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1. Henri Poincaré: Comments on Birkeland's experiment

1.1 Henri Poincaré: Comments on Birkeland's experiment

(Translation of the paper H.Poincaré: Remarques sur une expérience de M.Birkeland from Compt.
Rend. (Paris) 123 (1896), 530-533.)

Mr. Birkeland, submitting a Crookes tube to the action of a very strong magnet, has
observed certain new phenomena, which he has tried to attribute to a kind of attraction or repulsion
that the magnetic poles exercised on the cathode rays. (Archives des Sciences et Naturelles de
Geneve (4) 1:497-512, 1896). If a parallel beam of cathode rays is submitted to the action of a rod
magnet whose axis is parallel to the rays' direction, this beam becomes convergent and if the
distance to the magnet is right, it is concentrated to a perfect focus and can melt the glass at that
point in a short time.

What gives this observation its paradoxical character is the fact that these phenomena do not
change when the poles of the magnet are reversed.

However, if one thinks about it a little, one sees that everything can be explained without
having to introduce any new hypothesis. We take the z-axis parallel to the beam and through the
pole of the magnet; let us consider a cathode ray moving in the positive z direction; I suppose it
situated in the xz plane at positive x; the magnetic field will then have two components, one
component Z parallel to the z-axis and pointing in the positive z-direction; this component has at
first no effect; the other component X is parallel to the x-axis and pointing in the negative
x-direction; this field component produces a deflection of the ray towards positive y; the ray which
is thus deflected, now has a component 1, parallel to the y-axis. The component Z then acts on this
component 1 and produces a deflection of the ray in the negative x direction; from which it follows
that the beam becomes convergent.

If one reverses the poles of the magnet the component X and as a consequence the
component 1 change signs; but, since the component Z has also changed sign, the ray is always
deflected towards negative x and the beam stays convergent. If, on the contrary, one considers a
beam that moves away from the magnet, the same reasoning proves that, under the influence of the

same causes, it becomes divergent, which is confirmed by the experiments of Mr. Birkeland.



A more thorough discussion is necessary. For this we write down the equations of the
cathode ray, comparing it to a rapidly moving, electrically charged particle; if the hypothesis of
Crookes is not true, it certainly looks as if everything happens as if it were true.

Let us suppose there is a single magnetic pole, which we position in the origin while we

keep the same z-axis. The equations can be written in the form

d°x A dz dy
T YA
dt” r dt dt
d’y A dx dz
= — —_— X ,
de* \ dt dt (1.1)
d'z_Al dy  dx
de*  #\dt Tdt)

rr=x"+y +z°
where A is a constant which depends on the strength of the magnet and on the nature of the cathode
ray (that means, under the hypothesis of Crookes, on the mass of the moving particle and on its

electric charge).

One easily finds

2 2 2
ax| . fdr) [dz) _¢ . (1.2)
dt dt dt

PP=Ct* +2Bt+4 , (1.3)

in which 4, B and C are three integration constants.

Then one finds
dz dy Ax
y——z——=——"+a
dt dt r

dx dz A
PR (1.4)
dt dt r
dy dx Az
X——-y—=——+c ,
dt dt r
where a, b and c are three new integration constants which are in a simple way related to the three
previous constants.
One derives from there

ax+by+cz=Ar |, (1.5)

which proves that the ray stays on a cone.

Since the acceleration is perpendicular to the velocity and to the generatrix of this cone, it is

normal to the cone, from which one can conclude that the ray follows a geodesic line on this cone.



Coming from the cathode, far from the influence of the magnet, the ray is practically straight
and parallel to the z-axis, so it has a straight asymptote parallel to the z-axis.

Let
X=X, , Y=Y, (1.6)
be the equations of that asymptote and V the velocity of the ray. One finds
c=v? , a=y,V , b=-x,V , ¢c=1 . (1.7)
So the z-axis is one of the generatrices of the cone and the half angle of the top of the cone
is given by

. 14 /2
s1na):z(x§+y§) . (1.8)

The closest approach of the cathode ray to the origin is at a distance equal to

) P 1/2
(x+x) - (1.9)
This stated, note that the cathode ray crosses the z-axis at points whose distance to the origin
is

()" () (2+n)”

sin g ’ sin2 ¢ ’ sin3¢ (1.10)
The angle n is the development of the conic surface, that is
Q=2rsinw . (1.11)
Let us note, however, that the crossing does not lie in a practical region if
o> sina)>% : (1.12)

Also, the only effective crossings are those which correspond to multiples of ¢ much smaller than .
Where does this bring us? The cathode has the form of a circular disc of radius p. Suppose

one adjusts the distance from the magnet to the tube in such a way that one of the rays emitted from

the edge of the disc (so that x_ + y; = p*) crosses the z-axis exactly at the point where this axis goes

through the wall of the tube. All the other rays from the edge of the disc must, for reasons of
symmetry, then go through the same point; the central ray which is straight and follows the z-axis
will also pass here; intermediate rays will be bent less strongly, so that all the rays will seem to
concentrate as in the focus of a lens.

