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DR prvniho fadu
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1 DR se separovanymi proménnymi

Definice (DR se separovanymi proménnymi). Diferencidlni rovnice tvaruly

v = f(x)g(y), S)

kde f a g jsou funkce spojité na (n&jakych) otevienych intervalech se

nazyva obycejnd diferencidlni rovnice se separovanymi proménnymi.

<< Bl < DD Robert Maifk, 2005
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DR se separovanymi proménnymi

y = f(x)g(y)

Rovnice se separovanymi proménnymi.




DR se separovanymi proménnymi
y' = f(x)8(y)

Rovnice ma konstatni feSeni tvaru y = y;, kde y; jsou feSenimi rovnice

g(yi) =0.

Nejdfiv najdeme konstantni feseni. I




DR se separovanymi proménnymi
Y = f(x)8(y)

Rovnice ma konstatni feseni tvaliu y = y;, kde y; jsou feSenimi rovnice
¢(y;) = 0. Dale budeme hledat fekonstantni feseni.

)

d !
napiSeme derivaci jako podil diferencialti d—z




DR se separovanymi proménnymi
y' = f(x)8(y)

Rovnice ma konstatni feseni tvaru y = y;, kde y; jsou feSenimi rovnice
¢(y;) = 0. Dale budeme hledat nekonstantni feseni.

)
A e
gy S0P

Vynésobime rovnici jmenovateli zlomkt a odseparujeme tak proménné. !




DR se separovanymi proménnymi
y' = f(x)8(y)

Rovnice ma konstatni feSeni tvaru y = y;, kde y; jsou feSenimi rovnice
¢(y;) = 0. Dale budeme hledat nekonstantni feseni.

&~ F)s)

ﬂ: x)dx
g(v) fx)d

/g‘(i—yy)_/f(x)dﬁc

i

Zintegrujeme obé strany rovnice. Pouzijeme jenom jednu integra¢ni |
konstantu. Ziskame obecné feseni.
C .




DR se separovanymi proménnymi
y' = f(x)8(y)

Rovnice ma konstatni feSeni tvaru y = y;, kde y; jsou feSenimi rovnice
¢(y;) = 0. Dale budeme hledat nekonstantni feseni.

&~ F)s)

ﬂ: x)dx
g(v) fx)d

'/gc(i—yy) :'/f(x)dx—l—C

i

Je-li zad&na pocatecni podminka, najdeme nejprve konstantu C pro ‘
kterou je pocate¢ni podminka splnéna.




Najdéte funkci y(x) spliujici

y =ycosx

aly(0) = 0.1 \]

E B B B
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Najdéte funkci y(x) spliujici|y’ = ycosx

aly(0) = 0.1 \]

dy Y cosx

Napigeme derivaci i’ jako podil diferencialti %




Najdéte funkci y(x) spltivjici |y’ = ycosx |a ‘ y(0) =0.1 ‘]

d
d—Z:y-cosx
1
—dy = x ds
y Y cosx dx

e Nasobenim rovnice vyrazy ve jmenovatelich odseparuje proménné.

e Zpodminky y(0) = 0.1je zfejmé, Ze funkce neni rovna nule (alespoit
v néjakém okoli bodu x = 0).




Najdéte funkci y(x) spltivjici |y’ = ycosx |a ‘ y(0) =0.1 ‘]

dy

dy Y cosx

/ dy = /cosx dx

PfipiSeme integraly. Vlevo integrujeme podle y, vpravo podle x. I




Najdéte funkdi y(x) spliiujici| ¥’ = ycosx |a|y(0) = 0.1
] y pinujct|y =y Yy

dy

dy Y cosx

/ dy = /cosx dx

Iny =sinx 4 C

e Vypocteme integraly. Funkce y je kladné (alespori v néjakém okoli
bodu x = 0). UvaZujeme jenom jednu integra¢ni konstantu.

e Ziskdvame rovnici popisujici véechna fegeni rovnice ' = v - cos x.




Najdéte funkci y(x) spliujici

y =ycosx a‘ygo) =0.1 ‘]

ﬂ =y-cosx
/ dy = /cos
Iny €sinx 5 C

In0.1 =sin0+ C

konstanty.

H

PouZijeme pocatecni podminku y(0) = 0.1 pro nalezeni integra¢ni I




Najdéte funkci y(x) spliujici |y’ = ycosx

aly(0) = 0.1 \]

ﬂ =y-cosx
/ dy = /cosx dx
Iny =sinx 4 C
In0.1 =sin0+ C
C=1n0.1

Vypocteme C.




Najdéte funkci y(x) spltivjici |y’ = ycosx |a ‘ y(0) =0.1 ‘]

dy

dy Y cosx

/ dy = /cosx dx

Iny =sinx £ C
In0.1 :%C
C="In0.1
Iny = sinx +1n0.1

Dosadime za C a ziskdme partikuldrni feSeni zadané pocatecni dlohy.
Toto feSeni je zatim v implicitnim tvaru.




Najdéte funkci y(x) spltivjici |y’ = ycosx |a ‘ y(0) =0.1 ‘]

dy .
— —y COos x Iny —In0.1 = sinx
/ dy = /cosx dx
Iny =sinx 4 C
In0.1 =sin0+ C
C=1In0.1
Iny = sinx +1n0.1

Pfevedeme logaritmy na jednu stranu. I




Najdéte funkci y(x) spliujici

y =ycosx|a

0)=0.1 \]

ﬂ =y-cosx
/ dy = /cosx dx
Iny =sinx 4 C
In0.1 =sin0+ C
C=1In0.1

Iny = sinx +1n0.1

Iny

In

—In0.1 =sinx

Yy

~ =sinx

0.1

Odecteme logaritmy.




Najdéte funkci y(x) spltivjici |y’ = ycosx |a ‘ y(0) =0.1 ‘]

dy .

— —y COs X Iny —In0.1 = sinx
y .

/ dy = /cosx dx Noq = sm*

l_esinx

Iny =sinx 4 C 01

In0.1 =sin0+C
C=1In0.1
Iny = sinx +1n0.1

Odstranime logaritmus pouZzitim inverzni funkce. I




Najdéte funkci y(x) spltivjici |y’ = ycosx |a ‘ y(0) =0.1 ‘]

dy .

dx Y cosX Iny —In0.1 =sinx
y .

/ dy = /cosx dx ngg =smx

l_esinx

Iny =sinx 4 C 01

In0.1 =sin0+ C y=0.1- QSinx
C = In0.1
Iny = sinx +1n0.1

Osamostatnime y. Ziskdme feSeni v explicitnim tvaru. I




Najdéte funkci y(x) spliujici

y' =ycosx|a|y(0

)=0.1 ‘]

ﬂ =y-cosx
/ dy = /cosx dx
Iny =sinx 4 C
In0.1 =sin0+C
C=1In0.1

Iny = sinx +1n0.1

Iny

—In0.1 =sinx
l g

In 01 sin x

% — esmx

Oznaceni:

diferencidlni rovnice | + ‘ pocatecni podminka | = poditecni tiloha,

obecné feSeni, partikuldrni fesent




Reste 1> —1+yy/(x*—1)=0, y(0)=2. I
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Reste > —1+yy'(x>—1)=0, y(0)=2. I

yy'(1—x%) =y —1

Osamostatnime y'.




Reste > —1+yy'(x>—1)=0, y(0)=2. I

yy'(1—x) =y* -1
2
,_y—l 1
VR )

Rovnice méa separované proménné a ma smysl proy # 0a x # £1. I




Reste > —1+yy'(x>—1)=0, y(0)=2. I

y'(1-2%) =y 1
dy -1 1
dx  y 1-—2x2

Prepiseme derivaci jako podil diferencidla.




Reste > —1+yy'(x>—1)=0, y(0)=2. I

yy'(1—x%) =y —1

dy -1 1

dx  y 1-—2x2
y _ 1
R A

Odseparujem proménné. P¥¢i tom nasobime rovnici vyrazem — 1
y —

Toto 1ze provést pokud y # *£1, coZ je garantovano pocatecni

podminkou.




Reste y* —1+yy'(x*—1)=0,

(-2 =y ~1
dy -1 1
dx  y 1-—2x2

y _ 1
/yz—ldy_/l—xzdx

PfipiSeme integraly. . .




Reste > —1+yy'(x>—1)=0, y(0)=2. I

(-2 =y ~1
dy -1 1
dx  y 1-—2x2

1
J7== [

Sy 1| =

.a 1ntegru]eme Prvni integrél je (aZ na aditivni konstantu) typu

f/




Reste > —1+yy'(x>—1)=0, y(0)=2. I

(-2 =y ~1
dy -1 1
dx  y 1-—2x2

y _ 1
/yz—ldy_/l—xzdx

1+x
1—x‘+c

1., 1
Eln\y -1 = Eln‘

Druhy integral napiSeme pomoci vzorct.




Reste > —1+yy'(x>—1)=0, y(0)=2. I

(-2 =y ~1
dy -1 1
dx  y 1-—2x2

y _ 1
/yz—ldy_/l—xzdx
1+ x
1—x‘+c

1., 1
Eln\y -1 = Eln‘

1
In(y? 1) = lnli——z 4k 2e

i

vynasobime rovnici dvéma. Vzhledem k pocate¢ni podmince \
vynechame absolutni hodnoty.




Reste > —1+yy'(x>—1)=0, y(0)=2. I

(-2 =y ~1
dy -1 1
dx  y 1-—2x2

y _ 1
/yz—ldy_/l—xzdx
1+ x
1—x‘+c

1., 1

Eln\y -1 = Eln‘
1

In(y? —1) :lnli——i 4k 2e

In(y>? —1) =1In i—i +Ine*

Napiseme 2c¢ ve tvaru logaritmu In ¢*. . . I




Reste y* —1+yy'(x*—1)=0,

(-2 =y ~1
dy -1 1
dx  y 1-—2x2

y _ 1
/yz—ldy_/l—xzdx
1+ x
1—x‘+c

1., 1

Eln\y -1 = Eln‘
1

In(y? —1) :lnli——i 4k 2e

In(y> —1) =1In r—i +Ine*

... a sec¢teme logaritmy.




Reste > —1+yy'(x>—1)=0, y(0)=2. I

' (1—x%) =2 -1 (P — 1) = (7o)
dy _ 3/2__1 1 3 1+x 5
dx y 1-— x2 y-—1= me

y _ 1
/yz—ldy_/l—xzdx
1+ x
1—x‘+c

1., 1

Eln\y -1 = Eln‘
1

In(y? —1) :lnli——fc 4k 2e

In(y> —1) =1In r—i +Ine*

Logaritmus je prosta funkce a mtizeme jej na obou stranéch r
vynechat.

i

ovnice !




Reste > —1+yy'(x>—1)=0, y(0)=2. I

yy'(1—) =y ~1 In(y? ~ 1) = In(1 226
dy -1 1 *
dx yll—x Y ~1_x
—y :/_ 2 1+X
/yz—ldy 1—x2dx ]/:1+C'1_x

1+ x
1—x‘+c

1., 1
Eln\y -1 = Eln‘
1
In(y? —1) :lnli——fc 4k 2e

In(y> —1) =1In r—i +Ine*

Obecné feeni. C = ¢° je nova konstanta. !




Reste 1> —1+yy' (x> —1)=0, y(0)=

y'(1-x%) =y —1 In( le(ﬁ—xeh)
— X
dy _p2-1 1 [yZZ‘ T4+ x o
dx yll—x2 y\1=13¢
y _/ 1+x
———dy= [ ——=d 2 _
/yz—l y 1—x2 " 3/—1+C'1_x
1 2 1o 41+4x ) 140

1+ x
In(? —1) =In—"=+2
n(y ) nl_x—i—c

In(y> —1) =1In r—i +Ine*

Dosadime hodnoty z pocate¢ni podminky. . . I




Reste 1 —1+yy/(x*~1)=0, y(0)=2.}

1
yy'(1=x%) =y? 1 In(y? 1) = In(~e¥)
dy > -1 1 1-x
gy_¥y-- - 2_1:1+x2C
dx y 1—x Yy 1«
L :/;d 2 14+ x
/yz—ldy 1—x2 " y :1+C'1—x
1 2 1o 1+x ’ 1+0

1 _
In(y 1) = In == +2¢ C=3

In(y> —1) =1In i—z +Ine*

...analezneme C. !




Reste y* —1+yy'(x*—1)=0,

(-2 =y ~1
dy -1 1
dx  y 1-—2x2

y _ 1
/yz—ldy_/l—xzdx
1+ x
1—x‘+c

1., 1
Eln\y -1 = Eln‘
1
In(y? —1) :lnli——i 4k 2e

In(y> —1) =1In r—i +Ine*

In(y?> —1) = ln(i—i_—ie&:)

24 14x 5
1—x
1+x
2
— il (e
Y i 1—x
1+0
2 =1+C——
u 1-0
C=3
5 14+x
y :1+31_

PouZzijeme toto C v obecném feseni.




