h20 gjd3re m

37




ADDITIONAL NOTES

Variational estimate of the condensate properties
For an 2epr|C|t evaluation, we (have used and) will use the |dent|t|es

h 4ﬂh
h——hcq)ao, mag, = % , A% = 1 : %
m

a I, (b) b\/_ m

Vo

E =
[¢O] . The integrals, by the Fubini theorem, are a product of three:
2
) 31, (6) (1L, (5)) (a2 1 1 mal 4mia, ( (b/ V2 ))
=hap N+ N 2174 T2 +(N_1) 3,302 32 3
T ) G TN TR )
Finally, 31a? b*| (N-1)a, -
E[g,]=hag N{=] "0 + s 0 |2 g N B (0
[¢0] a‘b {4{192 ag} /_277_ ao b3 a‘b ( )
dimension-less ~rn_3| 1 1 - b |dimension-less
energy per particle £ (J) _Z{? o }+'7 Elﬁ_s 0_70 orbital size

This expression is plotted in the figures in the main lecture.
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ADDITIONAL NOTES
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