Every system of rays can give several foci corresponding to the different multiples of n that
are much smaller than w. In addition there are, as Mr. Birkeland has shown, several kinds of cathode

rays, corresponding to several values of A. Mr. Birkeland has actually noted several foci which



seemed to be due to the second of these causes.

How to deal with those cathode rays for which A has too large a value that they can form a
focus? One can at first think that the distance r, after having decreased to a certain minimum
increases again and that it are these rays which produce the luminous rings observed by Mr.

Birkeland on the side wall of the tube. But a difficulty arises. According to the theory, for the rays
emitted perpendicular to the plane of the cathode disc, the minimum of r is (xg +y; )1/2; luminous

side rings should then not be formed unless the distance of the magnetic pole to the tube is much
smaller than the radius of the disc. Is the theory incomplete, because we have supposed a single
magnetic pole; or are the luminous rings rather due to rays emitted obliquely from the edge of the

disc and corresponding to a large value of A.

1.2 Some remarks on Poincaré’s paper

Poincaré’s explanation of the focusing action of the monopole field is almost identical to
that by which we explain the probe forming mechanism in a magnetic immersion lens to our
students today. Of course this is not as general as Busch's derivation of the lens action of any
rotational symmetric magnetic field, but Poincaré uses the word "lentille" or lens and it was to take
another 30 years before people really started to talk about "electron lenses".

In the mathematics there is, in fact, one slight error: the expression given in equation (1.8) is

that for tan @ ; the correct expression for sinw is

(a2 +bh P-4 )1/2

sinw = (1.13)
(a2 +b* +c? )1/2
For the particular case given by Poincaré¢ (a=V'y, ,b=-V x,,c=A1) itis then
12
V(x;+ vy
sinw = (x0+ ) (1.14)

(/12 +1? (xé + yé))l/2

For the derivation of the z-positions where the electron crosses the axis, Poincaré makes use
of the properties of geodesic lines on a conical surface, a subject which was very familiar to him.

Here is the derivation of that equation (1.8): The square of the line element in spherical coordinates
is (dl)2 =(d r)’ +(rd 9’ +(rsingd 1//)2, on the conical surface 9=w,d 9=0. The geodesic line

is the line with minimum length

lzj[(dr)z +(rsin a)a’z//)T/2 ) (1.15)



The equation which follows from 6/=0 is

2 2
;”12—2-11 —?sin’ @=0 | (1.16)
dy dy

Its solution which starts at =0, r=00 is

p=—tmn (1.17)
sin (y sin @)

In the particular case studied here r

min

:(xg +y; )1/2 , sinw is given by eq. (1.14) and the electrons

cross the axis at points for which y=nr.

Finally we wish to comment, that we now know what A stands for

1=-%5 (1.18)
m
g being the monopole charge. The magnitude of the monopole field B(7) is then expressed as
B(r)=% . (1.19)

2. Elementarni odvozeni fokusa¢nich vlastnosti rota¢né symetrickych poli

2.1 Fokusace tenkou ¢ockou ve svételné optice

Paprsek predmétového prostoru rovnobézny s optickou osou se lame v obrazovém prostoru
do obrazového ohniska. Pro paraxialni paprsky je thel odklonu
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Paprsek jdouci stftedem cocky se lame podle Snellova zakona. Pro malé uhly paprskt s optickou

osou miizeme uhel odklonu zapsat jako

¢2=(-—Zjao. (2.2)

Celkovy uhel odklonu je tedy
§=6+6,=a +a . 2.3)
Po dosazeni «,=h/a ,a,=h/b dostavame ¢ockovou rovnici

n n. n. n

2 4t=—_t=—0 (2.4)
a b f f
kde jsme definovali predmétovou ohniskovou dalku vztahem
n
L= 2.5)