Reste y* —1+yy'(x*—1)=0,

(-2 =y ~1
dy -1 1
dx  y 1-—2x2

y _ 1
/yz—ldy_/l—xzdx
1+ x
1—x‘+c

1., 1

Eln\y -1 = Eln‘
1

In(y? —1) :lnli——fc 4k 2e

In(y> —1) =1In r—i +Ine*

2 g _ 145
T 1—x
1
yzzl—l—C-l—_HC
1+0
22=1+C——
u 1-0
C=3
1+ x
2
=1+3
y u 1—x
2 4+2x
1—x

Upravime. Problém je vytfeSen.




Solve the IVP ¢/ = 2xt1 y(2) = O]
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Solve the IVP ¢/ =

We start with the equation.




Solve the IVP ¢/ = y(2) = O]

The equation has separated variables and is meaningful for y # 1. To \
find the solution we multiply the equation by 2(y — 1)




[Solve theIVP ¢/ = , y(2) = O]

0 2x +1

S 2(y-1)
/(2y—2)dy:/(2x+1)dx

We add integrals




2x +1 ‘
Solve the IVP I = , 2)=0
[ V=a 1 Y ]
;o 2x+1
2(y-1)

/(2y—2)dy:/(2x+1)dx
U2y G

We integrate both sides of the equation. We have / A 2y —2dy = y> — 2y

and / 2x 4+ 1dx = x* + x | We use the constant of integration on the

right-hand side. We get the general solution of the equation.
(<5




[Solve theIVP ¢/ = , y(2) = O]

0 2x +1

S 2(y-1)
/(2y—2)dy:/(2x+1)dx
U2y NG
=1 =1 =" +54C

We complete square on the left. . .




[Solve theIVP ¢/ = , y(2) = O]

0 2x +1

S 2(y-1)
/(2y—2)dy:/(2x+1)dx
U2y NG
=il = (@
=P =t e b E

...and solve for y.




[Solve theIVP ¢/ = y(2) = O]

0 2x +1

S 2(y-1)
/(2y—2)dy:/(2x+1)dx
U2y NG
=il = (@
== e b C

y—1l=+tvx2+x+K

Let K = C + 1 be new constant. We take the second root of both sides of |
equation. . .




[Solve theIVP ¢/ = , y(2) = O]

0 2x +1

S 20y-1)
/(2y—2)dy:/(2x+1)dx
U2y NG
=il = (@
== e b C
y—1=+V22+x+K
y=1+£Vx2+x+K

...and solve for y.




2x +1 ‘
Solve the IVP I = , 2)=0
[ V=551 Y@ ]
y,_izz(x—ki) yy=1+vVx2+x+K
Y yp=1—vVx24+x+K

/(2y—2)dy:/(2x+1)dx
U2y NG
=il = (@
== e b C
y—1=+vVx2+x+K
y=1+Vx2+x+K

This shows that there are two explicit formulas for general solution.
Since y1(x) > 1 and y,(x) < 1 for all x, we consider the solution y, only
(see the initial condition).




2x +1 ‘
Solve the IVP =" 2)=0
[ V=a 1 Y
x =2
21l 0] \yooeeeeE
2(y-1) ‘ 5
2=1—vx*+x+K
/(zy_z)dy:/(2x+1)dx 0=1-V4+2+K

U2y NG
=il = (@
== e b C
y—1=+vVx2+x+K
y=1+Vx2+x+K

We substitute the initial condition into 5. I




2x+1 ‘
Solve the IVP I = , 2)=0
[ V=551 Y@ ]
y = 722(95 * 1) =Tt K
Y yp=1—vVx24+x+K
/(zy_z)dy:/(2x+1)dx 0=1-v4+2+K
¥ —2y=x>+x+C K=-5

=1 =1 =" +54C
== e b C
y—1=+V22+x+K
y=1+Vx2+x+K

The solution of 0 = 1 — /4 + 2 + Kis K = —5. I




2x+1 ‘
Solve the IVP I = , 2)=0
[ V=a 1 Y ]
y’—% ylm
Y yp=1—vVx2+x+K
/(zy_z)dy:/(2x+1)dx 0=1-v4+2+K
¥ —2y=x>+x+C K=-5

=il = (@
== e b C
y—1=+V/ETFTR yy=1- V455
y=1+Vx2+x+K

We use the obtained value of K in the formula for y;. The initial value \
problem is solved.




Solve DE  3xy?y = (y° — 1)(x® —1). I
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Solve DE  3xy?y = (y° — 1)(x® —1). I

,:y3—1_x3—1
y 3y? x

e We solve the equation for .

e This shows that the equation has separated variables and is meanin-
gful for x # 0 and y # 0.




Solve DE  3xy?y = (y° — 1)(x® —1). I

,:y3—1.x3—1
¥ 3y? x

The function y = 1 is a solution.

The right-hand side equals zero for y = 1. Hence the constant function |
y(x) = 1is a solution. This can be verified by direct substitution.




Solve DE  3xy?y = (y° — 1)(x® —1). I

_y -1 -1
¥ 3y? x

The function y = 1 is a solution. ~From now suppose y # 1.

Let us continue with the cases in which y # 1. In this case we can
3y?
Y3 —

multiply the equation by the factor 1 This separates the variables.




Solve DE  3xy?y = (y° — 1)(x® —1). I

dx -1 3-1

dy 3>  «x
The function y = 1 is a solution. From now suppose y # 1.

3y? x3—1
YT T

The variable y is on the left and x on the right.




‘Solve DE  3xy%y = (¥ —1)(x*—1). I

The function y = 1 is a solution. From now suppose y # 1.

3y? ¥ —1
/y3y—1dy:/ x dx

We add integrals . ..




‘Solve DE  3xy%y = (¥ —1)(x*—1). I

The function y = 1 is a solution. From now suppose y # 1.

3y? -1
/y3y—1dy:/ x dx

3
ln|y3—1\:?—ln|x|+c

f/(x) X an e
) dxand th

...and evaluate. The integral on the left is of the type /

integral on the right can be written as the integral

3 _ 3
/x 1dx:/ 2—ldx:x——ln\x\.
X X 3




‘Solve DE  3xy%y = (¥ —1)(x*—1). I

The function y = 1 is a solution. From now suppose y # 1.

3y? -1
/y3y—1dy:/ x dx

3
Injy®-1| = 5 —In|x|+c¢
1
1n|y3 - 1‘ = 1H(EX3/3 m ec)

3
X
We write the expressions 3 and c in logarithmic forms In e*’/3 and In e°

and add (subtract) logarithms.




‘ Solve DE  3xy?y’ = (® —1)(x® - 1). I

The function y = 1 is a solution. From now suppose y # 1.

3y? -1
/y3y—1dy:/ x dx

3

X

ln|y3—1\:?—ln|x|+c
3, 1
Wy — 1] = b (e¥/? A )
3 =Y. 3
1l = =
-1l = e e

i

Logarithm is one-to-one function and can be removed from both sides of |
equation.




‘ Solve DE  3xy?y’ = (® —1)(x® - 1). I

The function y = 1 is a solution. From now suppose y # 1.

3y? -1
/y3y—1dy:/ x dx

3 x°
Injy>—1| = 3 —In|x|+c
1
1 3_1 =1 x3/3 c
n|y | n(e —|x|e)
3,9 1
| 3_1‘:ex /3 &€
/ x|
1
P —1= (:I:ec)exs/3 <

If we omit the absolute values, the right and left side can differ by the ‘
sign. We add this sign to the constant factor e. ..




‘ Solve DE  3xy?y’ = (® —1)(x® - 1). I

The function y = 1 is a solution. From now suppose y # 1.

3y? -1
/y3y—1dy:/ x dx

3
ln|y3—1\:?—ln|x|+c
3_ 1| =n(e3 L e
Injy’ — 1| ln(e |x|e)
3_ 1.3 L ¢
1l = =
-1l = e
1
y3—l:(:|:ec)ex3/3; C =+ € R\ {0}

...and introduce new constant C = +¢°. Since ¢ can take arbitrary real
value, the expression ¢ can take arbitrary positive value and +e° can
take arbitrary real nonzero value.




‘Solve DE  3xy%y = (¥ —1)(x*—1). I

The functior y =1 is a solution. From now suppose y # 1.

3y? -1
/y3y—1dy:/ x dx

3
Injy®-1| = 5 —In|x|+c¢
1
1n|y3 - 1‘ = 1I'I<EX3/3 m €C>

a 1

If we allow C = 0, the general solution gives y = 1 which is also a
solution. Hence C can be arbitrary real value.

]

yilf\_l_c}c ; - — _LC Cll\\lUI
C s

P —1=—¢/3 CeR
x
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‘Solve DE  3xy%y = (¥ —1)(x*—1). I

The function y = 1 is a solution. From now suppose y # 1.

3y? -1
/y3y—1dy:/ x dx

3 x°
Injy>—1| = 3 —In|x|+c
1
1 3_1 =1 x3/3 c
n|y | n(e —|x|e>
3,9 1
| 3_1‘:ex /3 &€
/ x|
1
¥ —1 = (£e) /3 p

3_1_ S0

Y X

C=+ef€eR

CeR

The equation is solved.




Solve DE  (1+¢")y' +ey=0
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Solve DE  (1+¢")y' +ey=0

(14+e)y = €'y

We start with the equation.




Solve DE  (1+¢")y' +ey=0

(1+e)y =—€y
r_ @
4 e* +1

X

y

We solve the equation for y/'.




Solve DE  (1+¢")y' +ey=0

(14+e)y = —e'y
e
eXx+1

X

y'=- y

The function y = 0 is a solution. In the following suppose y # 0.

The right-hand side is zero for y = 0. I




Solve DE  (1+¢")y' +ey=0

(1+e)y =—€y

ex

e+ 17

y'=-

The function y = 0 is a solution. In the following suppose y # 0.

dy e
dx =~ e +1Y

itute Y for o I
We substitute dx fory'.




Solve DE  (1+¢e")y +e'y=0

(14+e)y = —e'y
r_ ¢
Y e"+1y

X

The function y = 0 is a solution. In the following suppose y # 0.

dy e*

dr ~ e 417

dy e

7 a 1+exdx

We multiply by dx and divide by y. Since y # 0, we can do the division. I




Solve DE  (1+¢e")y +e'y=0

(1+e)y =—€y

ex

17

y' =-

The function y = 0 is a solution. In the following suppose y # 0.

dy e*
dr ~ e 417

dy e
/77_/1+e"dx

We write integral signs. I




Solve DE (1+ex)y’+exy:0m

(14+e)y = —e'y
ex

e*+1

y' =- y

The function y = 0 is a solution. In the following suppose y # 0.

& _ &

dx ex—i—ly

dy e
/77_/1+e"dx

Inly| =—-In(1+¢*)+c¢

We evaluate the integrals. In the integral on the right we have the |
derivative of denominator in numerator.




Solve DE (1+ex)y’+exy:0m
(1+e)y =—€y
I e*
¥ ="a11Y

The function y = 0 is a solution. In the following suppose y # 0.

N L CR R
dy e
/7 B _/1 T @ dx

Inly| =—-In(1+¢*)+c¢

We convert logarithms to the left-hand side and add. Further
the number c into logarithmic form.

we convert !




Solve DE (1+ex)y’+exy:0m

(1+e)y =—€y

ex

17

y' =-

The function y = 0 is a solution. In the following suppose y # 0.

d er _
R B {ly] (1+ )| = e
x 1+e%) =¢°
/ﬂ:_/ G lyl( )
y 1+e*

Inly| =—-In(1+¢*)+c¢

Logarithmic function is one-to-one and can be removed from both sides |
on equation.




Solve DE (1+ex)y’+exy:0m

(1+e)y =—€y

ex

17

y' =-

The function y = 0 is a solution. In the following suppose y # 0.

d . _

d_z :_exe—i—ly ln[|y|(1+e")} = Ine*

&__qe +e) =
/77_/14-676 X y(1+€x):K K = +¢°

Inly| =—-In(1+¢*)+c¢

We remove the absolute value. This yields + sign on the right. We join |
this sign to the number e which gives a new constant K.




Solve DE (1+ex)y’+exy:0m

(1+e)y =—€y

ex

17

y' =-

The function y = 0 is a solution. In the following suppose y # 0.

dy e" In 1 X =1 C
&Y yl(1+e = Ine
dx ex—i—ly “ |( 2} .
dy ¢ 4 lyl(1+e*) =e
/77_/14-676 X y(1+€x):K K = +¢°
Inly| =—-In(1+¢*)+c¢ __K
Y 5o K € R\{0}

We solve the obtained relation for y. !