1




2.2 Potiebné vyrazy ve valcovych soufiadnicich
Vztah mezi kartézskou a valcovou soustavou soufadnic vyjadiime pomoci transformace

vektoru bazi

€. =CUS@WE. +SIMEPE, €. =COSPE. —Smye,
€, =—SIEE. +COSPE. €. =SIMPE. +COSPE, (2.6)
eZ = eZ eZ = z

Pokud uvazujeme zavislost soufadnic na parametru ¢z, musime vzit v ivahu vztahy

ae, :M(—Sin(pér+c()5(pé )=——¢,
dt dt : o dt
de, agp
—L2 =—"(-cospe,_—smpé, j=——=¢€, 2.7
;7 dt( pe, ve)==—-4 2.7)
de,
dt
Mame pak ve valcové soustave
r=re +ze —=—¢ +tr—e,+—=~.
T T de de T At dt T
) . . (2.8)

dZF—ar—r@ZEJr/r +L—— |€, + e
dt’ Ldtz dt ) | Lclt2 dt dt}"’ de* ~

Pro slozky rychlosti dostavame tedy ve valcovych soufadnicich vztahy

vrzﬂ , v :rd—¢ , vz=£ (2.9)
dt ’dt dt
a pro slozky zrychleni
oL [do) _dv %
"odr dt a r
2 d\rv
g, =rd® pdrde 1 (rv,) , (2.10)
7 dt dt dt r dt
4 _dzz
©odr

Pro Uplnost uved’me tvar diferencidlnich operatorti ve valcovych soufadnicich



radf =Vf=—2¢ +——¢& +—2_
gdf =N = et 5, T o

. F) 10E, OE.

divik=V F=——a"t2p-—24 :
r or r op Oz
8F . NN o~ =\ A\ (211)
rotF = VxF = —— |, | —————— & ,
L j L@z r or Je¢+Lr 0z o Jez

82f 10f 1 of 0°f
—— ==+
or’ r8r r* op> 0z’

dlv(gradf) ( 1= Af—

2.3 Rotacné soumérné statické pole
Rotacné soumérné statické pole popisujeme obvykle pomoci vhodné kalibrovaného
potencialu jako
E= —grad®(r,z) , —rotA(r z) , 2[(r,z)=A(r,z)E¢ , (2.12)
ptitom zdroje jsou
p=p(r.z) , j=jr.z)e, . (2.13)
Ptipomenime, Zze Maxwellovy rovnice
divB=0 , rotk=0 (2.14)
jsou diky volbé potencidlu splnény identicky.Zbyvajici dvé Maxwellovy rovnice

divD=p , rotH=7 . (2.15)

maji tvar

I
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—
=
N
N

lﬁ(rg(r,z)M]+i(g(r,z)MJ

or 0z Oz

T |

(2.16)

oz ,u(r,z) oz

2.4 Fokusace tenkou elektrostatickou ¢ockou

Pro rota¢né soumérné pole mizeme z Gaussova zakona

divE = —— E’)+8(Ez)=o (2.17)
r or oz

v malém okoli optické osy (osa z) psat

(2.18)




Nazorn¢ vidime vyznam (2.18), integrujeme-li tok po malém valecku s osou z a polomérem

podstavy R a délkou L
. R L/2 R
[] {—IE (r,~L/2)rdr+R [ E,(R,z)dz+ [E, (r,L/Z)rdr} =
’ i ’ (2.19)
R’ R’ R
27{——E(—L/2) -—(E(L/2)-E(-L/2))+ —E(L/z)} =0
2 2 2
-E(2)
()
1
r/D
0
-1
-2 -1 0 1 2
z/D
Podle (2.10) a (2.18) mizeme pohybové rovnice
dv =
mE:e(b-'_VXD} (2.20)
psat jako
v, Yo ___e dE() , d(m’)zo D p) 2.21)
dt m

dt r 2m  dz dt
Pfed Cockou elektron nerotuje, je tedy v, (—oo)=0. Vzhledem k malym uhlim, které sviraji

rychlosti s osou z (paraxidlni pfiblizeni) miZzeme také psat v, = v. Rovnice (2.21) pak piejdou na

dv, ___e dE(z)  _, v _ k) (2.22)
dz 2mv  dz ’ dz m

Priibéh pole zaménime krabicovym (top-hat) modelem

E(z):_q’f;‘D{@(ng_@(z—gﬂ ,

el

Fokusace se déje ve tfech zékladnich krocich:

(2.23)




(1) Intenzita pole se na malé¢ vzdalenosti prudce zméni 0 —)(d)o —O. ) / L, zatimco potencial zistava
pfiblizné na hodnoté¢ @, . To vede ke zméné radidlni rychlosti, zatimco celkova rychlost neni pfilis

ovlivnéna

o -0,
sz e o 1

b _2m% L

ro, AV =0 . (2.24)

(i1) Intenzita je konstantni a ma smér osy z, méni se kinetickd energie tak, aby se celkova energie

zachovavala

A, =0, lszz =1(V'2_V§)z

: S0 (©,-@,) . (2.25)

e
m
(i11) Intenzita pole se na malé vzdalenosti prudce zméni (CDO—q)i )/L — 0, zatimco potencial
zlstava piiblizné na hodnoté¢ ®,. To vede ke zméné radialni rychlosti, zatimco celkova rychlost

neni ptili§ ovlivnéna

Ay = o Ly . AV R0 . 2.26
3%r 2mvj L 3 ( )

Zménu uhlu s optickou osou porovname s vyrazem pro ohniskovou dalku tenké cocky

s A tAy, e O,-0f1 1) (2.27)
v, 2mv, L v, v f
S vyuzitim (2.25) dostdvame pro ohniskovou dalku
2 2
fo—ve g Aww (2.28)

(v,=v,) (v, +v,) (v, =v,) (v, +v,)

Pfi odvozeni jsme pfedpokladali, Ze Cocka je tenka, tj. Ze pifi prichodu polem Cocky se pftilis

nezméni radidlni soutadnice. Pfibliznou podminkou platnosti tohoto piedpokladu je

AlvrAz‘|z e(d,-D)) |zl vo—vi|D (2.29)
r my (v0+vi)‘ 2 v,
Zavedeme-li typickou délku
mv v, L mv, v,
R= 2 =—21 2.30
le(®,-®,) |eE| (2:30)
muzeme (2.28) a (2.30) zapsat jako
2 2
Ji=v”+ViR— : f0=v"+vl'R— , Ly (2.31)

v L v, L v +v. R

o 1 o 1



2.5 Fokusace tenkou magnetickou ¢ockou

Obdobn¢ jako pro elektrostatickou cocku mizeme v malém okoli optické osy psat

rdB(Z)
B (r,z)=B(z) , B (r,z)x————= 2.32
(r2)=B() B (re)= L2 )
Vektorovy soucin potitebny pro piiblizné vyjadieni Lorentzovy sily je
YA BN
Vxnsznzér—rkvzbr—vrﬂz)éw—vngrEZzv¢D\Z)Er—2—7% . (2.33)
r
Pohybové rovnice miiZzeme tedy psat jako
2 2
v d\rv d(r°B(z
v, _Ye_e B(z) , ( 4")=_i ( ()) , LA (2.34)
di- r m?” dt 2m  dt dt

Pfed cockou elektron nerotuje, je tedy v, (—oo) =0. Vzhledem k malym 0hlim, které¢ sviraji
rychlosti s osou z (paraxialni pfiblizeni) miizeme také psat v, = v. Dv¢ posledni rovnice (2.34) pak
ptejdou na

e
v(p:—ﬁB(z)r , V.=V . (2.35)

Dosazenim z (2.35) do prvni rovnice (2.34) dostavame

dv, :{63(2)}21 , (2.36)

dz 2m %

Priibéh pole opét zaménime krabicovym (top-hat) modelem

B(z)- ﬂo%{@(ﬁg)-@(z-gﬂ | 237)

Fokusace se d¢je ve tfech zakladnich krocich:
(i) Indukce pole se na malé vzdalenosti prudce zméni 0 — g, NI/L . To vede k ziskani azimutalni
slozky rychlosti, zatimco radidlni sloZka neni pfili§ ovlivnéna

_ ey NI
Ave== T

, Av =0 . (2.38)

1%

(i1) Indukce i1 azimutalni slozka rychlosti jsou konstantni, radialni slozka ziskava piiristek

ep, N1

2m

A2V¢):O . A2Vr=—|: E

} A (2.39)

(iii) Indukce pole se na malé vzdalenosti prudce zméni g, NI/L — 0. To vede ke ztraté azimutalni

slozky rychlosti, kterd bude opét rovna nule, zatimco radidlni slozka neni pfili§ ovlivnéna



Ve = e ﬂr
2m L

, Ay, =0 . (2.40)

Zménu uhlu s optickou osou porovname s vyrazem pro ohniskovou délku tenké ¢ocky

2
= BV _ _|e NI r_ 1 (2.41)
v 2mv | L f
Pro ohniskovou dalku tak dostadvame vyraz
2 2
P L (2.42)
eu, NI

Pti odvozeni jsme piedpokladali, Ze Cocka je tenkd, tj. Ze pii priichodu polem coCky se piilis
nezmeéni radidlni soutfadnice. Pfibliznou podminkou platnosti tohoto piedpokladu je

2
1
szrAt|z{e,u0N } i (2.43)
r 2mv

Zavedeme-li typickou délku (v tomto ptipadé polomér kruhové trajektorie v homogennim poli)

my my

R=1Y _ , (2.44)
eB eu, NI
muzeme (2.42) a (2.43) zapsat jako
4R LY L
f= , |— | ==0 (2.45)
L 2R f
3. Elementarni odvozeni vychyleni elektronu homogennim polem
3.1 Relativistické pohybové rovnice
Lagrangian je
. L
L(?,T/,l}=—mc L= | t+eV-A\I,l)—ew\I,i) 3.1)
)
a hamiltonian
H(F,r,z}:f-ﬁ—L , I =—_ ted(r,t)
Y (3.2)