Solve DE  (1+¢e")y +e'y=0 I‘

(14+e)y = —e'y
e
eXx+1

X

y' =- y

The functior y = 0 is a solution. In the following suppose y # 0.

dy ex In 1 X _ C
= _ y|(1+e")| =Ine
dx ex—i—ly “ |( 2} .
dy ¢ 4 lyl(1+e*) =e
/77_/14-676 X y(1+€x):K K = +¢°
Inly| =—-In(1+¢*)+c¢ __K
y e K € R\{0}

The choice K = 0 gives y = 0, which gives the constant solution. I




Solve DE (1+ex)y’+exy:0m

(1+e)y

— _exy

ex

I
¥ = "o+17/

The function y = 0 is a solution. In the following suppose y # 0.

dy e*
dr ~ e 417

dy e
/77_/1+e"dx

Inly| =—-In(1+¢*)+c¢

ln{|y| (1 +ex)} = Ine*

yl(1+e") = e
y(l1+¢*) =K K = +¢°
K
= KeR
A .

The problem is solved.




Solve DE y/exz+y S

Yy
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Solve DE y/ex2+y = — ;]

e e = L
y

2
We factor the exponential function e* 7. This separates the variables in
the exponent.




Solve DE y/ex2+y = — f]

Y
1
e = —x=
! y
ﬂex2ey — _xl
dx y

. dy
Wi == !
e substitute P for y




Solve DE y/ex2+y = — f]

Yy
1
y’exzey = —xg
dx y
ye¥dy = — xe ™ dx

We multiply by y and divide by ¢ The latter is equivalent to the

multiplication by e *




[Solve DE y/ex2+y = — f]

Yy
Yool = —x—
ﬂexzey = x1
dx y

We write integral sings.




[Solve DE y/ex2+y = — ;]

2 1
y'eed = —x=

ﬂexzey = —x1
y

dx
/yey dy = —/xe‘"2 dx

On the left we integrate by parts:

[veray |

v =

y]/ l/lzly :yey_/eydy:yey_ey
@ = e




[Solve DE y/ex2+y =

|

2
y'eeY

dy .2
GY oy
x

/yey dy = —/xe‘"2 dx

1
ye¥ —e¥ = Ee_"2 +C

1
= —X—

1
= —X—

y

Hence

(On the right we use a substitution suggested by the inside function.

—/xe*"2 dx

2

=
—2xdx :1 dt
—xdx = 5 dt

~

17, VPR
== P ot — 2
2/ed 2% T 2°

W




[Solve DE y/exz+y =— f]

Y
e e = L
ﬂe’CQey = —x1
2% y

/yey dy = —/xe‘"2 dx

1
ye¥ —e¥ = Ee_x2 +C

2ye¥ —2e¥ = ¢ 4+ C CeR

We multiply the equation by the number 2. This gives the general
solution in its implicit form. Unfortunately, we cannot solve explicitly
this relation with respect to . We keep the solution in its implicit form.




[Solve DE

/ex2+y __ X
Y Y

2 1
y'eed = —x=

ﬂexzey = —x1

y

dx
/yey dy = —/xe‘"2 dx

1
ye¥ —e¥ = Ee_xz +C

2ye¥ —2¢¥ = e +C

CeR

The problem is solved.




2 Linearni diferencidlni rovnice, variace
konstanty

Definice (linearni DR). Necht’funkce a, b jsou spojité na intervalu I. Rov-},
nice

y' +a(x)y = b(x) (L)

se nazyva obycejnd linedrni diferencidlni rovnice proniho tidu (zkracené
piSeme LDR). Je-li navic b(x) = 0 na I, nazyvéa se rovnice (L) homogenni,
v opacném pripadé nehomogenni.

Definice (homogenni rovnice). Bud’déna rovnice (L). Homogenni rovnice, }
ktera vznikne z rovnice (L) nahrazenim pravé strany nulovou funkci, tj.
rovnice

y' +a(x)y=0 (LH)

se nazyva homogenni rovnice, prislusnd nehomogenni rovnici (L).
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Homogenni LDR v +a(x)y=0. I

U homogenni rovnice je derivace feSeni rovna —a(x)
nasobku tohoto feseni.




Homogenni LDR ' +a(x)y = 0. I

Porovname-li rovnici s derivaci slozené funkce s
exponencialni vnéjsi slozkou vidime okamZité jedno feSeni.




Homogenni LDR ' +a(x)y = 0. I

y = —a(x) Sy <ef(x)> = o/ . f(x)

Vsechna feSeni jsou v souladu s principem superpozice
nésobky tohoto jednoho feseni.




Nehomogenni LDR v +a(x) -y =0b(x). I

4 )

e Resme nehomogenni LDR.

e Je-liyp(x) partikularni FeSeni a yop () je obecné Feseni odpovidajici
homogenni LDR, je funkce

y(x,C) = yp(x) + you(x)

obecnym feSenim nehomogenni rovnice.

W




Nehomogenni LDR y +a(x)y =Dk I

Asociovand hom. LDR |y’ +a(x)y = 0 |

Obecné feseni hom. LDR[yOH(x) = Ce~Jadr _ c. YPH(x)

¢ Uvazujme nejprve odpovidajici homogenni rovnici.

e Obecné feseni této rovnice jiz zname.




‘Nehomogenni LDR v +a(x) -y =0b(x). I

Asociovand hom. LDR |y’ +a(x)y = 0 |

Obecné feseni hom. LDR‘ yor(x) = Ce™ Ja(x) dx =© YPH(x)

yp(x) ]/PH(X)

variace konstanty

4 )

e Nyni staci najit alesponi jedno feseni rovnice nehomogenni.

e Nahradime konstantu C v obecném feSeni homogenni LDR zatim
neznamou funkci K(x) a budeme hledat, za jakych podminek je
vysledna funkce feSenim nehomogenni LDR.

W




Nehomogenni LDR v +a(x) -y =0b(x). I

Asociovand hom. LDR |y’ +a(x)y = 0 |

Obecné feseni hom. LDR[yOH(x) =Ce JaWdx = . YPH(x)

yp(x) = K(x) - ypu(x)
yp(x) = K'(x) - ypu(x) + K(x) - ypp (x)

e Musime najit funkci K(x).
. . . 2 2 9 o _f
e Pro dosazeni do rovnice je nutné znat derivaci y'.

e Derivujeme jako soucin podle vzorce (uv) = u' -0 +u -’




Nehomogenni LDR y' +a(x) -y =0b(x). I

Asociovana hom. LDR[y’ a(x)y=0}

Obecné feseni hom. LDR /yOH(x) =Ce JaWdx = . YPH(x)

yo(x) = K(x) -you(x)
Yp(x) = K'(x) -yp(x) + K(x) - ypu (%)

/7

y
K'(x)ypa(x) + K(x)ypp (x)

Dosadime do rovnice.




Nehomogenni LDR v +a(x) y=0b(x). I

Asociovanid hom. LDR

Obecné feseni hom. LDX| yop(x) = Ce™ Jadr — c. YPH(x)

yp(x) = K(x) - ypu(x)
yp(x) = K'(x) - ypu(x) + K(x) - Treld)

Y Y
—TN—

K'(x)ypa(x) + K(x)ypp(x) +a(x) - K(x)ypu(x) = b(x)

Dosadime do rovnice.




Nehomogenni LDR v +a(x) -y =0b(x). I

Asociovand hom. LDR |y’ +a(x)y = 0 |

Obecné feseni hom. LDR‘ yor(x) = Ce™ Jatodx — c. YPH(x)

yp(x) = K(x) - ypu(x)
yp(x) = K'(x) - ypp(x) + K(x) - ypg(x)
Y y
K'(x)ypr(x) + K(x)ypy(x) + a(x) - K(x)ypu(x) = b(x)
b

K'(x)ypr(x) + K(x) [ypy (x) +a(x)ypu(x)] = b(x)

Vytkneme na levé strané K(x).




Nehomogenni LDR v +a(x) -y =0b(x). I

Asociovand hom. LDR |y’ +a(x)y = 0 |

Obecné feseni hom. LDR‘ yor(x) = Ce™ Jatodx — c. YPH(x)

yp(x) = K(x) - ypu(x)
yp(x) = K'(x) - ypr (%) + K(x) - ypp (x)
Y y
K'(x)ypr(x) + K(x)ypy(x) +a(x) - K(x)ypa(x)
K'(x)ypr(x) + K(x) [ypy (x) + a(x)ypu(x)]
K'(x)yph(x)

(x)
(x)
(x)

b
b
b

Vyznaceny vyraz je roven nule.




Nehomogenni LDR v +a(x) -y =0b(x). I

Asociovand hom. LDR |y’ +a(x)y = 0 |

Obecné feseni hom. LDR‘ yor(x) = Ce™ Jatodx — c. YPH(x)

yp(x) = K(x) - ypu(x)
yp(x) = K'(x) - ypp(x) + K(x) - ypg(x)

!

Y y

——
K'(x)ypu(x) + K(x)ypy(x) + a(x) - K(x)ypu(x) = b(x)
K'(x)ypr(x) + K(x) [ypy (x) +a(x)ypu(x)] = b(x)
K'(x)ypr(x) = b(x)
) b(x)
K= ypH(x)

Dostali jsme rovnici, kterd neobsahuje funkci K(x), ale jenom jeji derivaci |
K'(x). Vyjadiime K'(x).




Nehomogenni LDR v +a(x) -y =0b(x). I

Asociovand hom. LDR |y’ +a(x)y = 0 |

Obecné feseni hom. LDR‘ yor(x) = Ce™ Jatodx — c. YPH(x)

yp(x) = K(x) - ypu(x)
yp(x) = K'(x) - ypp(x) + K(x) - ypg(x)

!

Y y

——
K'(x)ypr(x) + K(x)ypp(x) + a(x) - K(x)ypu(x) = b(x)
K'(x)yph (x) + K(x) [ypr (x) + a(x)ypu(x)] = b(x)
K'(x)ypr(x) = b(x)
RO
Ko = /ypH(x) 4

Integraci nalezneme K(x). Integra¢ni konstantu volime libovolnou. I




Nehomogenni LDR v +a(x) -y =0b(x). I

Asociovand hom. LDR |y’ +a(x)y = 0 |

Obecné feseni hom. LDR‘ yor(x) = Ce™ Jatodx — c. YPH(x)

yp(x) = K(x) - ypu(x)

Zapomeneme nyni jiZ nepodstatné informace. I




Nehomogenni LDR v +a(x) -y =0b(x). I

Asociovand hom. LDR |y’ +a(x)y = 0 |

Obecné feseni hom. LDR‘ yor(x) = Ce™ Jatodx — c. YPH(x)

yp(x) = K(x) - ypu(x)

_ [ _bx)
K(x) = / () dx

Zapomeneme nyni jiZ nepodstatné informace.




Nehomogenni LDR v +a(x) -y =0b(x). I

Asociovand hom. LDR |y’ +a(x)y = 0 |

Obecné feseni hom. LDR‘ yor(x) = Ce™ Jatodx — c. YPH(x)

yp(x) = K(x) - ypu(x)

_ [ )
K(x) = / () dx

b(x)

—7 _dx
ypH(x)

yp(x) = ypy(x) - /

PouZijeme funkci K(x) pro obdrZeni partikularniho feSeni rovnice. I




Nehomogenni LDR v +a(x) -y =0b(x). I

Asociovand hom. LDR |y’ +a(x)y = 0 |

r N \

Obecné feseni hom. - you(x) = Ce™ o) — @, YPH(x)

v

yp(x) = K(x) - ypu(x)

_ [ _bx)
K(x) = / () dx

b(x)

—7 _dx
ypH(x)

yp(x) = ypn(x) - /

y(x) = yp(x) + yon(x)

Secteme partikuldrni feSeni nehomogenni a obecné feseni homogenni \
rovnice a rovnice je vyfeSena.




. 2 1|
Reste DR 3/ +2Y :x+1]

Rovnice je linearni.




Reste DRy + % y = %]

2
y+2y=0

e UvaZujme nejprve homogermi rovnici.

e Nahradime pravou stranu rovnice nulou.




. 2 1|
Reste DR 3/ +2Y :x+1]

2
y+2y=0

2
yor(x) = Ke™/ x4

4 )

e Obecné feSeni rovnice y + a(x)y = 0 je déano formulkou

y=Ke™ fa(x)dx'

2
e V nasem piipadé a(x) = p

wmmﬂh




. 2 1|
Reste DR 3/ +2Y :x+1]

2
y+2y=0

-2
yOH(x) = Kg_j Y dx — Ke_21n |x|

Integrujeme. ..




9 2 1 .
Reste DR 3/ +y :x—|—1]

2
y+2y=0

- 2 B
Yor(x) = Ke~ I 34 = ge=2In x| _ g+ 2

...upravujeme. ..




. 2 1
Reste DRy + PR A ] yom(x) = Kx 2

2
y+2y=0

30 _
yOH(x) _ Ke_‘] }dx _ Ke—21n|x| _ Kelnx 2 _ Kx72

a upravujeme jesté vice. Nezapomelime Ze exponencidlni a logaritmicka |
funkce jsou navzdjem inverzni a jejich sloZenim dostaneme identitu.