H(?,I’,l}=\\[’—€ﬂ\7,l}} ¢ +m C} tew\(r,)

V téchto vyrazech je P zobecnény impuls a y je standardni vyraz pro Lorentziiv faktor



C

Mechanicky impuls je
P=r—eA\r,;)=ymv . 3.4)
V kursu Landaua a LifSice je vyraz
T=(f) ¢ +mc ) =n\7,r,t}—ewk7,t}= (3.5)

SN2
v
1- =

nazyvan kinetickou energii, i kdyZ je v ném obsaZena i energie klidova. Hamiltonovy rovnice jsou

dr © 0 eaxys s g =
((P—eA(?,l)} c +mzc4) (p ¢ +tm c)
a
dP _ OH c? o(P—ed(F.r))  00(F .0 37
dt or 2((;,_614(}7,[}} ¢ +m2c4)’ or or
S vyuzitim vztahti
di _vii aF ou veid o0 3.8)
dt ot dt or ZOF \ or) \or
upravime (3.7) na
@:_eLUW\:,H vALT LU Dc 1 U_, - (3.9)
dt or o (13 ¢ rm ) \OF )
Zavedeni vektoru intenzity elektrického pole a vektoru indukce magnetického pole
E(F,)=——>. . (3.10)
or ot or
vede pak ke zndmemu tvaru Newtonova zdkona s Lorentzovou silou
@—e[[«?(? [)+VXD\F,I V=—-" 1=\pc +mc ? (3.11)
7 ,7) \Fst)] s i VZ ) - :

3.2 Vychyleni elektronu homogennim elektrostatickym polem

Podle obrazku uvazujme pohyb elektronu v roviné y—z s pocate€nimi podminkami



Pohybové rovnice jsou

a po integraci s uvazenim (3.12)

1/2

p,=eEt , p.=p, = T:[(ecEt)2+p§cz+mzc4} :[752+(ecEt)2}

12

Podle (3.11)

dy eEc’t dz poC
vy:Ez 2 2 52 vZ=Z= 2 2 52
[7:) +(ecE) t } [To +(ecE) t }
a po integraci
, 2,2
—[7; Hleck) ! } o z——L+—p°carcsinheCEt
g eE ’ eE T,
Z druhého vztahu vyjadiime
eE(z+L 12 eE(z+L
ecEi=Tsinn¢ L) |77 +(ecE) ] 7, coshEEFL)
Poc Poc

Rovnice trajektorie a tthel vychyleni jsou tedy

yzi[cosheE(Z—FL) _1} ’ 49=v—y= T, 'nheE(Z+L)

S1
ek Po€ V. D€ Po€

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

V nerelativistické aproximaci ponechame jen prvni Cleny rozvoje hyperbolickych funkci a

e v r 2 v S
piiblizeni T,=mc" , p,=mv,, takze dostavame



ek 2 eE
= z+L , 0=
Y 2mv§( ) mvg

(z+L) . (3.19)

Pro z=L pak je uhel vychyleni dan sou¢inem podila energii a délek

E L
o(L)="== 3.20
2
3.3 Vychyleni elektronu homogennim magnetickym polem
Podle obrazku uvazujeme pohyb elektronu v roviné x—z s poc¢ate¢nimi podminkami
x(O)zO , px(0)=0 , Z(O):—L , pz(O)po . (3.21)
LY
. +NI
2d ;
B S D S I— 5
-L 0 L
-NI
Pohybové rovnice jsou
%:—er , &:erx . (3.22)

dt : dt

Z rovnic (3.11) je vidét, ze se kinetické energir zachovava, takze miizeme rovnice (3.22) pfepsat na
dv, eBc’ eBc’

dvx=—a)vz , oV, , 0= = T (3.23)
dt dt T (p2c2+mzc4)

Standardni Gprava rovnic na
dlv.+iv
—( x ; Z)——ia)(vx+ivz) (3.24)

umoziluje integraci



dx .dz

—+i—=Aexpliot+a] =
dt dt (3.25)
2 2 :
@Z_pc sinot £=£cosa}t
dt dt T
a dale
pc’ p ¢’
x= [coswt —1]=—"[coswt—1] , z=—L+2% sinwt=—L+ L sinwt . (3.26)
Tw eB Tw eB
Z druhého vztahu vyjadiime
52
B(z+L
sinwt=§(z+L) , coswt=[1[£}} (3.27)
p p

a muzeme psat rovnici trajektorie a thel vychyleni jako

x=L11- M 2]1/2_ | v eB(z+L) | |
[1 ( p ] 1 0 . [pz—(eB(Z+L))2:|l/2 (3.28)