N 2 1 |
Reste DR v/ + Y =1 ] yon(x) = Kx 72

ypn(x) = K(x) - x 2

e Nyni budeme hledat partikularni feSeni nehomogenni rovnice.

e Nahradime tedy konstantu v yop (x) funkei.




N 2 1 |
Reste DR v/ + Y =1 ] yon(x) = Kx 72

ypn(x) = K(x) 272 ypn = K'(0)x72 + (-2)K(x)x~°

e Najdeme derivaci ypy (x).

voee . . . e ! /
¢ K tomu vyuZijeme pravidlo pro derivaci sou¢inu: (uv)" = u'v + uv’.




Dosadime do rovnice. I




S % / E _ 1 k _ -2
Reste DRy toy = x+1] you(x) = Kx
ypn(x) = K(x) - x72 ypn =K' (x)x7? + (-2)K(x)x~°
4 y
1
/ =2 =3 = N2 —
K'(x)x™%+ (=2)K(x)x—° + XK(A)A o
2
o &
Kx) = x+1

-
e Nalezneme rovnici pro K'.

(—2)Kx*3+%l<x*2 =0.

e Vyrazy s K se podle ocekavani odectou.

~

Skutecné:

wmmﬁ




L 2 1
Reste DRy + TV = ] Yon(x) = Kx~

x+1
yen(x) = K(x) - x72 Yoy = K (1)x72 + (-2)K(x)x >
Y y
K'(x)x ™2 + (=2)K(x)x 3 + ;K(x)x’2 = XL—i—l
2
Ki(x) = xj—cl— 1
K(x)=x—1+ x41-1

e Funkci K ziskame jako libovolny integral z K.

e Pfed vypoctem integralu musime vydélit polynom v ¢itateli poly-
nomem ve jmenovateli.




Reéte DR yl + % y = 1 ] yOH(x) = Kx72

x+1
yen(x) = K(x) - x72 Yoy = K (1)x72 + (-2)K(x)x >
Y y :
K'(x)x ™2 + (=2)K(x)x 3 + ;K(x)x’2 = x—_zl
= xj—cl— 1
K'(x) :x—1+xil
K(x) —./x—l—{— x—ll—ldx

Integrujeme. .. I




. 2 1
Reste DR 3/ +2Y :x+1]

ypn(x) = K(x) - x 2

— —x+In|x+1]

2
...adostavame K(x) = % +x+In|x+1]|.

]




i} 2 1 |
Reste DRy + SV = ijl] yom(x) = Kx 2

ypn(x) = K(x) - x 2

=——x+In|x+1

Odstranime nyni jiZ nepotiebné vypocty. I




. 2 1|
Reste DR 3/ +2Y :x+1]

ypn(x) = K(x) - x72

2
K(x)zi—x+ln\x+1|

You(x) = Kx~

Zname funkci K(x) a hledame ypy/(x).




[ReéteDR y —l—%y = x—ll—l] Yom(x) = Kx~

ypn(x) = K(x) - x72
2

K(x) ?—x+ln\x+1|

ypn(x) = (x; —x+ln(x—|—1)> cx?

Dosadime K(x). ..




[Reéte DR y/ + % y = p —11— 7 ] you(x) = Kx~2

ypn(x) = K(x) - x72

2
K(x)zi—x—l-ln\x—i-u

x2 9 1
ypn(x) = 7—x+ln(x+1) X =5

...aupravime




[Reéte DR v + % V=3 —11— 7 ] yomu(x) = Kx 2

ypn(x) = K(x) - x72

2
K(x)zi—x—l-ln\x—i-u

2

ypn(x) = (%—x—l—ln(x—kl)) 2 = M

N =

y(x) = you(x) +ypn(x)

Obecné feseni y(x) je souctem yoy(x) a ypn(x).




y 2 1 .2
[Reéte DR ¥ + 2V x—|—1] You(x) = Kx

ypn(x) = K(x) - x 2

Dosadime za ypn a YogH-




1
x+1

[Reéte DR ¥ + % y =

|

ypn(x) = K(x) - x 2

2
K(x)zi—x+ln\x+1|

ypn(x) = <%2 —x+In(x+1)

¥ () = yor(x) + yen (x) = 13

)onie

You(x) = Kx~

Problém je vyfesen.




Solve DE y' =1+3ytgx. |
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Solve DE y' =1+3ytgx. |

y' —3ytgx = 1...original equation

We convert the linear equation into the form

y' —a(x)y = b(x).
Hence a(x) = —3tgx and b(x) = 1.




Solve DE y' =1+3ytgx. |

y' —3ytgx = X... original equation

y' —3ytgx =0...associated homogeneous equation

We write the corresponding homogeneous equation. We replace the \
right-hand side by zero.




Solve DE y' =1+3ytgx. |

y' —3ytgx = 1...original equation

y' —3ytgx =0...associated homogeneous equation

yeu(x) = Ce—J —3tgxdx

The general solution of

Y +a(x)y=0

is given by the formula y = Ce™ Jalx)dx




Solve DE y' =1+3ytgx. |

y' —3ytgx = 1...original equation

y' —3ytgx =0...associated homogeneous equation

yGH(x) — Ce*fffitgxdx — Ce*3lncosx

(We evaluate the integral as follows: 3\

/—Stgxdx: /3_smxdx = 31In|cosx]|.
cos x
f'(x)
f(x)

will suppose that we work on the interval, where cosx > 0. In this case

we omit the absolute value.
W

Here we used the formula / dx = In|f(x)|. In the following we




Solve DE y' =1+ 3ytgx. |

y' —3ytgx = 1...original equation

y' —3ytgx =0...associated homogeneous equation

EF

you(x) = Ce—J —3tgxdx _ -,—3Incosx _ ~,Incos™

We convert the function into the form in which the exponential function |
follows the logarithmic function.




Solve DE y' =1+ 3ytgx. |

y' —3ytgx = 1...original equation

y' —3ytgx =0...associated homogeneous equation

— (= — -3 —
yenu(x) = Ce J—3tgxdx _ cp—3Incosx _ ~plncos™x _ - 593 i

The functions In(x) and e* are mutually inverse function and the
composition ¢ * is identity.




Solve DE y' =1+ 3ytgx. |

y' —3ytgx = 1...original equation

y' —3ytgx =0...associated homogeneous equation

— (= — -3 —
yenu(x) = Ce J-3tgxdx _ cp—3Incosx _ ~plncos™x _ - g3 5

ypn(¥) = K(x) cos 2 x

K(x).

e Now we have the general solution of homogeneous equation.

o We look for the particular solution of nonhomogeneous equation in
the form, in which the constant from y sy is replaced by the function

M




Solve DE y' =1+3ytgx. |

y' —3ytgx = 1...original equation

y' —3ytgx =0...associated homogeneous equation

— (= — -3 —
yenu(x) = Ce J-3tgxdx _ cp—3Incosx _ ~plncos™x _ - g3 5

ypn(x) = K(x) cos > x
!

(uv)' = v'v +uv'.

3

e The derivative of cos™~ x is evaluated by chain rule.

e When evaluating the derivative of i/ (x) we use the product rule




Solve DE y' =1+3ytgx. |

y' —3ytgx = 1...original equation

y' —3ytgx =0...associated homogeneous equation

you(x) = Ce—J —3tgxdx _ -,—3Incosx _ Celncos’f’x — Caas Yy
ypn(x) = K(x) cos™
Yo (x) = K'(x) cos ™3 x 4 K(x)(—3) cos ™ x(— sin x)

!

Y Y

K'(x)cos 3 x + K(x)(—3) cos * x(—sinx) —3K(x)cos >xtgx =1

We substitute for y and v’ into the original equation. I




Solve DE ' =1+ 3ytgx. |

yeH(x) = = Ccos 3 x

ypn(x) = K(x)cos™x

!

Y Y

K'(x)cos 3 x + K(x)(—3) cos * x(—sinx) —3K(x)cos xtgx =1

We clean the informations which are no more important. !




[Solve DE y' =1+3ytgx.|

Summary: ygp(x) = Ccos > x ypn(x) = K(x) - cos3(x)
v y

K'(x)cos 3 x + K(x)(—3) cos * x(—sinx) —3K(x)cos > xtgx =1

K'(x)cos 3x =1

The term with K(x) disappear, since

K(x)(—3) cos *x(—sinx) — 3K(x) cos > xtgx = 0.

We obtain the equation for K'(x).




[Solve DE y' =1+3ytgx.|

Summary: ygp(x) = Ccos > x ypn(x) = K(x) - cos3(x)
v y

K'(x)cos 3 x + K(x)(—3) cos * x(—sinx) —3K(x)cos >xtgx =1

K'(x)cos3x =1

K'(x) = cos® x

We solve that equation for K'(x). .. !




[Solve DE y' =1+3ytgx.|

Summary: ygp(x) = Ccos > x ypn(x) = K(x) - cos3(x)
v y

K'(x)cos 3 x + K(x)(—3) cos * x(—sinx) —3K(x)cos >xtgx =1

...and integrate. This gives K(x). !




[Solve DE y' =1+3ytgx.|

Summary: ygp(x) = Ccos > x ypn(x) = K(x) - cos3(x)

/

Y
K'(x)cos 3 x + K(x)(—3) cos * x(—sinx) —3K(x)cos >xtgx =1

y

K'(x)cos3x =1
K'(x) = cos® x
) =

K(x /cos xdx = /(1 —sin? x) cos x dx

3

We write cos” x in the form

cos® x = cos? ¥ cos x = (1 — sin® x) cos x.




[Solve DE y' =1+3ytgx.|

Summary: ygp(x) = Ccos > x ypn(x) = K(x) - cos3(x)

/

Y Y
K'(x)cos 3 x + K(x)(—3) cos * x(—sinx) —3K(x)cos >xtgx =1

K'(x)cos3x =1
K'(x) = cos® x
K(x) = /cos xdx = /(1 —sin? x) cos x dx

sin® x

=sinx —

The integral is ready for substitution sin x = t, cosx dx = d¢. This
converts the integral into

3

2 t : ’
/(1—t)dt:t—§:smx—

sin” x




[Solve DE y' =1+3ytgx.|

Summary: ygp(x) = Ccos > x ypn(x) = K(x) - cos3(x)

/

Y
K'(x) cos 3 x + K(x)(—3) cos* x(— sin

—3K(x)cos Pxtgx =1

/cos3xdx = /(1 —sin? x) cos x dx

3

sin” x

=sinx —

3 3

. sin® x 3 sin x sin
ypn(x) = [ sinx — 3 -cos Cx =

X

cos®x  3cosdx

We use the function K in the formula for ypy. !




[Solve DE y' =1+3ytgx.|

Summary: ygp(x) = Ccos > x ypn(x) = K(x) - cos3(x)

/

Y
K'(x) cos 3 x + K(x)(—3) cos * x(—sinx) —3K(x)cos 2 xtex =1
&

y

K'(x)cos3x =1

K'(x) = cos® x

K(x) = /cosgxdx = /(1 — sin? x) cos x dx
The general solution of nonhomogeneous equation is a sum of particular
solution of that equation and general solution of homogeneous equation.

3

. sin” x _3 sin x sin®
ypn(x) = [ sinx — 3 -cosCx =

X

cos3x  3cosdx

yon(x) = you(x) + ypn(x)

A< [ < D> Robert Mafik, 2005 [E§
E B B B



[Solve DE y' =1+3ytgx.|

Summary: ycpy(x) = Ccos > x ypn(x) = K(x) - cos3(x)

Y y

K'(x)cos 3 x + K(x)(—3) fos * x(—sinx) —3K(x)cos xtgx =1
K'(x) % cos® x

K(x) /cos3xdx = /(1 —sin? x) cos x dx
. 2
[Both ycH and ypy are known and we can substitute.

sin® x > _3 sin x sin® x
-C

ypn(x) = (smx 3 cos®x 3cosdx

3

C sin x sin” x

xX)= x) + X) = . CeR
yen(x) =you(x) +yen(x) cos3x cosx 3cosdx’
B (©Robert Mafik, 2005 B



[Solve DE y' =1+3ytgx.|

Summary: ygp(x) = Ccos > x ypn(x) = K(x) - cos3(x)

Y y

K'(x)cos 3 x + K(x)(—3) cos * x(—sinx) —3K(x)cos >xtgx =1

K'(x)cos3x =1
K'(x)
K(x) = /cos xdx = /(1 —sin? x) cos x dx

_COS X

2

[The problem is solved.

sin® x _3 sin x sin® x
- COS =

ypn(x) = (smx 3 " cosdx 3cosdx

C sin x sin® x

) = x) + xX) = = CeR
yen(x) =You(x) +yen(x) cos>x cos®x 3cosdx
B (©Robert Mafik, 2005 B



Solve DE xy’—f—y:xln(x—i—l)‘

B (©Robert Mafik, 2005 B



Solve DE xy’—f—y:xln(x—i—l)‘

1
Y42y =Inx+1)

e We write the equation in its normal form y’ + a(x)y = b.

e We divide by x. Hence we lok for the solution either on (—1,0) (see
the logarithmic function) or on (0, c0).




[Solve DE xy' +y=xIn(x+1) |

1 1
y+y=he< ¥+ y=0

We write the corresponding homogeneous equation. I




Solve DE xy’—f—y:xln(x—i—l)‘

1 1
y'+_y=In(x+1) y+2y=0

YGH = Ce [ xdx

(The general solution of the homogeneous equation
Yy +a(x)y =0
is ,
YoH = Cefja(x) dx

1
In our case we have a(x) = =.
x




Solve DE xy’—f—y:xln(x—i—l)‘

1 1
y'+_y=In(x+1) y+2y=0

YoH = Ce—f%dx _ Ce—ln\x\

We evaluate the integral. ..




Solve DE xy’—f—y:xln(x—i—l)‘

1 1
y'+_y=In(x+1) y+2y=0

Yeu = Ce—f%dx _ Ce—]n\x\ _ Celn\x\*l

...and simplify.




Solve DE xy’—f—y:xln(x—i—l)‘

1
v+ y In(x +1) y+2y=0

©

yer = Ce™ [ 34 = eIl = celni™ = x| ! = |x]

The composition e is identity.




Solve DE xy’—f—y:xln(x—i—l)‘

1 1
y'+_y=In(x+1) y+2y=0

yor = Ce~ /x4 = ceInll = celnlx™ = Clx| 71 = % . %

If we introduce the new constant C = K, we can write the general

solution of homogeneous equation in the form ygy = "




[Solve DE xy' +y=xIn(x+1) |

Il
A
R

/ 1 _ ! 1 — —5
Y+ y=In(x+1) y+3y=0 YGH = 7

1
YPN = K(x);

o Now let us look for the solution of nonhomogeneous equation.

e We replace the constant K in the formula for ygy by the function
K(x).




[Solve DE xy' +y=xIn(x+1) |

N ol _K_ g1
y+ 2y =mn(x+1) y+2y=0 yon =7 = K- -
1 1
yeN = K(x) < Yon = K'(x) - + K(x)(-1)x~

(We evaluate the derivative of the function ypn by the product rule )\

(uv)’ = v'v+uv'.

. . .1 Lo
We differentiate the function - asapower function x~!. Hence




[Solve DE xy' +y=xIn(x+1) |

sl o1 _K_ 1
y—i—xyfln(x—kl) y+xy—0 yGH—x—K p
1 1
yon = K(x)1 Yon = K'(2) 3 +K(x)(~1)x~2
Y g_

K(x) %+ K(x)(~1)x 42 K(x) = In(x +1)

We substitute for ' and y into original equation

1
v+ V= In(x +1).




[Solve DE xy'+y=xIn(x+1) I‘

e rp k= =
y+ 2y =mn(x+1) y+2y=0 YGH = 7

1
YpN = K(x); YpN =

The terms with K(x) cancel and only K’ (x) remains.




[Solve DE xy'+y=xIn(x+1) I‘

TR N _Kk_ 1

y+ 2y =mn(x+1) y+2y=0 you = = K-~
1 1 _

yon = K(x) - Yo = K/(1) 5 + K(x) (~1)x2
y y

K'(x) 2 4 K@) (~1)x 2+ 2 K(x)2 = In(x +1)

X x X X x X x— n(x
K'(x)= =In(x+1) K'(x) = xIn(x+1)

We solve the equation for K'(x) . .. I




[Solve DE xy' +y=xIn(x+1) |

N ol _K_ g1
y+ 2y =mn(x+1) y+2y=0 yon =7 = K- -
1 1
yeN = K(x) < Yon = K'(x) - + K(x)(-1)x~?

K(x) = /xln(x+1)dx

...and integrate. I




[Solve DE xy' +y=xIn(x+1)

|

1 1
| 1 '+ 2y = — " _—K.=
y+y n(x+1) y+3y=0 you = = K-~
1 1
yon = K(x) Vo = K(x) + K(x) (~1)x2
K(x) = /xln(x—l—l)dx: x—zln(x—l—l)— —2—|—E - 1ln(x—l—l)
2 4 2 2
4 1 Y
u=In(x+1) u' =
We use integration by parts with x2—|— L1 This
giVBS z)/ =X U= x—
2
: x? 1 1 «?
| 1 =—1In
./xn(x—i— ) dx 7 (x+1)— 3 +1d
x? 1 1
—71(x+1) 3. x—1+?dx




[Solve DE xy'+y=xIn(x+1) ‘

N RIS _K_ g1
y+ 2y =mn(x+1) y+2y=0 you = = K-~
1 1

ypN = K(x) = Yon = K'(x) - + K(x)(-1)x~?
K(x) = [xin(r+ Dde= T in(+1) - 5+ 3 - 2ines 1)

X) = XIn(x X = > n(x 1 5 2nx

1 x x 1 1

ypN(x):K(x);:Eln(x—f—l)—z—i—z—ﬂln(x—i—l)

We substitute for K(x) into the relation for ypx(x) I




[Solve DE xy'+y=xIn(x+1) I‘

N RIS _K_ g1
y+ 2y =mn(x+1) y+2y=0 you = = K-~
1 1

ypN = K(x) = Yon = K'(x) - + K(x)(-1)x~?
K(x) = [xin(r+ Dde= T in(+1) - 5+ 3 - 2ines 1)

X) = XIn(x X = > n(x 1 5 2nx

1 x x 1 1

ypN(x):K(x);:Eln(x—f—l)—z—i—z—ﬂln(x—i—l)

YGN = YGH T YPN

The general solution of nonhomogeneous equation is a sum of general
solution of homogeneous equation and the particular solution of
nonhomogeneous equation.




[Solve DE xy'+y=xIn(x+1) ‘

1 K 1
/ —_ — = — = . —_—
'+ y In(x +1) y+3y=0 yen = 7 = K- -
1 1 _
yon = K(x) Yon = K'(x)3 + K() (1)
x2 |
K(x):/xln(x+1)dx:—ln(x+1)——+———ln(x+1)
2 4 2 2
(x) = K( 1 fln(x—i—l)—f—i—l—iln(x—i—l)
YNV =2L 2 172 2
K x 1 1
]/GN—]/GH"']/PN—;—F ln(x+1)—1+§—ﬂln(x+1), KeR

We use that solutions. . . I




[Solve DE xy' +y=xIn(x+1) |

1 K 1
/ —_ — = — = . —_
'+ y In(x +1) y+3y=0 yon =7 = K- -
1 1 3
v = K(x) Yo = K/ ()~ + K(x) (~1)x 2
x2 |
K(x):/xln(x+1)dx:—ln(x+1)——+———ln(x+1)
2 4 2 2
1 X x 1 1
yPN(x)—K(X);—Eln(x—i—l)—z—i—i—ﬂln(x—f—l)
K 1 1
yGN—yGH+ypN——+ ln(x+1)—2+§—ﬂln(x+1), KeR

... and the problem is solved. I




Cast I1
DR druhého fadu
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( Definice (linedrni diferencidlni rovnice druhého ¥4du). Budte p, g a
funkce definované a spojité na intervalu I. Diferencidlni rovnice

y' +p(x)y +q(x)y = f(x) 1)

se nazyva linedrni diferencidlni rovnice druhého 7idu (zkrdcené LDR dru-
hého tadu). Resenim rovnice (nebo té% integrilem rovnice) na intervalu I
rozumime funkci, kterd ma spojité derivace do fadu 2 na intervalu I a po
dosazeni identicky spliiuje rovnost (1) na I. Uloha nalézt feseni rovnice,
které splituje v bodé xg € I pocitecni podminky

{y/(xo) :_yo; @)
¥ (x0) = vo,

kde o a y{, jsou redlna &isla, se nazyva pocitecni iiloha (Cauchyova tiloha).
Reseni pocatecni tlohy se nazyva partikuldrni fesent rovnice (1).

B (©Robert Maiik, 2005 [E§



Véta 1 (fundamentalni systém feSeni LDR s konstantnimi koeficienty). Uva-
Zujme LDR druhého fadu s konst. koef. a jeji charakteristickou rovnici

e Jsou-li z1,z € R dva rlizné realné koreny charakteristické rovnice,
definujme
Y1 = A% a Yo = %2
e Je-liz; € R dvojnasobnym kofenem charakteristické rovnice, definujme

y=¢e a  yp,=xer".

e Jsou-liz;, = a =i ¢ R dva komplexné sdruzené kofeny charakteris-
tické rovnice, definujme

y(x) = eos(Bx) @ ya(x) = & sin(B).

Potom funkce y; a y, tvofi fundamentalni systém feSeni rovnice na mnoziné
IR. Obecné feSeni rovnice je tedy

y(x,C1,C) = Ciya (x) + Caya(x), CGeER, GeR

B @©Robert Maiik, 2005 K



Reste po¢. dlohu v/ +y=0 y(0)=1,y'(0) = —1. 1

B (©Robert Mafik, 2005 B



Reste po¢. dlohu v/ +y=0 y(0)=1,y'(0) = —1.

224+1=0 =

Sestavime charakteristickou rovnici. . .




Reste po¢. dlohu v/ +y=0 y(0)=1,y'(0) = —1.

2Z2+1=0 = 22=-1 =

...a vyresime ji.




Reste po¢. dlohu v/ +y=0 y(0)=1,y'(0) = —1. 1

Z24+1=0 = 22 =-1 = Z2 = +v/—1 = +i

Resenim jsou dvé komplexné sdruzena ¢isla. I




Reste po¢. dlohu v/ +y=0 y(0)=1,y'(0) = —1. 1

R = 2" =—1 = 2= +y/—1 = +i
y1(x) = sinx
y2(x) = cos x

(Realna &ast kotent: charakteristické rovnice je « = 0, imagindrni ¢ast je )
B = 1. Fundamentalni systém feSeni je

y1(x) = e** cos(Bx)

ya(x) = e sin(pBx)




Reste po¢. dlohu v/ +y=0 y(0)=1,y'(0) = —1. 1

\
N

|
H_
b
Il
t

ZZ+1=0 = 22 =

Fundamentalni systém: y1(x) = sin
y2(x) = cos x

Ziskali jsme fundamentalni systém. . . I




Reste po¢. dlohu v/ +y=0 y(0)=1,y'(0) = —1. ‘

Z2+1=0 =  2=-1 =  Z=%V-1=d4i
Fundamentalni systém: y1(x) = sinx

y2(x) = cos x
Obecné feseni: y(x) = Cysinx + Cp cos x, C1,G eR

...a muZeme napsat obecné feseni. Obecnym feSenim je obecnd linedrni |
kombinace funkci tvoficich fundamentalni systém.




Reste po¢. dlohu v/ +y=0 y(0)=1,y'(0) = —1. ‘

Z2+1=0 =  2=-1 =  Z=%V-1=d4i
Fundamentalni systém: y1(x) = sinx

y2(x) = cos x
Obecné Feseni: y(x) = Cy sinx + Cp cos x, C1,G eR

y'(x) = C1cosx — Cysinx

nyni budeme pracovat s pocateéni podminkou. Nalezneme /. . . I




Reste po¢. dlohu v/ +y=0 y(0)=1,y'(0) = —1.§

Z2+1=0 =  2=-1 =  Z=+V-1=4d4i
Fundamentalni systém: y1(x) = sinx

y2(x) = cos x
Obecné Feseni: y(x) = Cy sinx + Cp cos x, C, G eR

y'(x) = C1cosx — Cysinx

1=C;sin0+ Cp cos0

...adosadime za y. . .




Reste po¢. dlohu v/ +y=0 y(0)=1,y'(0) = —1.

Z2+1=0 =  2=-1 =  Z=+V-1=4d4i
Fundamentalni systém: y1(x) = sinx

y2(x) = cos x
Obecné Feseni: y(x) = Cy sinx + Cp cos x, C1,G eR

y'(x) = C1cosx — Cysinx

1=C;sin0+ Cy cos0
—1=Cycos0—Cysin0

...azay




Reste po¢. dlohu v/ +y=0 y(0)=1,y'(0) = —1. ‘

Z2+1=0 =  2=-1 =  Z=%V-1=d4i
Fundamentalni systém: y1(x) = sinx

y2(x) = cos x
Obecné Feseni: y(x) = Cy sinx + Cp cos x, C1,G eR

y'(x) = C1cosx — Cysinx

1=C;sin0+ Cy cos0
. =G
—1=C1cos0—Cysin0

Obdrzeli jsme soustavu linedrnich rovnic, kterou vytesime. I




Reste po¢. tlohu y” +y=0 y(0)=
Z41=0 = 2 _1 —
Fundamentalni systém: dinlae) = i

y2(x) = cosx

Obecné Feseni: y(x) = Cy sinx + Cp cos x,
y'(x) = C1cosx — Cysinx

—1=C1cos0—Cysin0

1=Cysin0+ Cy cosO}
=

Resgeni PU: y(x) = — sinx + cos x

A kone¢né pouzijeme vypoctené hodnoty C; a C; v obecném feSeni. Tim |
ziskdme obecné feSeni pocatecni dlohy.