4. Index lomu
Podobnost optiky nabitych ¢astic a svételné optiky nejlépe vyjadiime nalezenim "indexu lomu".
Pohybové rovnice ¢éastice o hmotnosti m a s ndbojem ¢ ve statickém elektrickém a magnetickém
poli, popsanymi skaldrnim potencidlem (D(F ) a vektorovym potencidlem A (7) najdeme z
Maupertoisova principu. Pole je spojeno s potencialy vztahy
E(F}=—v-wv7) , D\F)=vxa\r) . (4.1)
Lagrangeova funkce ma tedy tvar

s N =

L(r,V)=—mc Ll_C_ZJ TYV-A\T)—qw\T) (4.2)
a protoze nezavisi explicitné na ¢ase, zachovava se energie Castice

H(F,p)y=pv—-L , p= tqAag) o,

v

: (4.3)
H(F,ﬁ):uﬁ—q/q?)} c +m C} +tqw\F)=mc

Zde 1 v nasledujicich vztazich je p zobecnény impuls a



V= (1 — éjz . (4.4)
c

Volba konstanty u zachovavajici se energie je typicka pro optiku nabitych Castic: predpokladame,
ze elektrostaticky potencial je nulovy tam, kde je nulova rychlost ¢astice. Ze vztahu (4.3) mame
(—~ B 2 o4 2 2
pP—qa) ¢ +mc —(mc —qCD) =
(4.5)
(ymﬁ) :\ﬁ—qA} ¢ =2gmc*d |

kde

q)*(i_;}:\y\?)\l-i-g\y\?” , 6'22:nqcz . (4.6)

Musi tedy byt znaménko potencidlu voleno tak, aby byl v pro ¢astici dovolené oblasti kladny pro
zaporn¢ nabité Castice a zaporny pro kladné nabité Castice. Ze vztahu (4.3) dostaneme také
(7/2 m*v: +m’ 04)1/2 =ymc* =mc® —q® = y=(1+2e0) . 4.7)
Podle (4.6) pak
VO =yVO . (4.8)
Hamiltonliv princip fika, ze pro ucinek se zadanymi soufadnicemi v pocateCnim i koncovém
okamziku, tj. 5q(t] ) = 5q(t1 ) =0

)

SZJ.L(Q,{, 5S:p5q|t2 —J[g—;’—%%wsam:o (4.9)

]
]

dostaneme rovnici trajektorie
———==0 (4.10)

Nezavisi-li lagrangian explicitné na Case, zachovava se energie a podle Maupertoisova principu se

pohyb déje po trajektorii, na které
oS+ Eot

ZZ =0 . (4.11)

NapiSeme-li u¢inek jako

S:j(pg - 1))dz=jpdq—E(zZ—zl) , (4.12)

9

92
dostavame o j pdq =0, neboli pro tfirozmérny konfiguracni prostor

q



S[p-ar=v . (4.13)

Ul

Pti ptfepisu Mapertuisova principu ve tvaru (4.13) do formy Fermatova principu

— (4.14)

T
5JH(F,l}uT=U , L
TH

(trajektorii parametrizujeme pomoci parametru 7, 7 je te¢ny vektor) provedeme nékolik Uprav.

PiSeme
p-ar=\||\p—qA|dr +q | A-aF = |myv-ar +q | A-ar =
[ dr . - -
m}/v—l-dr+q|A-ar=|\—4qmty; ar+q|A-ar =
~ i 7 i (4.15)
/ ( o)
12 - -
—2gm®d - tlat—-n|A-tdr;
(-24m®,) J[QJ Fiaz=)
kde

1/2
9
= - 4.16
n (2m®oj (4.16)

Konstantu pied integralem nemusime uvazovat. Integrand ve Fermatové principu je tedy

s

n(r,o )= ——. TA\F )L (4.17)
7075, "

a muzeme jej interpretovat jako index lomu opticky anizotropniho prostiedi. Nerelativisticka

aproximace se dostane jednoduse dosazenim &£=0 (pfipadné¢ y=1). Normovani skalarniho

potencialu a kalibraci vektorového potencidlu se snazime obvykle volit tak, aby byl index lomu

roven jedné v oblasti, kde ¢astici povazujeme za volnou.