Reste po¢. dlohu v/ +y=0 y(0) =

2Z2+1=0 = 22=-1 =
Fundamentalni systém: y1(x) = sinx
y2(x) = cos x

Obecné Feseni: y(x) = Cy sinx + Cp cos x,

y'(x) = C1cosx — Cysinx

—1=C1cos0—Cysin0

1=Cysin0+ Cy cosO}
=

Resgeni PU: y(x) = — sinx + cos x

Hotovo!




Reste DR 4y" +4y' +y = 0.
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Reste DR 4y" +4y' +y = 0.

422 + 4z +1=0

Sestavime charakteristickou rovnici. . .




Reste DR 4y" +4y' +y = 0.

422 + 4z +1=0

4+ 2241
12 = 24

(~..a vyfesime ji. Pro feSeni kvadratické rovnice
2 —
az"+bz+c=0
pouzivame vzorec

21,2 2

_ —b£Vb?—4dac




Reste DR 4y" +4y' +y = 0.

422 + 4z +1=0

| 4+ V42441 440

2= 24 8

Upravime.




Reste DR 4y" +4y' +y = 0.

422 + 4z +1=0

4V 441 —4x0 1

Z1p = > 3 5 dvojnasobny kofen

Charakteristickd rovnice ma dvojnasobny kofen z1, = — 5




Reste DR 4y” + 4y’ +y = 0.

422 + 4z +1=0
4V 441 440 1

Z1p = > 5 dvojnasobny kofen

(o]

Fundamentalni systém: {

V pfipadé dvojnasobného kofene z charakteristické rovnice je
fundamentalni systém tvofen funkcemi




Reste DR 4y” + 4y’ +y = 0. I

472 +42+1=0

4V 441 —4x0 1

Z1p = 74 5 —5 ... dvojnasobny kofen
—e¢ 2
Fundamentalni systém: {yl ¢ _x
Yo = xe 2
X X
Obecné Feseni: y(x) = Cre” 2 + Coxe™ 2 ,C1,C eR

Obecné fesenti je linearni kombinaci funci z fundamentalniho systému |
feSeni.
T .




Reste DR 4y” +4y' +y =0. I

4z +4z4+1=0
—44++/42 441 —4+0

1 . Py
Z1p = — =—5 =5 dvojnédsobny kofen

Fundamentalni systém: {

Obecné Feseni: y(x) = Cre 2 + Coxe - e %(C1 +Cx),C, G eR

Upravime obecné feseni. Hotovo! !




Reste DRy +4y' +29y = 0,5(0) = 0,y'(0) = 10. |
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Reste DRy + 4y’ +29y = 0,y(0) = 0, y/(0) = 10. \

22 4+4z+429=0

Rovnice je linedrni homogenni druhého fadu. Sestavime nejprve
charakteristickou rovnici.




Reste DRy + 4y’ +29y = 0,y(0) = 0,3(0) = 10. |

22 4+4z429=0

4+ v16—-41.29

12 = 21

(Reéenim rovnice
az +bz+c=0

jsou &isla kterd obdrzime ze vzorce

—b+ Vb2 — 4ac

Z12 = 2




Reste DRy + 4y’ +29y = 0,y(0) = 0,3(0) = 10. |

22 4+4z429=0

_ —4+v16—-4129 —4+v-100
B 2

2= 21

Upravime. ..




Reste DRy + 4y’ +29y = 0,y(0) = 0, y/(0) = 10. \

2Z24+4z4+29=0

44164129 —4++/—100 _
- > -

2= 21

—2+5i

...anajdeme feSeni charakteristické rovnice. pouzijeme skutecnost, ze

v/=100 = v/100v/—1 = 10v/—1 = 10i.




[Reste DRy +4y' +29y = 0, y(0) = 0, 5'(0) = 10.}

2Z24+4z4+29=0

. —4+£+16 — 4.1.29 —4 £ \/ 100
12 =
’ 2.1

y1(x) = e 2% cos(5x) yz(x) = ¢~ % sin(5x)

=—-2+5i

Z kotent charakteristické rovnice sestavime fundamentélni systém
feSeni. Realn4 ¢ast kofenti je x = —2, imaginédrni je f = 5.
Fundamentalni systém je tvofen funkcemi

y1(x) = e cos(fx) a  ya(x) = e™ sin(px).




[Reste DRy +4y' +29y = 0, y(0) = 0, 5'(0) = 10.}

22 4+4z429=0

—4++16—-4129 —4+.-100 .

Z12 = = = —2+5i
’ 2.1 2

y1(x) = e 2% cos(5x) y2(x) = e ¥ sin(5x)

y(x) =Cie~ % cos(5x) + Coe~ > sin(5x)

Obecné feseni je linedrni kombinaci funkci z fundamentélniho systému I
feSeni.




[Reste DRy +4y' +29y = 0, y(0) = 0, 5'(0) = 10.}

2Z24+4z4+29=0

—4++16—-4129 —4+.-100 .

Z12 = = = —2+5i
’ 2.1 2

y1(x) = e 2% cos(5x) y2(x) = e ¥ sin(5x)

y(x) =Cie~ % cos(5x) + Coe > sin(5x)
¥ (x) =C [—Ze_zx cos(5x) — 5e~ 2% sin(5x)]
+ G [—2672" sin(5x) + 5e > cos(5x)]

Vypocteme derivaci y'. musime pouZit pravidlo pro derivaci sou¢inu

(uv)' = u'v+uv'.

Pii derivovani e 2* a sin(5x) pouZijeme pravidlo pro derivaci slozené
funkce.




[Reste DRy +4y' +29y = 0, y(0) = 0, 5'(0) = 10.}

2Z24+4z4+29=0

—4++16—-4129 —4+.-100 .

Z12 = = = —2+5i
’ 2.1 2

y1(x) = e 2% cos(5x) y2(x) = e ¥ sin(5x)

y(x) =Cie ¥ cos(5x) + Cpe > sin(5x)
y'(x) =C1 [—2¢"* cos(5x) — 5¢* sin(5x)]
+ Cp[—2¢7*¥ sin(5x) + 5e~* cos(5x)]

‘ 0=C +0G ’

Dosadime za y. . .




[Reste DRy +4y' +29y = 0, y(0) = 0, 5'(0) = 10.}

22 4+4z429=0

—4++16—-4129 —4+.-100 .

Z12 = = = —2+5i
’ 2.1 2

y1(x) = e 2% cos(5x) y2(x) = e ¥ sin(5x)

y(x) =Cie~ % cos(5x) + Coe > sin(5x)
y'(x) =C [—Ze’zx cos(5x) — 5e~ %% sin(5x)]
+ Cp[—2¢7*¥ sin(5x) + 5e~* cos(5x)]

0=Cy +0C,
10 = —2C; +5C,

...azay




[Reste DRy +4y' +29y = 0, y(0) = 0, 5'(0) = 10.}

22 4+4z429=0

—4++16—-4129 —4+.-100 .

Z12 = = = —2+5i
’ 2.1 2

y1(x) = e 2% cos(5x) y2(x) = e ¥ sin(5x)

y(x) =Cie~ % cos(5x) + Coe > sin(5x)
¥ (x) =C [—26_2" cos(5x) — 5e~ 2 sin(5x)]
+CG [—2672" sin(5x) + 5e 2 cos(5x)]

0= C, +0C
‘ 1TE2 0 =0,C=2

10 = —2C; +5C;

Vyfeseime soustavu rovnic pro C; a C.




[Reste DRy +4y' +29y = 0, y(0) = 0, 5'(0) = 10.}

22 4+4z429=0

—4++16—-4129 —4+.-100 .

Z12 = = = —2+5i
’ 2.1 2

y1(x) = e 2% cos(5x) y2(x) = e ¥ sin(5x)

y(x) =Cie~ 2 cos(5x) + Coe~ > sin(5x)
¥ (x) =C [—26_2x cos(5x) — 5e~ 2% sin(5x)]
+CG [—2672" sin(5x) + 5e 2 cos(5x)]

0= C, +0C
‘ 12 0 =0,C=2

10 = —2C; +5C;
yp(x) = 2¢~ % sin(5x)

Dosadime vypoctené hodnoty koeficient C; a C;. hotovo! I




Reste DR vy —4y = x* — 1. ‘
Névod: partikularni feSeni hledejte jako kvadratickou funkci.

Mame za tikol fesit linedrni nehomogenni rovnici druhého fadu. I




Navod: partikularni feSeni hledejte jako kvadratickou funkci.

Reste DR y" — 4y = =]. ]

y'—4y=0

Budeme uvaZovat nejprve odpovidajici homogenni rovnici. I




Reste DR vy —4y = x* — 1. ‘
Névod: partikularni feSeni hledejte jako kvadratickou funkci.

y' —4y=0
2 —4=0=zp =42

Sestavime charakteristickou rovnici a vyfesime ji. I




Reste DR vy —4y = x* — 1. ‘
Névod: partikularni feSeni hledejte jako kvadratickou funkci.

y' —4y =0= yoy = C1e®* + Cre
2 —4=0=zp =42

Z kofenti charakteristické rovnice uréime fundamentalni systém feSeni a |
obecné feSeni homogenni rovnice.




Reste DR vy —4y = x* — 1. ‘
Névod: partikularni feSeni hledejte jako kvadratickou funkci.

y' —4dy = 0= yoy = C1e®* + Cre
Z—4=0=zp =42
yp:axz—f—bx—f—c

Budeme postupovat podle ndvodu a hledat partikuldrni feseni, které je
kvadratickou funkci. Nejobecnéjsi mozna kvadraticka funkce je
y =ax?+bx+c.




Reste DR @» 4y = x?—1.
Névod: partikularni feSeni hledejte jako kvadratickou funkci.

y' —4y =0= yoy = C1e®* + Cre
2 —4=0=zp =42

yp:axz—f—bx—i—c = y;,:2ax+b = yg:zg

Hleddme hodnoty parametrti g, b a c tak, aby tato funkce byl feSenim
zadané rovnice. Abychom mohli do rovnice dosadit, je nutno vypocitat
druhou derivaci.




Reste DR v/ —4y—x -1 ‘
Navod: partikularni 7e3qd hledejte jako kvadratickou funkci.

Z—4=0=zp =42
yp:axz—f—bx—f—c =

Vratime se k zadané rovnici.




Reste DR v/ —4y—x -1
Navod: partikularni 7e3qd hledejte jako kvadratickou funkci.

|

Z—4=0=zp =42

yp:axz—i—bx—i—c = = yp_2ﬂ

y//_4y:x2_1
20—4-(ax*+bx+c)=x>—1

Dosadime. I




Reste DR vy —4y = x* — 1. ‘
Névod: partikularni feSeni hledejte jako kvadratickou funkci.

y' —4dy = 0= yoy = C1e®* + Cre
2 —4=0=zp =42
yp =ax® +bx +c = Yp =2ax+b = Yy, =2a
Yy —dy=x2-1
20 —4-(ax* 4+ bx4c)=x*-1
—4a-x*—4b-x+21—4c=1-x+0-x—1

Roznéasobime zdvorku a preskupime ¢leny polynomu tak, abychom \
vidéli koeficienty u jednotlivych mocnin.




Reste DR vy —4y = x* — 1. ‘
Névod: partikularni feSeni hledejte jako kvadratickou funkci.

y' —4dy = 0= yoy = C1e®* + Cre
2 —4=0=zp =42
yp =ax® +bx +c = Yp =2ax+b = Yy, =2a

Yy —dy=x2-1
20 —4-(ax* 4+ bx4c)=x*-1
—4a-x>—4b-x+2a—4c=1-x>40-x—1

Polynom na levé strané se bude rovnat polynomu na strané pravé praveé |
tehdy, kdyz koeficienty u odpovidajicich si mocnin budou totozné.




Reste DR vy —4y = x* — 1.
Névod: partikularni feSeni hledejte jako kvadratickou funkci.

|

y' —4dy = 0= yoy = C1e®* + Cre
2 —4=0=zp =42
yp =ax® +bx +c = Yp =2ax+b = Yy, =2a
Yy —dy=x2-1
20 —4-(ax* 4+ bx4c)=x*-1
—4a-x*>—4b-x4+2a—4c=1-x>40-x-1

Vyfesime soustavu rovnic. I




Reste DR vy —4y = x* — 1.
Névod: partikularni feSeni hledejte jako kvadratickou funkci.

|

X

y' —dy=C yoy = Cie® + Cre?
2 —4=0=zp =42

yp =ax® +bx +c = Yp =2ax+b = Yy, =2a

oy =]
20 —4- (ax* 4+ bx4c)=x*—1
—4a-x>—4b-x+2a—4c=1-x>40-x—1

Sestrojime obecné feseni. Hotovo! I




Solve DE y" — 4y +4y=e " |
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Solve DE y" — 4y +4y=e " |

V' =4y +4y =0

The equation is not homogeneous. We start with the corresponding \
homogeneous equation.




Solve DE y" — 4y +4y=e " |

Y —4y +4y=0 = 22 —-42+4=0

We write the characteristic equation for the homogeneous equation. .. I




Solve DE y" — 4y +4y=e " |

Y —4y +4y=0 = 22 —424+4=0 = zp=

4—+16—-4.14

2.1

...and solve it.




Solve DE y" — 4y +4y=e " |

4—+16—-4.14

=
2.1

Y —4y +4y=0 = 22 —4z4+4=0 = zp,=

The characteristic equation has a double root z; , = 2. I




Solve DE y" — 4y +4y=e " |

4—+16—-4.14
y' —4y +4y=0 = 22—-42+4=0 = Zl,ZZTZZ

yi(x) = €%, ya(x) = xe*

The fundamental system is in the case of double root z given by the
functions

vy =€%,  yp = xe*.




Solve DE y" — 4y +4y=e " |

y1(x) = e, ya(x) = xe* yp(x) = A(x)y1(x) + B(x)y2(x)

We look for the particular solution in this form. I




Solve DE y" — 4y +4y=e " |

y1(x) = e, ya(x) = xe* yp(x) = A(x)y1(x) + B(x)y2(x)

Vi (x) =267, yy(x) = (1 + 2x)

We find the derivatives v/ (x) and y5(x). I




Solve DE y" — 4y +4y=e " |

y1(x) = €, ya(x) = xe** yp(x) = A(x)y1(x) + B(x)y2(x)
2e%%, yh(x) = e**(1 + 2x)

A'e®* + B'xe* =0

2A'e®* 4 B'(142x)e?* = e~

<
—_
—~
=
~—
Il

We write the system for the coefficients A’(x) and B'(x). I




Solve DE y" — 4y +4y=e " |

y1(x) = €, ya(x) = xe** yp(x) = A(x)y1(x) + B(x)y2(x)
2e%%, yh(x) = e**(1 + 2x)

A'e®* + B'xe* =0
2A'e®* 4 B'(142x)e?* = e~ *

<
—_
—~
=
~—
Il

A'+B'x=0
2A" + B'(1+42x) =3

We divide both equations by the factor ¢**. I




Solve DE y" — 4y +4y=e " |

y1(x) = e, ya(x) = xe* yp(x) = A(x)y1(x) + B(x)y2(x)
2e%%, yh(x) = e**(1 + 2x)

Ale® + B'xe*™ =0
2A'e®* 4 B'(142x)e?* = e~ *

<
S
~—~
=
NaJ
|

A+ Bx=0
2A" + B'(1+42x) =3

B/ — e*?)x

We multiply the first equation by (—2) and add to the second equation.
We obtain

B/ — e*?)x




Solve DE y" —4y' +4y=e"".|

y1(x) = €, ya(x) = xe** yp(x) = A(x)y1(x) + B(x)y2(x)
Ya (%) =267, yy(x) = (1 + 2x)

Ale® + B'xe*™ =0
2A'e®* 4 B'(142x)e?* = e~ *

A'+B'x=0
2A" + B'(1+42x) =3

B/ _ e73x A/ _ _xe73x

We put B = ¢~ 3% to the first equation and obtain

A+ xe 3 = 0.

We solve this equation for A’.




Solve DE y” — 4y/ +4y=e". :

A(x) = —/xefg'x dx = %xe%x - %/6*3" dx = lxe*%‘ o 1e*3x




Solve DE y" — 4y +4y=e " |

_ _ 1
e dx = —xe ¥ 4 —e=F

The integral for B is easy. I




Solve DE y" — 4y +4y=e " |

We return to the formula for the particular solution. I




Solve DE y" — 4y +4y=e " |

y1T’ Y2

We know all the function here: A, B, y1, y». We substitute. .. I




Solve DE y" — 4y +4y=e " |

...and simplify.

(%xe73x + %efh) e2x _




Solve DE y" — 4y +4y=e " |

y1(x) = €, ya(x) = xe* yp(x) = A(x)y1(x) + B(x)y2(x)

We write the solution as a sum of particular solution and linear
combination of functions from fundamental system. ‘
o J 3 3) - 3 "9

B(x) = /673" dx = —%673"

1 1 1 1
Yp = Ay1 + Byx = (gxe_:)’x 4 §e_3x> - e —56_3" - xe? = §e*x
) 41 T Y2

y = Cie?* + Cuxe®™ + ée*", C;,C eR

B (©Robert Mafik, 2005 B



Solve DE y” — 4y/ +4y =e " :

Alx) = — /xe%x dx = %xeigx — %/6733{ dx = %xefgx 4 %efi%x

B(x) = /373)( dx = _%6*3)(

1 1 1 1
yp = Ayl - Byz = (gxe_ax e §e—3x> . ezx _58—336 X\Eif _ §e_x
A o T 2

’ Ca
Y= Cre%* + Coxe®™ + 56’“‘, C;, G eR

The problem is solved. I




Solve DE " — 5y’ + 6y = xe*.

B (©Robert Mafik, 2005 B



Solve DE " — 5y’ + 6y = xe*.

y' =5y +6y=0

We start with the homogeneous equation. . . I




Solve DE  y" — 5y’ + 6y = xe”. |

y' -5/ +6y=0 = 2>2-5z+6=0

... and its characteristic equation.




Solve DE  y" — 5y’ + 6y = xe”. |

y' -5/ +6y=0 = 22-5z246=0 = z=2,2=3

The roots of the equation are real and distinct. I




[Solve DE y" -5y + 6y =xe". |

y' -5/ +6y=0 = 22-5z246=0 = 2=2,2=3
yi(x) =e ya(x) = &

We write the fundamental system. . . I




[Solve DE y" -5y + 6y =xe". |

y' -5/ +6y=0 = 22-5z246=0 = 2=2,2=3
2x

ni(x) =e ya(x) = >
yi(x) = 2% yy(x) = 3¢>

...and the derivatives of the functions from that fundamental system. I




[Solve DE y" -5y + 6y =xe". |

y' -5/ +6y=0 = 22-5z246=0 = 2=2,2=3
yi(x) =& ya(x) = e

yi(x) = 26> yh(x) = 3¢

yp(x) = A(x)y1(x) + B(x)y2(x)

We will use the variation of parameters. I




[Solve DE y" -5y + 6y =xe". |

y' -5/ +6y=0 = 22-5z246=0 = 2=2,2=3
yi(x) = ya(x) = &
Yy (x) = 2¢* ya(x) = 3¢
yp(x) = A(x)y1(x) + B(x)ya(x)
Ale¥ + B'e* =0
2A'e?* 4 3B'e* = xe*

The functions A and B satisfy the following relations. .. I




[Solve DE y" —5y + 6y = xe*.

y' =5y +6y=0 =
yi(x) = e
yi(x) = 26

yp(x) = A(x)y1(x) + B(x)y2(x)
Ale¥ + B'e* =0
2Ae** + 3B/ = xex]

22—5z+6=0

Yya(x)
y5(x) = 3¢

= z1=2,2=3

_ e3x

A"+ B =0
2A" +3B'e* = xe ¥

... which are equivalent to this linear system.




[Solve DE y" —5y + 6y = xe*.

|

y' =5y +6y=0 =
yi(x) = e
yi(x) = 26

yp(x) = A(x)y1(x) + B(x)y2(x)
Ale¥ + B'e* =0
2Ae** + 3B/ = xex]

22—5z+6=0

ya(x
yo(x) = 3¢

= z1=2,2=3

):e3x

A"+ B =0
2A" +3B'e* = xe ¥

A/ — _B/ex

We solve the first equation with respect to A'. ..




[Solve DE y" -5y + 6y =xe". |

y’ 5y+6y—0 = 22-524+46=0 = z=2,2=3

yi(x) = e ya(x) = >
yi(x) = 2¢* yy(x) = 3>

yp(x) = A(x)y1(x) + B(x)y2(x)
A/e2x + B/e3x —0 ]

2A’e** + 3B/ = xe* 2A" +3Be* = xe ¥

A"+ B'e* =0 ]
X

A= —B'e*

Ble¥ = xe™*

.. and substitute into the second equation. We obtain

2(—B'e ™) +3B'e" = xe™*

which is equivalent to the blue expression.




[Solve DE y" —5y + 6y = xe*.

y' =5y +6y=0 =
yi(x) = e
yi(x) = 26

yp(x) = A(x)y1(x) + B(x)y2(x)
Ale¥ + B'e* =0
2Ae** + 3B/ = xex]

22—5z+6=0

Yya(x)
y5(x) = 3¢

= z1=2,2=3

_ e3x

A"+ B =0
2A" +3B'e* = xe ¥

AI — _Blex
Ble* = xe™*
B = xe

We can find B’ ...

i




[Solve DE y" -5y + 6y =xe". |

y’ 5y+6y—0 = 22-524+46=0 = z=2,2=3

yi(x) = e ya(x) = >
yi(x) = 2¢* yy(x) = 3>

yp(x) = A(x)y1(x) + B(x)y2(x)
A/e2x + B/e3x —0 ]

24" +3B'e* = xe* 2A" +3B'e" = xe”

A"+ B =0 J
X

, ’
A = —Bé
Ble* = xe™*

B = xe

/ _
A= —Ble* = —xe*

...and A'. I




[Solve DE y" —5y + 6y = xe*.

y' =5y +6y=0 =
yi(x) = e
yi(x) = 26

yp(x) = A(x)y1(x) + B(x)ya(x)
Ale¥ + B'e* =0
2A'e?* 4-3B¢ = xex]
A= —xe ¥, B = xe ¥

22—5z+6=0

Yya(x)
y5(x) = 3¢

= z1=2,2=3

_ e3x

A"+ B =0
2A" +3B'e* = xe ¥

We will look for A(x) and B(x) from A" and B'.




[Solve DE y" —5y + 6y = xe*.

|

y' =5y +6y=0 =
yi(x) = e
yi(x) = 26

yp(x) = A(x)y1(x) + B(x)ya(x)

Ale¥ + B'e* =0
2A'e?* 4-3B¢ = xex]
A= —xe ¥, B = xe ¥

A(x) = (x +1)e™,

22—5z+6=0

ya(x
yo(x) = 3¢

= z1=2,2=3

):e3x

A"+ B =0
2A" +3B'e* = xe ¥

(We integrate by parts

A=— /xe*"dx

—— (et ferar)

m




[Solve DE y" -5y + 6y =xe". |

y’ 5y+6y—0 = z22-5z246=0 = z1=22=3
yi(x) = ya(x) = &

yh(x) = 26 yh(x) = 3>

yp(x) = A(x)ya(x) + B(x)y2(x)

Ale¥ + B'e* =0 ]

24" +3B'e* = xe* 2A" +3B'e" = xe”

A"+ B'e* =0 ]
X

A= —xe ¥, B = xe ¥
1 1
_ —Xx N -\ ,—2x
A(x) = (x+1)e™, B(x) = (2x+4)e
-
) u=x w =1
Br)= [xe®dx |, 5 1 4
1 1
:_Exefzx 2/ 72xdx___x€ 2x__€72x




[Solve DE y" —5y + 6y = xe*.

|

y' =5y +6y=0 =
yi(x) = e
yi(x) = 2

yp(x) = A(x)y1(x) + B(x)y2(x)
A/ezx + B/€3x — 0
2Ae** + 3B/ = xex]
A = —xe ¥ B =xe ™

A(x) = (x+1)e %,

yp(x) = A(x)y1(x) + B(x)y2(x)

22—5z+6=0

ya(x
yo(x) = 3¢

= z1=2,2=3

):e3x

A"+ B =0
2A" +3B'e* = xe ¥

B(x) = —(lx—l— 1)672)(

2 4

We return to the formula for the particular equation, . ..




[Solve DE y" -5y + 6y =xe". |

y' -5/ +6y=0 = 22-5z246=0 = 2=2,2=3

yi(x) = e ya(x) = &
yh(x) = 26 ya(x) = 3¢
yp(x) = A(x)y1(x) + B(x)y2(x)
Ale™ + B'e™ =0 A+ Be* =0
2A'¢*¥ + 3B/ = xe* 2A" +3B'¢* = xe™*
A= —xe ¥, B = xe ¥
11
_ —Xx _ (= -\ ,—2x
A(x) = (x+1)e™, B(x) = (2x+4)e o
— _ —x 2x _ (= ~\,—2x 3x
yp(x) = A1(x) + B(x)ya(x) = (x + e - (3x+7)e -
A 1T T~ »2

B

...substitute. .. I




[Solve DE y" —5y + 6y = xe*. |

y' -5/ +6y=0 = 22-5z246=0 = 2=2,2=3

yi(x) = e ya(x) = &
yi(x) = 2¢% ya(x) = 3¢
yp(x) = A(x)y1(x) + B(x)y2(x)
Ale™ + B'e™ =0 A+ Be* =0

2A"e?* 4+ 3B/ = xe* 2A" +3B'e* = xe™*

A= —xe ¥, B = xe ¥
1 1

_ —Xx _ (= -\ ,—2x
A(x) = (x+1)e™, B(x) = (2x+4)e o

— _ —x 2x _ (= ~\,—2x 3x
() = ALY (x) + Blx)yal) = (x4 De = &F (e 4 7)o e

S
_ —ex(2x+3) A LA E Y2

... and simplify. I




[Solve DE y" —5y + 6y = xe*. I‘

y' -5/ +6y=0 = 22-5z246=0 = 2=2,2=3
n(x) = e na(x) = &

Yy (x) = 2¢* Yo (x) = 3¢
yp(x) = A(x)y1(x) + B(x)ya(x)

The general solution is the sum of the particular solution and the general |}
solution of the corresponding homogeneous equation. The general
solution of the corresponding homogeneous equation is a linear
combination of the functions from the fundamental system.