5. Rovnice trajektorie
Pro pocitani z Fermatova principu piipomeneme dale jest¢ nckteré vztahy. Je-li v
ortogonalnich soufadnicich vyjadien polohovy vektor jako
F=q,€ +q,6 +q,¢, (5.1)

a teCny vektor vyjadren jako



it

dq, . - -
=nl(%a%a%)d_z_lel"'”2\‘115‘12:‘13) dz:ez+”3\(J1s‘123‘13)d_z;e3 > (5.2)

mame pro zakladni operatory vektorové analyzy vyjadieni

ﬁf f_.l t———&t+t——¢
hla% h, 0q, h35q3
= . 0
V.- [ i)+ () + =) |
hy h, 04, 53)
Gt (fi7) _o(f; 2)} L |
j— - e+ - e+
a% 0q, h3h1L 0q, dq, J
1 { (/; 2)_6(m)}g
Wh| 0q  0q, |°
Fermattiv princip je po dosazeni (4.17) do (4.14)
. \
Tl -
I ( ‘t(r”—nA(r\r))-r\r) ar=V . 5.4)
% ”\T )))
Pfipomeneme oznaceni tecného vektoru a zavedeni konstant
12
- —9q —9q
t=— , €= , n= - . 5.5
dt 2mc’ 7 [Zmd)oj (5:3)
S uvazenim
_ N hl?%
ﬂi{z(,ﬁ,d%ﬂ o
o84 44\ T\ dr 7] (5.6)
dr dr
a
Oh,(d
- 2\1/2 Zhl [ qj)
o o dq, aq.
B z h —L = (5.7)
aqi aq[ J "dr |[|
mame
A
ACEARY
244 \®@,) [f|ar
dr



i J

{ Yoo on A dg.
P L Foal IS LR 59)
0q, 2(d"@,) 94 \(P,) 0g, o| Oq, dr

Vsimnéme si, ze plati

2
dg.
da. on o\ i dqu) d
344 =S = — hEdig=n . (5.10)
~dr jdg; T @, 7] dr
dr

Standardni postup dava rovnici trajektorie ve tvaru

d on _on_q (5.11)
dr a% 0q;
dr

Vyraz obsahujici vektorovy potencial upravime na

plid) n;{( At 4)ds, ] nz[a(’gj) 6<;;>]ig

J i j (5.12)
”hz Eijk /B 77h (IXB)
dgq,
244,
d| o ]
47| o7
J (5.13)
®? 8|t| 1. - ~
7 aq 37 g s,
Pro zjednoduseni zépisu budeme v dalim &asto psat d f/dr=,
5.1 Kartézské souradnice
V tomto piipadé mame
F=x€ +ye +zé , 1= , (5.14)
a tedy
h,=h,=h =1 . (5.15)

Prvni dvé€ rovnice trajektorie jsou (s pouzitim znaceni s komplexnimi ¢isly w=x+iy a obvyklym

znaCenim derivaci dx(z)/dz =x', dy(z)/dz =)



d | o w
d_ O N2 | T
2| Do (1ew'W) (5.16)

1 .
WW—IU(BW—W/BZ)
0

—%(l+w/v_v/)l/2(1+2g®)E

Tteti rovnice

d| o 1 B

dz| O (14 wiw)" | (5.17)
1 1 —/\/2 .n —/ /
_5(1+WW) (1+2€(I))EZ(D*I/2—(DZ;I/2+ZE(BWW _BWW) ,

je nadbytecnd, ale mizeme ji s vyhodou vyuzit k vhodnym upravam (5.16). Tak mizeme naptiklad

psat
w//:—%(l+w/v_v/)(Ew—w/ EZ)(l_’_qz)—f(D)
» (5.18)
| —q J—/\V2 1 _ A /
_z[ *] (1+ww) (BW—F—(BWW —wa)w - W sz
2md 2
nebo s vyuzitim
1 by g - .
BW+E(BWW/ —wa/)w/—w/BZ:|l| B, —(B-1)w (5.19)
jako
1. o T o
w//:—5|l| (B =W E.) . _ZLZmCD*J FI\E] B —w(BT)) - (5.20)

5.2 Valcové souradnice
Pfipomenime si, Zze v této soustavé jsou jednotkové vektory dany pomoci jednotkovych

vektor kartézské soustavy jako

€,=cospe +smee, , €,=—-smpe, toospe, , € =€ (5.21)
takze
r=pé,+ze. , v=4 T T (5.22)
a mame tedy
h,=1 , h,=p , h=1". (5.23)

Zvolime-li za parametr délku oblouku centralni kruznice, médme



e e, +ze (5.24)

r=s=Rp , [=p s 2%
kde tentokrat znaCeni derivaci je dp(s)/ds=p ,dz(s)/ds=z",dp(s)/ds=1/R. Po malych

upravach ziskame rovnice trajektorie ve tvaru

i (Q)*(p,Z)Jl/z p/ _((D*(p,Z)jl/z P
d Y 2 2N B —y 2 "
s 0 (p2+,0/2+2/2] 0 RZ(]";Z+p/2+z/2J (5.25)
1+26®(p,z ’ N
- . (,0 *)1/2 (p_2+,0/2+2/2j Ep(paZ)_UBBz(p’Z) ’
2(0 (p2)0;) " R §
a (‘D*(p,Z)jw z _
I > ) 72 |
0 (,}zz+p/z+z/zj (5.26)

a konec¢né

2
d|(epay_ (8
,Z
5 [ q)p J ) = |=n2(p' B.(p.2)- 2 B,(p.2)) (5.27)
S 0 ((,Oj +p/2+Z/2]
Pomoci vektorového potencialu
04,(p,z) 10(p4,(p.2))
B ,Z)=— ? , B , =—_ * " 7/ 5.28
,(p.2) 5. (por)= o= (5.28)
muzeme ,,nadbyte¢ny*‘ vztah (5.27) napsat jako
_ ) 2 ;
4 |(®(p.2))" (Rj P4 0 5.29
% CD:; 5 /2 UE (p(p,Z) - (5.29)
((Pj +p/2+z/2J

a pouzit jej ke zjednoduseni zbyvajicich dvou rovnic.



5.3 Rotacné soumérné pole

V tomto piipadé¢ zvolime za parametr soufadnici z osy symetrie a kalibraci vektorového

potencialu takovou, aby

A=4,(p.2)e, (5.30)
Utinek je
S(ZZ’ZI):IL(p5p/>¢/>Z)dZ (531)
kde
L=0"(p,z)(1+p" +p’ (p”)l/2 -np¢ A4,(p,2) (5.32)

Zachovava se thlova slozka zobecnéné hybnosti

2/
P,=0"(p,z2) /2'0 ¢2 —7 —npd,(p.z)=C (5.33)
(1407 +p7 9")

Radialni slozka hybnosti je

/

P =0"(p,z P (5.34)
P ( )(1+p/2+p2 ¢/2)1/2
Napiseme-li (5.31) ve tvaru
S(Zz,zl)=I{L(p,p/,(p/,z)—li,(o/}dﬂﬁ,(p (5.35)

a dosadime za P, z (5.33), dostavame pro GCinek vyraz

S(zz,zl):TM(p,p/,C,Z)dZ+C¢) (5.36)

2

kde za lagrangian povazujeme
c S /2
M{qf —(—+77A¢” [1+p7]" (5.37)
r

5.4 Stormerav problém

Rozptyl nabité ¢astice v poli magnetického dipdlu

A=— (5.38)



Zvolime orientaci dipolového momentu podél osy z. Budeme pouzivat valcovou soustavu
soufadnic. Pfipomenme si, Ze v této soustavé jsou jednotkové vektory ddny pomoci jednotkovych

vektora kartézské soustavy jako

€, =CosQe, +smpe, , €,=—sm@é +cospe, , € =€, (5.39)
a mame tedy
L _ : . . P
I":/)p-i-Zz s, L=y . o, B :ﬁ . (540)
(p*+2)

Znacime jako obvykle

af_- o
o= =1 . (5.41)

Index lomu takového prostiedi je

19 2.
n=(r .0 u— (5.42)
(p*+2)
Obvykly postup v optice nabitych castic je takovy: soufadnice ¢ je cyklicka, po jejim vylouceni

dostaneme pro novy "index lomu"

n(p.z)=n(p.z,0)—p,¢ (5.43)
vyraz
12
Lon . A—|1/2|_ p
n(p,z)Z[(, , - L - f'FT]MW ) (544)

kde p, je zachovavajici se thlova slozka momentu impulsu

2

2 .
P, = £ e a— (5.45)

12 32

((/. ° . . (,02+22)
Jako parametr t zvolime soufadnici z. Lagrangeova rovnice

dpon)_on_y (5.46)
dz\0op op

pak dava "rovnici trajektorie v rotujici soutadné soustave"



p(1+p" 3InM
o (ep) (p?+zf’)f/z _

1- &-F?]M P

P (,02+zz)3/2
(5.47)
/2 2
I+ p zp_g;+ 377M,o5 _0
2 2)?
» D P (p +z )
P ()
Rotace je pak pocitana z rovnice
/2
1 /2 l p 1
¢/ == I: ] T _§+UMW . (548)
P (p +z )

T
P ( P+ 22)
Rovnice ndam umozni najit exaktni feSeni, ale nejsou pfili§ prihledné. VSimnéme si, ze ve vyrazu
pro index lomu (5.42) vystupuji soufadnice z a jeji derivace ve druhé mocning, je tedy pohyb v
rovin€ z =0 feSenim. V takovém piipadé mame podstatné jednodussi ulohu, charakterizovanou
1 n A

n(p.0)=(;/ . L (5.49)