A\A}_\A [ 7 A ) — \24 I 4/u 1 1
— _ —x 2x _ (= ~\,—2x 3x
() = A1 () + Bllyale) = (x + Ve e (Gx+7)e ™
N————
= —¢"(2x +3) A 4 4 2

y = Cie** + ¥ + %e"(Zx +3), C,GeR

B (©Robert Mafik, 2005 B



[Solve DE y" —5y + 6y = xe*. |

y' -5/ +6y=0 = 22-5z246=0 = 2=2,2=3

yi(x) = e ya(x) = &
yi(x) = 2¢% ya(x) = 3¢
yp(x) = A(x)y1(x) + B(x)y2(x)
Ale™ + B'e™ =0 A+ Be* =0

2A"e?* 4+ 3B/ = xe* 2A" +3B'e* = xe™*

A= —xe ¥, B = xe ¥
1 1

_ —Xx _ (= -\ ,—2x
A(x) = (x+1)e™, B(x) = (2x+4)e o

— _ —x 2x _ (= ~\,—2x 3x
() = ALY (x) + Blx)yal) = (x4 De = &F (e 4 7)o e

S
_ —ex(2x—|—3) A LA E Y2

y = Cie®* + ¥ + ie"(Zx +3), C,GeR

The problem is solved. I




COos x

Solve DE ' +y =

. Work on the interval where sin(x) > 0.]
sin x

B (©Robert Mafik, 2005 B



Solve DE y +y = o>

. Work on the interval where sin(x) > 0.]
sin x

y'+y=0

We start with the corresponding homogeneous equation. . . I




Solve DE ' +y = :I?;C Work on the interval where sin(x) > 0.]
v +y=0 = z2+1=0

... and its characteristic equation. I




Solve DE ' +y = :I?;C Work on the interval where sin(x) > 0.]
v +y=0 = Z24+1=0 = 21 =1,2p0 = —i

The characteristic equation has complex roots. I




Solve DE ' +y = :I?;C Work on the interval where sin(x) > 0.]
v +y=0 = Z24+1=0 = 21 =1,2p = —i

y1(x) = cosx, ya(x) = sinx

We write the fundamental system. I




COos x

Solve DE ' +y =

. Work on the interval where sin(x) > 0.]
sin x

y1(x) = cosx, ya(x) = sinx
yp(x) = A(x)y1(x) + B(x)y2(x)

We look for the particular solution in this form. I




COos x

Solve DE y'+y = iy Work on the interval where sin(x) > 0.]

y1(x) = cosx, ya(x) = sinx
yp(x) = A(x)y1(x) + B(x)ya(x)

A’ cosx + B'sinx =0

Ccos x

sSin X

—A’sinx + B’ cosx =

The functions A and B have to satisfy this linear system. I




Solve DE 1’ +y = == Work on the interval where sin(x) > 0.]

sin x

y1(x) = cosx, ya(x) = sinx
yp(x) = A(¥)y1(x) + B(x)y2(x)

A’ cosx + B'sinx =0
CoS X

—A'sinx + B’ cosx =

sin x.

cosx sinx

W= .
—sinx cosx

= cos’x +sinx = 1;

We will solve this system by Cramer’s rule. We find the determinant of
the coefficients matrix. This determinant is called wronskian.




Solve DE y +y = o>

——. Work on the interval where sin(x) > 0.]
sin x

y1(x) = cosx, ya(x) = sinx
yp(x) = A(x)ya(x) + B(x)y2(x)

A’ cosx + B'sinx =0

. COS X
—A’sinx + B’ cosx = —
sin x.
cosx  sinx .
W= . :c052x+31n2x:1;
—sinx cosx
0 sin x
W; = |cosx = —COSX
- COS X
sin x

We evaluate the auxiliary determinants. . . I




Solve DE y +y = o>

——. Work on the interval where sin(x) > 0.]
sin x

y1(x) = cosx, ya(x) = sinx
yp(x) = A(x)ya(x) + B(x)y2(x)

A’ cosx + B'sinx =0

. CcoSs X
—A’sinx + B’ cosx = —
sin x

cosx  sinx .

W= . :c052x+31n2x:1;
—sinx cosx
0 sin x COS X 0 cos2 x
Wp = |cosx = — COS X; 14%) . COSX | = —
- CoS X —sinx — sin x
sin x sin x

We evaluate the auxiliary determinants. . . I




Solve DE o/ +y = —>

sin x

~ . Work on the interval where sin(x) > 0.]

y1(x) = cosx, ya(x) = sinx

yp(x) = A(x)y1(x) + B(x)ya(x)

A’ cosx + B'sinx =0

Ccos x

—A’sinx + B’ cosx = —
sin x

cosx  sinx

W = . = cos’x +sin’x = 1;
—sinx cosx
0 sin x CcoSs X
W; = |cosx = —CosXx; W, = :
- COoS X —sinx
sin x
Wh
A= — = —cosx
W

...and use the formula of Cramer for A’. ..




Solve DE /4y = =

°°% Work on the interval where sin(x) > 0.]
sin x

y1(x) = cosx, ya(x) = sinx

yp(x) = A(x)y1(x) + B(x)ya(x)

A’ cosx + B'sinx =0

Ccos x

—A’sinx + B’ cosx = —
sin x

cosx  sinx

W = . = cos’x +sin’x = 1;

—sinx cosx

0 sin x COS X 0 cos? x
W; = |cosx = —COS X; W, = . COSX | = —
- CoS X Si : sin x
sin x sin x
, Wi , Wo  cos’x

A" = — = —cosx B = —==—

W 14 sin x

...and for B'. I




Solve DE ' +y = :I?;C Work on the interval where sin(x) > 0.]
y1(x) = cosx, ya(x) = sinx
yp(x) = A(x)y1(x) + B(x)y2(x) )
W W, COS“ X
I = —1 = — 0 =] —2 =]
A= 4% cos¥ B W sin x
A= —sinx

We integrate. The integral for A is easy. I




Solve DE y'+y = :I?;C Work on the interval where sin(x) > 0.]
y1(x) = cosx, ya(x) = sinx
yp(x) = A(x)y1(x) + B(x)y2(x) )
W W, COS“ X
I = —1 = — 0 = —2 =
A= 4% cost B 14 sin x
A=— smx
/ cos? X4 cos? x sin x
B —
sinx 1—cos?x
(The integral for B is more complicated. The odd power of the h

goniometric function is in the denominator. We have to multiply and
divide by sin x and use the formula cos? 4 sin” x = 1. This gives

cos? x cos?x | cos?x .
B(x) = —— dx = ——sinxdy = [ ————sinxdx
smx sin” x 1 —cos*x




Solve DE ' +y = :;;C Work on the interval where sin(x) > 0.]
y1(x) = cosx, ya(x) = sinx
yp(x) = A(x)y1(x) + B(x)ya(x) )

W W, COs” x

g 1 12 _
A= W cos¥ B W sin x
A== smx

cos? X cos? xsmx
B= = | ————dx = dt = [ 1
/ sin x 1—cos?x /t2 / te —1

(- cosx =t h

Now we use the substitution | . . This gives

sinxdx = —dt

Blx) = /1it2 —/t2—1

Further we divide the numerator > by the denominator (2 —1)




Solve DE ' +y = :;;C Work on the interval where sin(x) > 0.]
y1(x) = cosx, ya(x) = sinx
yp(x) = A(x)y1(x) + B(x)y2(x) )

W W, COs” x

g 1 12 _
A= W cos¥ B W sin x
A== smx

cos? ¥4 cos? xsmx
B = = [ ———— = dt = /1
/ smx 1 — cos? x /t2 te 1 —1
=i = > ln —1 —

(- 1
We expand the fraction ———
£

7 into partial fractions, integrate and add

logarithms. This gives

—t+/2t_1 2741 dt—t+—1n\t—1|——1n\t+1|
1 1—t

—t+—1

‘H—l T2y

W




Solve DE ' +y = :;;C Work on the interval where sin(x) > 0.]
y1(x) = cosx, ya(x) = sinx
yp(x) = A(x)y1(x) + B(x)y2(x) )
W W, COs” x
g 1 12 _
A= W cos¥ B W sin x
A= —smx
cos? * g cos? xsinx .
B = = | —— = dt= | 1
/ smx 1—cos?x /tz / te —1
=4 = ln—t— osx+11 1-cosx
2 14+t 2 1+cosx

We use the back substitution cos x = ¢.




Solve DE ' +y = :I?;C Work on the interval where sin(x) > 0.]
y1(x) = cosx, ya(x) = sinx
yp(x) = A(x)y1(x) + B(x)y2(x) )
W W, COS“ X
I = —1 = — 0 =] —2 =]
A= 4% cos¥ B W sin x
A= —sinx

B—cosx—f—llnl_cosx
- 2 1+cosx

Now both A and B are known.




Solve DE ' +y = :;;c Work on the interval where sin(x) > 0.]
y1(x) = cosx, ya(x) = sinx
yp(x) = A(x)y1(x) + B(x)y2(x) )
W W, COS“ X
I = —1 = — 0 =] —2 =]
A= 4% cos¥ B W sin x
A= —sinx

B—cosx—i—llnl_ﬂ
o 2 1+cosx

yp(x) = Ay1 + By

The particular solution we looked in this form. I




sin x

Solve DE ' +y = :;;c Work on the interval where sin(x) > 0.]
y1(x) = cosx, ya(x) = sinx
yp(x) = A(x)ya(x) + B(x)y2(x) )

W W, CcOS* x

I = —1 = — 0 = —2 =
A = W Cos X B W e
A= —sinx
B = cosx + 1ln Fﬂ

a 2 14 cosx

()—A 4 By, — . n +11 1—cosx
yp(x) = Ay Y2 = ZSINXcosx+ |cosx + 5 n1+cosx

A Y1

B

N~
Y2

We can substitute. . .




Solve DE ' +y = :;;C Work on the interval where sin(x) > 0.]
y1(x) = cosx, ya(x) = sinx
yp(x) = A(x)y1(x) + B(x)ya(x) )
W W, COs” x
g 1 12 _
A = W Cos X B W Sinx
A= —sinx
B = cosx+ 1ln 1-cosx
B 27 14cosx
(x) = Ay; + By, = —sinxcos x + |cosx + 1lnl_isx} sin x
YpiX) = 4N yz_H/—/\v/ 2 1+ cosxl~~
A 1 Y2
B
= lsirlxlrli1 —cosy
) 1+ cosx

... and simplify I




Solve DE ' +y = :;;c Work on the interval where sin(x) > 0.]
y1(x) = cosx, Y2(x) = sinx
yp(x) = A(x)y1(x) + B(x)ya(x) )
W W, COs” x
g 1 12 _
A = W Cos X B W Sinx
A= —sinx
B = cosx+ 1ln 1-cosx
B 27 14cosx
(x) = Ay; + By, = —sinxcos x + |cosx + 1lnl_isx} sin x
YpiX) = 4N yz_H/—/v 2 1+ cosxl~~
A 1 Y2
B
= lsinxlnil_cosx
) 1+ cosx

inx . 1—cosx
n
2 1+ cosx

The general solution is a sum of the general solution of the homogeneous |
system and the particular solution of nonhomogeneous system.

y(x) = Cycosx + Cysinx + >




Solve DE ' +y = :;;c Work on the interval where sin(x) > 0.]
y1(x) = cosx, ya(x) = sinx
yp(x) = A(x)y1(x) + B(x)ya(x) )
W W, COs” x
g 1 12 _
A = W Cos X B W Sinx
A= —sinx
B = cosx+ 1ln 1-cosx
B 27 14cosx
(x) = Ay; + By, = —sinxcos x + |cosx + 1lnl_isx} sin x
YpiX) = 4N yz_H/—/v 2 1+ cosxl~~
A 1 Y2
B
= lsinxlni1 —cosy
2 1+ cosx

inx . 1—cosx
n
2 1+ cosx

y(x) = Cycosx + Cysinx + >

The problem is solved I




FINISHED.

B @©Robert Maiik, 2005 K
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